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① Whatisasinguanty ? apoint P of a curve f- (x, y) = O is non-singular
if Ff ( P ) F O

,
so that locally near B Z = { ( x, y) I fix, y) - O }

is a submanifold . Otherwise P is a singularity of 2

f- (x, y ) = y
'
- x

2 (x t t )

#i:S: in::÷
or node )

• Associated to the germ ( 2, P ) is the local coordinate ring

①"" Y 'Iffy
, y )
= Ell Y " D1 luv ) = : R ( Hartshorne Ex

.

5. 6.3 )

• Let mod CR ) denote finitely generated R -modules . We
can study the singularity ( z, P ) by understanding

mod ( R) E Db ( mod R )
T
morphisms are Ext classes

Example Mu " D
,
Mv

q.cl/uD &



• Actually the " interesting
" homological information about R -modules

is concentrated in the iafinitepwjectireresoluti

Example M = Rhum ) = Q has ( minimal ) free resolution F

l : :) to :L to :L in .
- -

→ ROZ- ROZ- ROZ- RE- R- M → O

-

F
-I 0

To check this note that futgv = O in R -
E" " "Dkuv ) implies

f-ut gv E luv ) in Qd u , v B so few) , g Ela) .

For exactness at the

other positions we need fue luv) ⇒ feta) and gut luv ) ⇒ g C- Lv ) .

• The syzygies in the infinite periodic part are Rhi a Mu . These

are maximaMaauyR-module ( MCM ) which means

depth ( M ) = dim (R ) . Recall over a Noetherian local ring ( R , tr)

depth (M ) = common length of maximal regular sequence in M

= in f-fi / Ext if Klin , M) to }

E dim ( M ) s dim ( R)
T

knell dimension of MannIn)

We can compute in ourexample ( i - e.M = Cl
,
R = All "

" D luv )

Ext
' ( Rlm

,
M ) = Hi Hompl F, M ) = Hi ( et⇒ eat. . . . )



Hence depth ( M) = O = dim (M) a dim ( R ) =L so M is not MCM .

However

Ext if Rlm , Mu ) = Hi Homr CF, Mu )

= Hit Mu (Rasa ring risk. . . . )
O O

= Hi ( een) all xD leg up02 . .
. )

= O
QIN%, -

irrelevant
i = o i = I

Hence depth ( Mn ) = I = dim ( R ) so Rlu is MCM, and similarly Rtv .

There is a general phenomenon at work here :

Lemmy If R =
Ell " " ' - - ' 'nDlf is a hypersurfacering , and N

is a f. g. R-module with free resolution

- - -→ E→ F
,→ to→ N→ O

¥
's! ¥'s! ¥ s?

then for j a dim ( R) - I
,
the module Sj is MCM .

Pref Since R is Cohen - Macaulay depth ( R) = dim ( R) so

Ex th dim IN ( Rl in ,
R ) = O .



The depths of the Sj increase , since for it Is dim ( R)

Ext
i
CRI in , Sj ) → Eat

it '
( Rlm , Sj ti )→ Ext

it ' ( Rlm , E -ti )

is exact
,
so depth ( Sj ) = the dim ( R) ⇒ Ext

' k
( Rlm

, Sj ) - O

⇒ Ext
' k ( Rlm

, Sj ti ) = O
⇒ depth ( Sjti ) > K

Hence as long as depth ( Sj - i ) a dim IR )

depth ( N ) a depth (so ) < depth (si ) e - -
- c depth (Sj )

70 71 72 >jtl

and so dearly Sj is MCM for j > dim ( R ) - I . D

Remarks This means that we have an exact sequence of complexes (j > dim CRI
- t )

O→ Fejt ,→ F→ Fxj→ O

P l l
quasi -isomorphic quasi - iso bounded cpx
to Sj Cj ] to N of free modules

hence a triangle Sj Cj ] → N→ Fg . t→ in Dbl mod R )
and hence with PerfCR) = { bd . cpxs of f. g. pwj . R -modules }

|N=Sj[j]inD4mo/PerHR)
→



Example 12=6114 " Blum,

① = s , [D= RHD a- Rh, LD in
④ (mod

perfCR)

But we can do better, observe that

B- I =L: :) E- to :) a

- .
. - R

Z
- ROZ- ROZ→ - - -

is an infinite acyclic ( zero cohomology ) complex , with all syzygies Rtu a- RIV .

