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Extended topological quantum field theories



Dynamicalsystems

A general non - linear dynamical system is given by a system of DES

x.
,
= I ( x i,

. . .

,
xn )

F* = c . . . . . .

.
xn ) ) n *

In = E (x i
, . . . .

xn )

An important class of dynamical systems are those which are conservative,
in the sense that there is a scalar potential f : U→ IR with U EIR;

F = Tf
.

{ fixed points of system } = { critical points off }
Tf (e) = O



Example Consider the system

i
.

± -- toil .
Solution trajectories look like Elt ) = ( A et, Be

- t ) for any A , BE IR .

fixed the scalar potential governing this system is

#!f.point✓- f = taxi - Ext
##

Tf = ( x .
, Xz )

He = ( '

o

Phase portrait



Dynamicalsystems
To understand the dynamics near an isolated critical point of f we need to

analyse the Hessian off, i - e .

Hf -

-
= ( I¥xj ) is i.jen ,

its eigenvectors and eigenvalues . Actually the right way to think of this
data is as a symmetric bilinear form on the tangent space TEU at
a critical point EU, i - e .

( T±*U
,
47 ) where ( Iii , ¥ .) = LIFT

;
I ±⇒*

with a = I - It,

I = Hft ±* -th t quadratic terms in a involving higher derivatives of f
-

linear system



Morseleinma If Hf l±* is invertible ( t - e -
the corresponding bilinear form

is nondegenerate ) for an isolated critical pt . ±* then there is a
coordinate neighborhood around It where

f- = xp t - - - tap - apt , - - - -
- xp

so that in those coordinates

Helix = [ '

'

'
- i

.

.

.)
--

p q

DEI A critical point It is non-degenerate it HH±* is invertible .

*
i

. locally I = Hft# it a = I - I



Quadraticspaced

DEI the category Q of quadratic spaces over IR has

- Ejects are f-d. vector spaces equipped with a nondegenerate symmetric bilinear form .

- morphisms Q ( V, W ) = { T- V-7W linear / L Tu, Tx> =Lum> Hum )
.

Example • Xp ,q ( ROP a- Rot
, Ig ) ) is a representative set of objects

( i,
( Sylvester 's law of inertia)

• Xi
, o
= ( IR , (D)→ ( Rok , ( 'o -7 ) ) = Xi, i is amorphism .

)

• ( T±*U , 47) ( Kei ,
'

) = z?÷×j/±=±* atanondeg .
critical pt - It .

Lemme Q is a symmetric monoidal category under direction of v. spaces .



Clifford algebras
-
-

Associated to each quadratic space V is an algebra ( (V), the Cliffordalgebra
which is universal among IR

-algebras C ( associative and unital ) equipped

with a linear map L
-

- V→ C satisfying

Ux) 4W) t Kw) Ux) = 24, w) - Ic
.

(so e. g. LK)
-

= (vid - 1a )

this thing exists, is naturally Iz-graded, V→ CH)
'

is injective and

( (x ) is 2.
dimN) dimensional .

toamples ( ( Xo , o ) = IR , C ( Xo, i ) = Q ,
Cl Xo

,
z ) = IH



Lemme Ct) is a strong monoidal functor Q→ Algie , i.e . there
are natural isomorphisms Clo) = R and

(( V W ) = CH) OKC(W)
.

-

really direct sum !

critical point x* of f -7 quadratic space ( T±*U, HH±*)

→ Clifford algebra CC Tet U
,
Ht /±* )

-> Abelian category Mod KC ( T±*U, HH±*).
finite-dimensional Zz-graded modules



DEI Nondegenerate isolated critical point form a bicategory frit :L
'

- abject quadratic spaces V

- tmorphisms V→ W are Zz -graded finite -dimensional

( (w) - CCV) - bimodules .

- 2-m-orphis.ms are bimodule homomorphisms.

Preposition frit Trd' is asymmetric monoidal bi-category in which

every object is fully dual isable .
( duals for objects and I -morphisms)

Example . Grit ' ( O, V) = Mod
"- CCV)

. ( O = Xo,o= I )

• 11%8=1 ( Bolt periodicity )



DEI A bicategeey 13 consists of
- a class of objects a, b, c, . . .

