
�1�

Generalised orbifolding of simple singularities+9eno@

In this lecture we finally introduce the two examples of bicategories of interest
,

the bi categories of Landau - Ginzburg models and its graded version
.

One of
the aims here is to be a concrete as possible ,

so we describe all structure maps .

Def The bi category Les has

• objects are potentials , repairs ( clxi , . . ,xn ]
,

W ) with Week ]

having isolated critical pt . ,
i.e. Jw - Ct Hk saw ,

. . isxnw ) is finite

dimensional .

. mophismsn Les ( ( EH ,
W )

,
( at ,V ) ) : - hmf(¢l±iD

,
V - W )

w

. composition there is afunctor , say for U EE [ Et
,

Les ( V
,

U ) x LAW ,
V ) *- Les (hw Ihmfleffz

]
,

U - VT x hmf ( Ekin
,

V - WT - hmf ( EK ,z] ,
U - WT

I 1 fully faithful

HE) i→ ( YqµX ,
dxoltlodx ) € HMFCEKH ,

u - w )

:ltinilerank
MF

Pwpositionn Yogi X lies in the image of I
.

D# Y * X : - representative in hmffu - WT for Yeah X.

To describe morphtsms into and out of Y*X it is still convenient to use YOX
.
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• unit at ( Q[ × 's . sxn ]
,

W ) is defined by ( IOIKI )

fe¢[ If 064 tif  it fkio , ,→ ioxi

g. gf  ÷ tiititfntiiitif ( J[ if /

, ,→ , + , ,•× ,

= Hit )
Xiol - 10 Xi all i

Aw ÷ ( /\i#eHoCH)Oi ,
E 2 await § Cxiol - taxi )A* )
i

d,jw = W(±•i ) - twtiw -
- - .  - w(lo± )

= Wal - law

D& Let A :Dw→Et⇒ be the ¢[xf± linear ( OI = Oi
,

'
" Oik I - fin .

-

, in } )

t( OI ) - 0
,

It ¢ and I
(1)

= 1
.

Def Given XELJ ( let 'A ,W )
, ( EHN ) ) define

Px :X
,zQ

,

,Dw¥>X@¢[x]±X
EID

Xx : Du ,qµX¥eHe¥p±X .

Pwpositionn thus defined Llsisabicategony ( triangulated)

Remade 1 :-( QO ) ELS and XJ ( 11
,

W ) - hmffw ) ?

This defines a pseudofunctor Les ( 1
,

- ) : Les → Cat

to the bicategoy of small categories ,WH hmf ( W )
w

and
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sending X : W→V to the functor

LSII ,w ) ¥2511,11 )
112  112

hmflwjw hmfly )
"

and amorphism 9 :X - X
'

of ME to a natural transformation

* .

hmflwjw BY hmfhdw*
-

Adjoint Given ( Eide )Ehmf(EIEHW ) we can define

( E✓=Hom¢[×]( E
,

EID )
,

Aek ) - fi )KL°d⇐ )
�1�

hmf ( Ely
,

- W )

Given XELG ( ( eth , . .i×n],W )
,

( Elys . .iYm]N ) ) we have therefore
XVELSCV ,

W ) and there are adjunctions in LS

+X=X[m ] - × - ×'[n]=×tIii'/'
"

wl ,m ru
-

D# Ltte
"

,

Leoodd
are respectively the full sub - bicalegories

with objects ( CIK 's . .s×nJ
,

W ) with nenen ( msp .
noddovzew ) .
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theorem LS is graded pivotal ( L9•Y k9°dd are pivotal in the sense

described earlier )
.

:
. Lgewn , Lgodd have the property @ of last lecture ( adjoint on

both sides exist and are equal , pivotally ,
. . .

)
.

Unitsandwunils For X : W ( ± ) → VH ) with ltkn ,
IQKM evennrx

: Xe0µX
-Drwevx :

Du
→ X Qin

' ×

are defined for Te Dv = /\¥=! QKI
'

Oi ) with MOB = HJO
,

.
. . Om

with B = { b
, < . - . < be } by ,

with { ei } a homogeneous basis of X

wevxto ) - 2
EDK

" "

{ Hbpdx . . -

HbadxIjeioeYi.jCfyJ@CxxJoCtDandforgECkJbyetlejleYxlgeioedxI-FfxetD0iiiioie.Resekyy2iiedxiiHiddxJxidxidxndx1jgdxi.dxyClD2x.W

. .
- Zxnw
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Examp1= Let mm be even
,

X :W→V so tX=Xt=X "

iisw Jw=€t%×,w
, . ,2×nW )

a

dimrlx
) - € = ×€r

"

e Endgeawmldw )

a.
JW'

' sw

1 i→

f.fDkT2idx.2KdD.jeiognlnI7Hejlfyx.dx.i.2xndx3jitiTijdyi.dymHEHReseKryq.fay.ui.aymyIt0trmsiImHesfnXxjiedsyjjssttoumsItfo11omthatdimrCH-ResC.j.1D.Remark_HomcwelSw.sw5T@Homa.ae

( Sw
,

et 't )
112

( Notekteoot ) ,
Ei2xiWA* )

1,91's

Jw ' 1
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Graded version
.