Hence by the same argument as above ( Rtu A- Rhi ) [D= Rtu ① RIV in

the Verdier quotient, hence

① = Rfra Rh, in
Db (modR) / perf( R)

Note these R -modules are not isomorphic in mod (R) !

Exercise R/u= Huh] in Db (mudR ) / Peter) .

DEI ( BuchWeitz, Orlov ) the singularly category of R is Dbsg (R ) -

- =

Dblmod
puffRl .

DEI the stabecategoyofMCMR-modu# MCI (R ) has MCM R-modules

as objects and morphisms denoted

Homer ( M , N ) = Homie (M,NY( Y factoring as M→ P→ N

with P projective
}



theorem ( BuchWeitz
,
Orlov ) Every object of Dbsg ( R ), for a hypersurface

singularity R = QAIDA ,
is isomorphic to an MCM module

and the canonical functor

MCM ( R )- modCR)- Db (modR) -x Dbsg ( R)

factors via an equivalence of triangulated categories

MCM_ ( R) Dsg ( R)
.

Io

Example 12=194 " Dkuv) we have computed Io
- ' (E) = Rtu a- Rly .

-

Actually we have an equivalence

Vect?E = MIMIR ) = Dbsg ( R)
e Mu Mu f 'The.FI;mindingQLD RH Rh, between um not

① ① QLD Rha Rhi E a problem ?

theorem ( Eisen bud ) Over a hypersurface ring R - E "
' Dlf the minimal

free resolution of every f. g. R -module N is e¥ly periodic ,
that is

, of the form

A B-

- . . Rod- Rod- R
d
→ . . - → N→ O

¥7
where A. BE Matched ) are polynomial matrices satisfying
AB - f. Id

,
BA -f - Id

.

We call IA ,B) amatchmaker off .



Example f=uv ( i ) A = (u) , B =L ") (callthis X )

Cii ) A- = (x )
,
A = (u ) (call this Y )

Ciii ) A- = ( 89 )
,
B = ( Y ou) (call this 2)

DEI the homo-topycategoyofmatrixfacton.su/ions-hmfCCfID, f ) has

• objects are Mfs (A , B ) ( square matrices ofthe same size )

( 94)
• morphisms (A , B)→ (A '

,
B
' ) are commutative diagrams

(writing S = EKED , all maps S - linear )

A B
sad- sad- so d

' 1 It Is
"

x x

sad- god- god
A
' B '

modulo the homotopy relation (94) - (dip ) if there exist g, h

such that A 'g thB = X-P, B
' h t gA = Y- X

.

• triangulated structure with shift ( A , B) ED : = (-B
,

-A )
,
so

= Id
.

and IA , B) ① (H B ' ) = ( AAA ', BAB
')

.

Example In hmf( Edu, xD , uv ) , Y = XLD and 2
= Xo X LD

.



theorem For any hypersurface ring there are equivalences of triangulated categories
A- Io

hmffell xD
,
f) → MIM (R)→ Dbs

,
CR)

where A- ( A , B) = cokerA .

(
shift here is

"take syzygy
"

Pwofstzeeh Observe that A :S
①d
→ Sod has cokernel N

,
and given x EN

with x =D , ye sod

-
-

f-x = f y = A- By = 0

Hence N is an R =
E "⇒If -module . To see N is MCM we

prove that the infinite complex

-
- -
Es Rod R Rad - -

is acyclic, with syzygy N . Suppose Atx = 0, and x= 5 .

Then

AJ = 0 that is, Ay = (ai f, . .
-

, an f)
T
some ai E S .