- for eachpair a, b of objects a category Pla, b) , objects of
which are called tmorphsms and denoted X -

- a→ b
,
and

morphisms of which are called⇐merphims .

-

a composition functor for objects a, bi C
,

horizontal composition
13 ( b, c) x 13 (a, b)→13 (a, c) .

( y :b→ c
, X

.

- a→ b ) i→ ( yo X : a→ c)

- unit I -morphisms 1a : a→ a for each object a

- 2- isomorphisms "Uni fors "
,

"associations "

satisfying some coherence conditions (same as for monoidal categories )



DEI Let13,8 be bicategories .

A Zfuinctor F:p → 8 is

- a function on objects a 1→ Fla)

- functors 13(a, b)→ E(Fa, Fb )
- natural isomorphisms

F ( Y ) o F(X) = F ( Yo X )
I
Fa
= F ( 1a)

making some coherence diagrams commute .

Example If 13 is a bicategory , Bla, - )
'

- B→ Eat is a 2 -functor,

where Lat denotes small categories, functors and natural

transformations .



Deff Let13,8 be bicategories , F, a :p→ E 2- functors . A pseudonatural
transformation f : F→G is

- a family of t -morphisms { Ta : Fa→ Ga } aeobcp)
- for each X : a→ b in 13 a 2 - isomorphism

FX
Fa→ Fb

%! !:b ax - Sa Too FX

subject to coherence conditions .

DEI ( notation as above ) Given pseudo natural transformations 9, Y : F→ A

a modification g : Y → Y is a family of 2-morphisms { ga : Ya→ Ya }
a

satisfying a condition (omitted ) .



Lemme Let 13, 8 be bicategories, with 13 small . Then there is a bicategory

a.can. . , ::::naw.mansionsanons
Zmophisms modifications

Monoidabicategovy ( rough version ) is a bicategory 13 with

- tensor for objects (a , b) I→ a D b

- tensor for l - and 2 - morphisms, via a functor

§ (ai , a z ) x D ( bi , bz )→ 13 ( a , D bi , 92 D b
z)

- association
,
unitas

,
coherence .



DEI A- monoidab.ca/egeyisabicategory/3 equipped with

- a 2-functor D : 13×13-3/3

- an adjoint equivalence x in Bicat( (53×13)×13,13 ) between

the two legs of the following diagram ( the association )

re bracket

(13×13)×13 -713×(13×13)
Dx 1 / x / I xD c- a 2-functor

x 17 ×

13×13 13×13

⇒ ↳ i.e .

AD ( bbc )
§ 112 d

l - e. Lisa pseudonatural transformation .

(AD b) DC



- an invertible modification I. thepentagonator

(ADB)D(CDD )
t' y(( AD B) DC ) DD

s

* I ITA AD (BD (COD ) )
V

n

( AD ( Bbc) ) DD µ¥ teachvevtexisaz-functor

AD ( ( BD C) DD ) eachedgea transformation,

+ units
,
unions and lots of coherence !



DEI Asymmelnimonoidabicategoy is a monoidal bicategory 13 with

- an adjoint equivalence p in Bicat ( BxB, B ) between the legs of

D

13×13- 13 i. e. a Db

swap)
th P/ 112 P
'

13 xp
D b Da

- an invertible modification called syllepsis
1-a Db

a D b-ab b

\ H2o/P '
b Da P

- invertible modifications relating p andthe associater t coherence
=



Example ① ( fat
,
x ) categories , functors, natural transformations,

Cartesian product
② (AIK, ④k ) algebras, bimodules, bimodule maps, tensor .

③ ( crit,k%
,
Ot ) quadratic spaces , Clifford bimodules and maps,

direct sum .

Referenced ( not ahistorical survey ! )

• Chris Schommer - Pries ' PhD thesis

• Nick Gurski "Loop spaces , and coherence for monoidal and braided
monoidal bicategories ".

