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Introduction to the LGICFT correspondence istslib

theaimofthislectuneistoskekhthe Landau - Ginzburg ( LG ) /

Conformal Field Theory ( CFT ) correspondence ,
which has its origin

in mathematical physics but which has inspired interesting pure

mathematics
. Thewwespondenuisfarfom fully understood

, mathematically

or physically .

Onthelasidethe main mathematical ingredient is the

theoyofmatrixfactorisatiot ,
and we begin with a ( slightly nonstandard )

introduction to this theory

,
which we hope is helpful intyingto understand

the relation to vertex algebras via Dnnfektsokolov reduction
.
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�1� Matrix factorisation & LG models

One
way

to understand the theory of matrix factorisation is as a

generalisation ( in a sense Mahan be made precise ) of the theory of Clifford

algebras,

so let us begin with a reminder on the latter
.

Let K be a field

,
char k=O

.

Dee Given a fd . vector space V and symmetric bilinear form B :V×V→k
,

the Cliffordof HIB ) is the Zz - graded algebra

AN , B) : -

Tl
"%,•w+w•v - 213144 ) " ,w

( ie generated by a basis ey . . yen of V subject to eiejtejei
= 213 ( ei

, ej )
. )

Examp1=
Cl ( Y 0 ) ± A "

as 2- graded algebras

Lemmas there is

#
an iso of Zz - graded

vectorspaces
Al ⇒ a ( V

, B)

⇒ CKYB ) is a deformation ( as an algebra ) of AV .

Q Are there

other
deformations of Al as a Be -

graded algebra?

The question is best phrased in terms of the Hochschild cohomology HH*xdW)

C in its Zz - graded form ) of All
,

or what is the same
,

the deformations

of Nl within the space of Zz . graded Aaalgebrot ( = vector
spaces

A equipped with operations Mn : Aon → A for na i )
.

{ E-graded algebras } I { Be . graded DG - algebras } c- { E- graded Aa - algs }
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A Yet . Say Van
. Every polynomial WE E[ Zy . .

- an ] with an isolated

singularity at Q ( i.e. WIQKO and dime 'cHY( saw
,

. . idznw )
< to )

gives
rise to an An - algebra

AW = µ¢ ,
Mz

,
Mss

,
.

.
. .

,
Mn

,
.

.
. )

whose underlying vector
space is ME

"

( existence due to Dyckeuhoff )
.

Examp1= W = EE
.

ZE is the quadratic form of B :V×V→E
,

Bki ,e ;)
-

tij

and Aw ± CINIB ) as Aa - algebras

Example h=1
,

so ACI =
€[ the '

, for W = ZN E Cl [ ⇒ there is

a Hochschild cocyde ( N 73 )

ce HH
"

( Ae ) ,

c :( neF→ 1€

c( e @ .
. .ae ) =\ ( sew on  other basis elk . )

The corresponding deformation of 11C is the Aa - algebra

NO

fzn = ( he
,

mz
,

O
,

. .
.

.

,
0

,
c

,
0

,
. .

. )

%ua1
product  on AQ

.
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The above raises the question : what are the categories of An - modules

over these deformations ? And how are the mn derived from W ?

Pera
( Aw ) - ? mn= ?

^

"

triangulated cat . of perfect Aa - modules(
generally the underlying v.

space of these modules are again tock
spaces

the first question is best - addressed using matnxfactonsatiot ( finally )
,

but

the second is beyond the scope of this lalk ( and only recently worked out )
.

Defy Let WE efzi ,
. .  ,zn ]

.

A matixfactoniati= X of W is

described equivalently as either

C i ) a pair A
,

BEMK ( EH ) such that AB - BA = W . Its
.

C ii ) a fg . free Zz . graded EH - module X = X a X
'

with

odd dx :X → X ( the differential ) s
. t.de - W .

1×
.

Deft A moophism ¢ : ( X
,

dx ) → ( Y
,

dx ) is degree zero
,

EH - linear

map ¢ :X → Y with dy$=¢dx .

We say 4 - Yare

homotopiciflheve
is h :X → Y odd with ¢ - 4 - dyhthdx

.

D# hmf ( W ) : = matrix factorisation with homotopy{

equivalence classes of morphine }
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theorem ( Eisenbud
,

Buchweitz - Ovlov
,

Auslander ) hmflw ) is a Calabi - Yau

triangulated category and

hmflw ) = D↳( ooh ZM )/perfz( w )

where 21W ) - } a eenlw ( a- to }
.

theorem ( Dyckevhoff ) There exist linear
maps mk

: ( he
")*→ ACI

"

such that ( he
"

,
{ mk}kaz ) is an An -

algebra and

pegftw ) ± hmffw )

Exante For W=Eizi2
, Pera ( Aw ) ± f.d.ve/sresentationsofC1(vB )

,
as Aw = CIN , B) ( recovers old result of Buchweitz . Eisenbud . Herzog )

.