• A quasihomogeneout potential is a potential WEEK 's .s×n] together
with Kile Q >o

such that IWKZ .

D# The bi category 299
"

has

• objects are quasi
- homogeneous potentials

,
plus zero

.

• morphine a grad=dMF of quasi - homogeneous ( eth
,

W ) is

a MF ( X
, dx ) of W such that Xi = Qaea Xia is Q - graded

free module
,

so that X is a 2×Q - graded module
,

and s . t
.

dx has bi degree ( l , 1)
.

Lg 'T ( EKBW )
, ( EHN ) ) :=hmf9Y¢[ ±

,
I ]

,
V - W)Yactually

° comte as before
, giving for X :( ¢[ ⇒

,
w ) - ( guy

,
y )

redundant now

and Y : ( QIH
,

V ) → ( Ef -27,0 ) a Zzx Q - graded MF

( Y ,z6⇒X ,
dxo It ladx )

ihduld Q - grading from grading on Y
,

X

and this induces a Q - grading on Y*X
.

• units Dwehmf 9 ( EKJQEET
,

Wal - IOWT is Zzx Q - graded
with 1 Oil = ( 1

, lxil - 1) .

the union in Les are clearly
bi degree 10,0 ) so work in L99r

.
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Proposition

L95risabicategouytDefn_Gw-LskillKienHfQ.Go-7LeQ.zsoRtHhas1indegti.e.RfDD@LetRbeaQ-gradedving.R

{

His
Ritand Ma free Q - graded

R - module
,

while M -

€aR{D•m×
,

and Q - speedy) - { XEQ / mxto }
.

Def For AEQ let LEECW , V )a÷{ X|Q-spec(X°) = at Gvw }
.

Q - spec ( X
' )Eat1 tax . W

Lemmt As E- linear categories t R.*L99r( W ,V ) - Ot Lg9r(w,v)a Rtm

.fi
it )

AEOYG
, , .wFERH- He=R×nH

and the grading shift defines an equivalent should have

,tn+ieGw
,

:
.  - Me - thaw

( th ) : L9sr(w,V)a→L9TM×)a
. x nexntaw

Note DWELGHNW )o as it involves free modules EIITOI  = E[±J91 - Kit )

deg ( H ) 019179 = ¢fDe{ lxil -
1 }

.

=) | I :L T

Remarks X°
-

X ← ' X - X
'

( l ) since Zeaw
,

deg ( 1,1 ) deg ( 1,2 ) 4 ]=[ - D
.

( le
. Kajima - Saito - Takahashi )

E ( KIX
'

)=XHFX°H<→ shift T(x°=XH)=XHIX°H

⇒ @g5( W ,V)a
,

2=4311 ) ) istiangulated ( 2- graded)

Examine Lg549%

±
homotopy category of Z . graded cpxs /c .
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Dd The central of We L99r is e ( W ) = [ . ( l - kit )
.

Adjoins Given XELJMNY )a the co evaluation in Les is

wevx : D
, ,

→ XQz×jX✓

wevxto ) = 4.1- Dk" "

{ Jfpdx . . - Hbezdx},jeioej*
.

2- degree % ( 1 - lxbil ) ⇒ leil - lejl = E- ( l - kbil )

J^ Ops = C- 1501 . .
. Om lait =lyil- I 101 . . vml =

-fly )

: . 101 = - CYV) - Eilxbil - l )

:
. |wev| = leitlejl - 101 - Ehl - lxbil )tax ) tstlxbil - l )

= EH) .

⇒ wevx is a degree zero map Dv → XQ¢⇐]X(

EM
)

Similarly one shows the other units and counts are homogeneous ,
so in Less

"

X[n](
EN ) ) - X -1

XTm](
Elw ) ) kkn ,

11km

Def For TEQ let L9T⇒ ELF beltre full sub - bicategouy of W

with cyw )=x
.