• P
. Pstragowski

" Ondaalienable objects in monoidal bicategories , framed
surfaces and the cobordism Hypothesis " PhD thesis .



Dualsinsymmenoidabicategon.es

Let13 be a monoidal bicategory .

A- a'ghtdual to an object a is at

and I -morphisms ella : aDat→ I
, weya

'

- I→ atDa

and euspisomorphisms in 13 ( a, a)

=

1 Dwella eya D1 =

a→ a D1→ AD (atDa) = (aDat ) D a→ ID a→ a
1¥
at ID at ( at D a) Dat = at D la Dat ) atDI→ at

Lemmy In asymmetric monoidal category every right dual is also a left dual .



Dualsinsymmenoidabicategon.es

DEI Let 13 be asymmetric monoidal bi
-

category . An object a

isfulydualisable if it has a dual object such that both

eva and weYa have both left and rightadjoint .
• Every object in Critics is fully dual isable ( V

,
B)
*

: = (V, - B ) .

them ( Pstragowski ) (ZD cobordism hypothesis ] There is an equivalence

Bicatsym.mn/BnordIj3)--K(j3td)
/ (fully dualisable objects

framed bordism core
!

. keep equivalences
bicategory and 2 - isomorphisms
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f- = taxi- taxi
nondegenerate (vitrify
critical point

-*"H⇒
Phase portrait
-

f -_ Exp - tzxz Around an isolated ( degenerate ) critical point It

7745 . I = Hft# -E t quadratic terms in a
→xo→x # involving higher derivatives

4µF linear system of the potential f .

%
,
= xp

where I - E - It , the dynamics de depend on

Kz = - Xz the higher derivatives off .



f- = taxi- taxi
nondegenerate (vitrify
critical point

-*""⇒
Phase portrait
I

f- = 's xp - tzxz I = Hft# it t quadratic terms in E
- involving higher derivatives¥4147747 . linear system of the potential f .

D-0-77

Iff Question what- algebra to associate to (f, EH ?
-

• reduce to C(T±*U,HH±* ) inthenondeg .
case

%
,
= xp

iz = - Xz • form asymmetric monoidal bi
-

category



f - taxi- taxi

i÷"phase portrait ?

f- 'sap - t.cz #
•

If Yuki .
"

aitir
"

g-0-77

Iff Question what- algebra to associate to (f. It) ?
-

• reduce to CCTzt-U.tt/oe*)inthenondeg.case%
,
-_ xp

x.z= - Xz • form asymmetric monoidal bicalegovy



f- = taxi- taxi

"""

i÷Phase portrait

+ = 's .ee-t.ci/.?viaFaYafions#Xd9n.eYuYFt
.

Gita

D-0-77

#f Question what- algebra to associate to (f, EH ?
-

• reduce to C(T±*U,HH±* ) in the nondeg .
case

%
,
= xp

Kz = - xz • form asymmetric monoidal bi
-

category



Mahixfactorisations
Let X be a Iz -graded f. d. module over the Clifford algebra

( ( Xp , q ) : generated by Ms . . - ioptg subject to

8,2= - - - = 8,5=1
Tptf = - - - = Tp; = - I
F- Jj tf-K. - O itj



Mahixfactonsations
Let X be a Zz -graded f. d. module over the Clifford algebra

( ( Xp,q ) : generated by Ms . . - ioptg subject to

T,2= - - - = 45=1
Tpt = - - - =TpIq= - 1 Dirac's idea

F- 9. tf-K. - O itj )
set A = 1121kg . - -sxptq ]

Xo,rA2z=€!!! /
F- Eiijxi 's.KZ- a

= Sixth?

"
22 -graded free A-module

= aft - - - tap - xptf - - - - - Xpfq
-

acting on XORA



Potentials Let k be a commutative Q - algebra, then f E R = k [ xy . . .. Xn]

is called a potential if

Ci ) 2x , f , . . - idxnf is quasi - regular

Iii ) R / ( 2x, f , . . . , 2xn f ) is a f. g. free k-module

( iii ) the Koszul complex of 2x, f , . . . , 2xn f is exact outside deg .
O

.