Exampie W=z
"

,
dx -

( 0,3Ao )
-

( %.?io)
tin

.

i.e. Pera ( Azn )±hmf( ZN )
.

'
-

related to An . ,

quiver ,
since

( with mkas defined above )
.

pb(
repair

hmf9r(zµtx2ty }
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Landauainzburgmodels

Law is an N=2 supersymmetic QFT whole Lagrangian involves

the polynomial WEEHY . . ,Zn]
.

The

topology
B- twist of Law

is described in various aspects by vigorous mathematics :

'

PHYSICS MATH
'

• Bulk observables .  .
. . .

. . .
. . Jw -

¢⇐' '
"

#%z,w
,

... ,%nW )

•

Boundary conditions .
- - - - - - -

. Matrix factorisation of W

' "

€,&y%¥#¥i
( similar tothewleof vector bundles

in nonlinear
sigma models )

•

Boundary observables - -
- - - - . bosonic HOMCX ,Y )

termini Hon ( ×
,

y[ , ] )
}inhmHw )

• Defect conditions .
-

-
- - -

-
' '

Matrix factorisation s of

.

-

-←
-

¥455,44594

,

viz 's - we ,

/ -7
-

-

- -

-

-

different variables
.

( maybe composed ⇒ g- structure )



t.la#
�6�

Move

precise
Penton 2 's

njatw-÷.
.

galmabpgtwgu
triangulated category]

[
ZD defect TFT <

¥44
Pivotal bi category ]

{ Law }w . . .
- - . . . . -

-
-

. .

Lie
zawiu - McNamee

, Carqueville - Runkel
,

Carqueville - M

�2� Simple singularities and minimal CFI

Given WE Etty . .sZn] topologise E{ 2=3 such that ¢[z}→¢l±}/mk

is continuous for all Kal
.

then provided

f = gevmew E ME E{ E }

defines an isolated singularity there is an open neighborhood f EUEM

in which
every pt .

is either smooth or also an LEELAND .

we

say f  is a simplesingty if FU containing only finitely many
"

distinct
"

singularities ( = orbits of Autcl I } )
.

theorem ( Arnold
'

72 ) The simple singularities have an ADE classification :

Ak : xp
"

txit . .
- txn k > 1

Dk :
xi lxit xp

'

) txst . . . txn k > 4

EG : xp tai 't squares

E
>

: x , lxitx ! ) + squares

Eg : xp txzt squares



Had

�7�

• ZD

unformulated
QFTS which are covariant w . r .

li
. local

conformal transformations . Infinitesimally Hsese transformations are

generated by two copies of the Vinson algebra ( called te left and right

chirm )
.

The central of me CFT is the c appearing in

these Vinson algebras .

A
given CFT

may
have an extended chiral

algebra it containing
Viva son

,
such as affine Kac -

Moody algebras or

the
super conformal algebras .

• An N=2 superwnformal field theory is a CFT whose chiral algebra

contains a particular Lie
super algebra called the

"

N=2 superconfovmal

algebra ? the minimal N = 2 super
CFTS have an ADE classification

,

see [ ADE ]
,

with e.g.

[ Ak - type N=2 minimal CFT
,

c =3 -

⇒,( by wset construction Puts ) ¢ . zx lid )4

D= KH to
)

[
Aside -

Given Weeks . . ixn ] and a decomposition W - §r
,

aibi
,

we have

the Kos2ulfactonsah= of W :

X - ( Akiko . . . aetk ) oz EH
, Eai4i* + § bite . )

These are the most commonly encountered ME In practice leg . in knot

homology ,
LGKFT correspondence

,
.

.
. ) and the underlying vector space

of the comes p .

An Aw - module is
again an exterior algebra

-1
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�3� the LGICFT correspondence ( based on [ R ] )
�8�

Based on :

natural length scale
- soo

UV

•j#%w±rN=2LGmodd
N=z£FT

c=3§( 1- qlx :D
withpdentialw

(e.g.xptttxit.az )
( e -9

. Ak minimal model )

Preservation of topological quantities under RG flow
"

implies
"

t.GS#1CFside=

±

Bulk observables Jw
-

Chiral primary fields

Martine '89
, Vafu

,
Warner '89

,

Lenke ,Vafa ,
Warner '89

known
insomecaises

I B - type ) Boundary conditions Boundary conditions

u
t

u=
> A

'

( MEVFW )
Kapmhhti

 '

02,63

Brunner ,
Herbst

,
Lenhe ( reps. of chiral algebra ,

SVOA )

Ak Scheiner
'

03
N=2 minimal SVOAV for Ak

knowninsomecases
Delectwnditions Delectwnditions

u
t

u

13 =p '

Brunner - Roggenkamp 'M
( bimoduwovevchiral algebra )( MERWI

- Wz )
camueville

. Runkel
'

09510

Davydov ,
Ros Camacho

,
Runkel

,

'

14

( Exi natural geometric defects between A- type singularities

correspond to defects / flows between minimal CFTS ) .
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Than( Davydov - Ros Camacho - Runkel
'

14 ) Letts be even
.