Pwpositionn LIFE ?satisfies ,,@for • C- { even
,

odd }
,

XEQ

has adjoint ,
is pivotal
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From now on • = even for simplicity
:

n

Deft Two singularities WNELS µ⇒ are (generalised) ovbifldeq÷
if there exists a fm orphism X : W→V with invertible dimensions

( IVD )
. Equivalently 4 : V→W exists with IVD

.
Weunte Who V.

Suppose W ~aoV via X : W→V
, then there are adjunctions

XYX ) - X - X '

( D
.

By last lecture with D= LSYETT

• A := X
"

( HQX is a separable Eobenius algebra in )3( MW )

. X induces ( W , A ) ± ( Y
,

Dv ) in )3eq

• We have for example

:
'

'

is
,

hmf5( EH
,

V ) = BC 0
,

v ) W ¥ v

×

= Beg ( 0
,

v )
± Beg ( 0

,
( w

, a ) )
= left A- modules in §(9W )
= left A- modules in hmf9r( EKJW )

Moreover the functors are

XG -

hmf9r( V )

X
- Modhmfsrcw) ( A)

xoa -
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• For example

Jv ± G Horn
, }aw , ( Dv

,
Dv ( n ) )

NEZ

± ftp.Hompegk.v ) ( Dx
,

Dv Cn) )

± € Hompeaccw
,
as

,
was ) ( A

,
A ( h ) ) i.e. Endaa (A)

TAA
- bimodal moyohisms A  → A

as a sub algebra of the graded algebra End (A)
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Relation to usual ovbi folding ( $7.1 of Carqueville . Runkel )

Suppose ( QEI
,

W ) ELS with a finite

gwupaGElEss.t.GfixesW.TorgeGdefine9giElxihClxiandIg-Hgx@1XDufeL9lW.W

)
.

Then for X : V → W we have DGQX ± Yg, * ( X ) .

Lemme Aa : = Otgeadg is a separable Eobenius algebra in 291W ,w )

Proposition Modnmtcw ) ( Aa ) ± hmflw )£ ←
G- equipment MFS in the usual

sense .

ie
. the usual ovbifolding E generalised ovbifolding ,

viewed as a

theory about thebicategoy Beg .

Ovbifold equivalence on the level of Jacobi algebras

If W~aoV then with H = Endpcw,w)( A
,

A ) there are E- linear

\ also Fwbenius

H
Tv ×

Yt'a¥,
,

Aaw¥ "

End ( Dw ) = Jw = End ( tv )

with Bw
,

Ex algebra morph isms
,

and X°Io=1
,

such that

¥ ,ooIw=Dr( × )
,

Froe ,
- De ( × )

.

Here this a projector Endla ) >→ Endaa (A) ±Jx .
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Exante W=VlA4
' ' ) -xidtxz 1×11 -

to
1×4=1 Gw - < IDEQy=ylDa+i) -ydtyiyzbi1=±a 1421=1 - H

a ,,=[a
) dodd

Clearly Elw ) - 2- Eilxil = 2- ( ltd ) =/ . ¥=q\ , )
.

( htdeuen
,

and Gv .w=Gw-u=hta7
.

then in

L9YEF±=
'D we have

x

C
,

W = V dimrh ,dimeMt0 .

A X
'll

-

'

I )

where A=X" ( tat )QX±DwaDg[ D where g=teZzGC[ and

actingbyxitt - xyxzhxz
,

where Xhas degrees

X - X "=RoRf1+÷ , } re .Q . spec { 0
,

-1+2.3
: XELSMW ,V)°

.

Notice that

hmfsyw )o¥×€hmf%%
deren

<#hmfsrN)±dodd .

xra
-
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OtherADEcas= ( from Carqueville - Ros Camacho - Runkel
'

13 and

Cavquevilk - Velez '

15 )

Recall 1/4 " )~V#6 )
so that W - xi

' tai
,

let 2=9%2
,

for
" I

jj - y
Se { 9. .

,
11 } define

Ps - (
0

Fly
,

- Ix
,)

Iyshniaso)°to:Y
' )

E hmf ( El ±
, If

,
W (1) - W (e) )

= Les ( W ,W )
.

then A

it
XOX ±Dw0Pf3

,
-2

,
-1

,
. .

, 3)
.

And similarly for Ee
, E8

( in the A- D case , Dg from before is P{ d } ,
and Rd }[ D= Psydj .

)
.

The

notion of A- modules is now un one complicated,
and not well -

undeistood
.

An A - module structure on E consists of a family of morphisms among
E and the P{ a } QE for various AEZD , according to :

Lemme If SES
'

there is a triangle in LAW ,
W )

Ps - Ps '

: *
'

is