Example f- C-Ela , . - - non] such that dime El " " - - " ""412 × , f , . . . ,2×nf ) L .

( isolated critical points )

DEI The Da- category A = Mf( R , f ) has

- abject f. rank matrix facto n'satins of f , i - e . X 2 DI -f - Ix
.

- morphisms A ( X, Y ) = ( Homie (X, Y ) , at dy x - C -1)
"Ldx )

.

This is a Iz - graded Da - category over R .

I



Remade • hmf ( R, t ) : = Hom f- ( R, f ) is triangulated ( Calabi-Yau)
.

• Given a quadratic space V with associated quadratic f- c-Sym (Vt)

Mod ?7a
.

CCV ) = hmffsymlvt ) , f)
w

( BuchWeitz -Eisen bud -Herzog )



Remade • hmf ( R, t ) : = Hom f- ( R, f ) is triangulated ( Calabi-Yau)
.

• Given a quadratic space V with associated quadratic f- c-Sym (Vt)

Mod ?7a
.

CCV ) = hmffsymlvt ) , f)
w

( BuchWeitz -Eisen bud -Herzog )

Fema poteniafvanaoalgebraaf
Assume k is a field and sing (f) = { 03 .

Then there is a standard generator
thick(a) = hm f- ( R, f)

w

Ao - transfer f
perf Endr (G) = hmf ( R, f- T ( Keller - Lefevre )

( minimal model perf, H*Endr(a) = hmf ( R, f)
°

theorem ) -
Ao- algebra Af , is a Clifford algebra for quadratic f .

Aa - products package higher derivatives of f .



teudodefn Enter is the bicategory of Ao -algebras Act, ±*) associated
to isolated criticalpoints, Aa - bimodules and Ao -bimodule
maps .

theorem ( carqueville - Montoya
'
18 ) Eri tip is a symmetric

monoidal bicategory in which every object is fully
dual isable

,
and therefore determines an extended

ZD framed TFT

Bord I → Eri tip
.

Moreover friends c Eri tip
.

( essentially due to Buchweitz - Eisen bud-Herzog .



sketehofLShleg.bn.tn#(bicategoryof- Landau - Ginzburg models )
Kany commutative ring

( 2,411)) WDV=WtV
•

1=01,0)

•¥=)aw*= - w

(E. WGA)

v-
GQpyy.IE

• (EYE ) )

Reference IV. Carqueville, DM "Adjoint and detects in Landau -Ginzburg models
"



Bn'ef¥lzt ( following Schommer - Pries, Pstragowski )

DEI Letxkbea manifold, possibly with corners .

If kaza that
over Xisa sequence of inclusions of pro -manifolds

xexieii.
such that Xeii

,
Xeiahavethestmctureofworiented halation,

of dim 1,2 respectively .

.

-
- -

-

,

Mi
• → -- - - -•- → ÷ - - - - •-y

A l
,

'

X X,
'
-
-

-

-

"germofl -manifold
"

a

Xz

"
germ of 2-manifold

"



theorem ( Schommer- Pries) There is asymmetric monoidal bicategory Bord #

objects framed 2- haloed O -manifolds
'

tmorphisms framed 2- haloed I - bordisms
Pt
' Ptt

Jw = Jinw I Trout w
-

ar 2-haloed O -mfld

i
w

÷E÷.

2-morphisms framed 2- haloed 2-bordis.ms/= u

-

.
# A I. a B

•- Y

! a

.

mm:3:
Zo = Ax I I Bx I



SImtureofLSkunderwntw1⇒onecanactuaHywmpukthisT

Bicatsym.mn/BordI,LGk)-KlLefId)
Application The " TAFTwith corners " constructed by Khovanov

and Rozansky can be derived/ corrected using the
cobordism hypothesis as extended TUFTS

pttl-xNHELG.pe P- 89 Montoya 's
- thesis

Proving this uses explicit formulas for ex, well in LSK .

ID 1=1
# #

•-

→ yNtbf×Nty* µ
,

YNH ,] Gently!
guns:* , Lynn "

-
anti

coevoey