But then

writing a = (ay . . -, an )
(A is injective, as

A-y = fa ⇒ Ay = ABa f : sad→ sod is

⇒ y = Ba
and f- = BA)

⇒ x = BE
.

By the earlier depth arguments we may conclude N is MCM
. Fully - faithfulness

requires a bit more
"Ext work "

. D



Alternative Amatrixfactorisationoffe ID is a Iz - graded
f. g. free 5=6111 B

-module X=XoQ Xl with an odd

S- linear map dx :X→ X such that 47 = f - Ix
.

d×= ( OB Ao ) : Xoax ,
→ Xoax , .

i. DE = ( A} La )
In conclusion

,
for our original example R=

"
'
" 'Yum )

vecthf-hmflcdumD.nu ) = MIMIR ) ⇐ Dbsg ( R)
① ( 9,8 ) Rtu Rtu

QLD ( ou
"

o ) RH Rhi

GOND

f! ! ! ! ) Huan a

theorem ( knower periodicity ) For any f- E Eddy . -
- pen Built an

isolated singularity

hmfflCHIB.ft-hmflcke.u.tl]
,
ftuv )

Example hmf( all u,vB , ux ) -=hmf(E , o) - Veatch .

Deff We say f- EEG 's -
- -RnB has an isolated singularity if

dime ( E " " '4c2×,f
,
. . . ,2×nf ) ) < D '



theorem Let feed ID have an isolated singularity .

Then with J- hmfCEHID.tt
,

• T has finite - dimensional Hom -spaces
• Tis idempotentcomplete
• Tis Krull - Remak -Schmidt

,
I - e .

-

every object is a directsum of indewmposables
- if ① it , Ni = ⑦Fa Mj with No,Mj all indecomposable
then m=n and after renumbering Ni = Mi for all i .

Example him f- ( Ella, y, Z D , ant 't y 't E) = hmf ( Ella, um D
,
xhtttuy )

-

J knower
An surface singularity = hmf ( Q fl xD ,

sent ' )
BuchWeitz- Orlov

= MCM_ ( Ell " Dbent ' )

But R = Ed 't 'llanti has dim (R) = O, so every f. g . R -module M
is MCM

. By the fundamental theorem for modules over a PID,
we have in mod ( R )

M = ROA ① ( Rbc)
'

a . - - ① (Ryan)
①an

Hence in MCI (R) , M = ⑦ it , ( Rbc #
ai

,
so the indecomposable

are Rbci for Isis n .

Observe that we have an exact sequence over R

x.
htt - i

ai anti - i sci
- -

-→ R - R- R→ -
- -

↳ I ↳
Rbc!Rlxntl - i



Hence a triangle Rlxnti - i → R→ Rlxi→ Manti - i [ I] in Db (mod R)
, hence

Rba ⇐ R/×nH - i [ it in Dsg ( R)

we can now complete the earlier table for f- = sent! 12=49
" 'lfxnti

hmf 't xD
,
sent ' ) = MIMIR ) = Dbsg ( R)

Yi := (gm .?io ) Rbi Rbi Kien

Example Let us compute Homs in the different categories , 5=191×17

sci anti - i

s→ s→ s
Homnmf ( Yi, Yj ) = { µ , ft f

,

i s s s
'll ""

= ( Y, Yeah xD I sent '
- if = anti - j y } (hlpy

xjy = xiy

= { 4,4 C- Ella B / Y = sci - iy } / htpy

where ( Y, sci
- iy ) - ( Y

'

,
sci - i Y ' ) iff . there exist 9, hes such that

sci - if y - y ') = xig thx htt
- i

,
Y- y ' = gait anti-in .

Now

je n so thatj - i anti - i and these conditions are equivalent to

y - y ' = zig t hxntt -j some g, h .

Hence to

f - y
'
E (xi

,
anti -j ) = ( gem in ( i, htt

-j ) )

-

'

- Hom ( Yi , Yj ) =
" "Kamin Li, htt -j ) )