There is

an equivalence

oftener

categories

gr
I

%+
,

- f(N=2,k+Dns ( 9.1 )

n ^

{ graded Mfsofykt
'

. xk
"

} { imed . highest weight reps . of

( ie . detect between two copies of Ak -

type minimal SVOA }
.

the Aktypelamodel )
atx

E×ampI HI ,
is generated by Pan

-
0 ITG - Zix )

using ykttxkt
'

-

ftp.yip
( wfT(yjIg

o
)

4M¥ '

IEIRH

Sofarall rigorous checks of the LGKFT correspondence are
' '

bespoke
"

( e.g. ( 9.1 ) ispwvedbya direct comparison of both sides )

OPENTWESTLON : what is a conceptual mathematical explanation lpwof

of the LGICFT correspondence ? of the kind

{ seonmygetrysurtaasinwiuloar } . '

?_
' ' I super

"oa }

Summary A simple singularity W(×µ×4X } ) gives

wet
FT

repo ( Nd
, mz.ms,

. .

.

)±hmf(
W ) ← . . . ⇒

Rep.
| AE¥xYeenboYhdf.to ivzsupervoauith

An - modules modular invariants of

the ADE type of W
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Some observations
.

•

Following [ ( 90 ]
,

we can try to construct representations of the

N - 2
super wnfovmal algebra using Hochschild co cycles of

exterior algebras . Recall the loopalgebrt of a Lie algebra g
is

g Qe Ca ( st ) where C
•

( st ) are smooth complex
- valued

functions . If we pass
to Fourier coefficients and ignore convergence

( Q : does this change the cyclic cohomology ? ) this is

gone EUT
,

t
' '

H
.

The supertoop-alge.br is ( GN = 11C
"

the exterior algebra )

9
Q e E [ [ tit

' '

I ] a Gn
.

C * )

Ka¥Yoody( Msp super
Kae - Moody )Liealgebrot have underlying

vector
space

( 9 Qe EHT
,

E 'll ) a ER with R central and the

new bracket determined by a Lie algebra 2- wcyde on 90 eek tit
- '

7 ]
,

call it W
, by

[ ( 3
,

a )
,

Hip ) ]
new

- ¢} ,

Z ] ,
wk

, p ) )
1

( for the
super cone ,

we need a 2- graded way
de on (4) )

.

The
super case

is richer
,

since there are more relevant wcydes to twist by :

{ cyclic Hochschild 1 - w cycles of An } - { cyclic lie 2 - co cycles

f of el Hit
' '

Hae an }

large
!
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Let C be a Lie
super algebra,

and

Der ( C ) = { L : Ct C ) L is E- linear
,

homo g. and for all XME C

Ll [ x , 'D ) -

[ Lx ,
y ) + C - D

' × " "
[ ×

, LY ] }

This is a Lie
super algebra with the bracket from Ende (C)

.

( graded )
.

Given

a 22 . graded 2- co cycle on C
,

we can form the central extension CQER

with the bracket [ - hw from the
wcy

de w
,

and given

Lt
Der ( C )

ask if

I
: CGER → CQ ER defined by

E
1

c

=L
,

'

( RKO is

a graded derivation for the new bracket
.

this amounts to

w( Lx , Y ) + C- D

" " "

wlx
, LY ) = 0 Fx

,
Y

,

⇐ )
.

Def Devw ( C ) is the Lie sub algebra of Dev ( C ) given by all L

satisfying ( * )
.

T

The way [ C 90] define Hochschild cohomology is to identify n - co cycles of A

as E- linear forms A←¥E
, probably as follows : we would say

n - co cycles

are e- linear A→" → A
,

re . A*o5←→ E
,

and if A is self . dual
,

this is

the same as A
* "→

icy

f
of GN

theorem For Nel there exists a cyclic Hocschild wcyde X with associated

Lie algebra 2- wcyde w of C - ¢[ Hit 'T ]@eGn
,

such that

Derw (C) is the N = I supevconfovmal algebra .

theorem For N=2 there is x
,

w with Derw (c) containing a copy

of the N=2
superwnformal algebra .

Q role for higher
Hochschild was des

'T
related by [ [ 95 ] to a

of the Grossmannalg . Gn
, degenerate LG model

.

yin La - algebras? C
jet ⇒ central change - l )



http://bctp.uni-bonn.de/workshop2014/talks/runkel.pdf

Construction of N = 2 Superconformal Algebra from Affine Algebras with Extended Symmetry: I 

Extended Super-Kac-Moody Algebras and Their Super-Derivation Algebras

http://www.scholarpedia.org/article/A-D-E_Classification_of_Conformal_Field_Theories

TFT CONSTRUCTION OF RCFT CORRELATORS I: PARTITION FUNCTIONS
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