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Generalised orbifoldingofsimple singularities ] +940C

In Partiandttoftheminicoursewewill expand on various points of the

first overview talk
. Inthistalkwefocusontheabstactbicategonial framework

for generalised ovbifolding , following Cavquevillel Runkel
" Ovbifold completion

of defect bicategones
'
? In Partttweretumto the concrete examples ,

but in

amore thoroughgoing way .

In summary : therightwnlextforovbifoldequiralenuisbicategonnal.

Online for Part I Everything given without citations from either

-

Carqueville . Murkt ' 12

Cavqueville . Runkel ' 12
�1� Bicategones -1

�2� Orbited completion Bi→)3eq

�3� Landau - Ginzburg models LS
,

Left

0Bicategon÷
bicategouy )3 has

• a class ob( D) of  objects a ,b,c , . . .

• for each pair a ,beob( B) a small category B( aib )
- objects are called tmorphisms X - a ->b

- morphisms are called 2- morphism⇐=
.

y
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• for each triple qb ,
ceob (B) a factor

)3 ( b
, c) xjla , b) ->§( a

, c)

won 1- morph isms ( Y : b→c
,

X :a→b ) i→ Y@X : a → c

^  on 2- movphisms
( b "€,}c ,

a "÷pyb ) to do P :
' hah ' 'k0Xz

• for each aeob (B) al - morphism da : a → a
.

• for each compos able triple XYZ of tmoophisms a natural 2- iso

I

Axyz : ( 204 ) OX → 20 ( y • X )

' for each tmophism X : a → b
a natural 2- is

Xx : DBOX ±→X
, px

:Xod¥Xsubject to the usual coherence axioms for monoidal categories .

Examp# (a) Cat = small categories , functon
,

nat
. trans

(b) obj3 ) = { • }
, §( •

,
. ) monoidal ( at

.

(c) Bimk = K - algebras ,
bi modules

-

. - . . -
.

: X : a → b
,

Y :c → b
,

Z :c → a

I

Notation l

, b×t5x i

denotes O

:X•2→Y

=
- - - . .  -  -  

i
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÷¥I.8 1

y
dendesthewmpositionofzmorphisms

y

| bt.sc .
×•zt-y-QoR

1 ~z I

l a
/⇒

iiiIiIIIIiIImnx.n.r5MadeprecisebyJoya1.streetKyeometyoftensorcakuluBDedAnadjuncti0n_X-Ybe1weenXia-bandYb-ainj3isapairof2-morphismseviYoXtAa.weviDb-sX@Ysuchthatthefo1lowingidentitiesholdydaYI.x

.ee#=.fiEiEx.=f"

:* wev

.

.

wev

,

' Ab
•

-

- Ab y
x:

ewiletxfortheleftandxtforthenyhtadjoint , if they exist . There are canonical

isomorphism

: :( Yaxjtnxtoyt L :tly•×E+×@ty
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D# A pivotalstmctut on a bicategory )3 with left and right
adjoint for every 1- morph ism is a natural family of 2- isomorphism

{ Q :

Xt-tXkahnophnmin13withthepwpevlythatforeveywmposab1epairYXly@xstXxHyoxjka.o

,

I
.

"

xt•yt - txoty

commutes
.

D& A Fwbenim algebra A in a pivotal monoidal category G (e.g. . Ha ,
a ) )

is symmetric if
ta

O •

o

=

*
b

A Aten. tea
I

f
Notation -

From now on , B is a pivotal bi category ,
re .

it is equipped with a pivotal structure
,

and we assume )3 is E- linear with all spaces Hong ( a
,
b) ( KY ) finite . dimensional .

we denote the common left and right adjoint of X by X ±+X±X+ .

We further assume all idempotent 2- Morphis ms split .
Call all these conditions *

-
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Deft Given al . morphism X :a→b define the E linear map
Pb

.Dr( X ) :End( Da )→End1Db )
, by€kcoal

✓ ± ✓ ?
Dr(X)( ¢ )

:=Db->X0X→X0Ia•X
'

Db

1o¢cm
✓ e "

XoaaaXTXoXTDbSimilav1ywedefielXliEnd41b3-EndlDD.iDaxg-meansX@X-daDeHlMitkQ_meansDatsx6xiDaLemma_lDDelD-DrCXY.andviavenaCiDDelYoXtDelY1.De

( X ) , samefovr .

liii )De( Da )=Dr( Da ) - 1
.

C iv ) Inatiangulated setting De(X{ D) -
- Dew

,
sameforr .

D# theleftandnght quantum dimensions of X :a→ bare

dimelx ) : - Delx )(1→↳)eEnd( Da )

dimr ( X ) : - Dr(X)( Ida )EEnd( Db )
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Def We say X has invertible quantum dimensions ( IVD ) if dimrk )
,

dime 1 X )

are nonzero scalar multiples of 1dB
,

Ida resp . ( hole X IVD # X
 

IVD )
.

Lemmas If X has invertible quantum dimensions
,

A : - XVOX is a separable

symmetric Twbenius algebra in 13199 )
.

Root ( sketch ) µ
: A a A  → A is ( fit means f A

, A =  ev
, Us = wev )

Knit:-#"%it
x ×

×

and wmulti plication
,

wunit are scaled :

11 ÷ ?¥/. dimrhn
"

x

e := µ . dimr ( X )

To verify separabilily observe

na .

faQ¥
- aimnxuimnxi 't't
= 1A

.

D
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Tensorpwductsle

t.AE )31b, b)bean algebra ,
and let  YE )3( be )

, XED ( aib ) be A- modules

( resp right and left )
,

i.c.wehave2-morphismsY@Ar-sY.A-oXt→Xsatisfying the usual identities
.

Lemma_IfAisseparab1eEobeniusthepairr@1YoAoXIYoX.nF.tYon.X

has a wequaliser in )3( a ,c ) ,
denoted ( YOAX

,

't )
.

Root Wemaydefi

: =t.fr#FeeEndg(a..dl

÷ N=Y
this is an idempotent : n

Eobenius

a fate:*

.fi#j*anafiiexyxft*iEIif⇐fotYt¥f±
:
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www.t#xifiEYiftYtYH::a.e
,

If 4 : YOX → Z is such that 4° ( rot ) = Yo Chol ) then we claim

Yo ( l - e) = 0
,

so 4 factors uniquely via YQX #In (e) - : Y at X

a

;e#÷⇐ui¥y±QfI¥Et

=

ff
 

f.
- 't

as claimed
. , ]
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Proposition IF X : a → b has IVD then with A  = XVOX we have

XQAX ± Db
.

Pw¥ the count 't XQX
"

- Db is the co equaliser of re I
,

lal
,

where

r : xoa→× is xyz e :Ao×→× is #
- D

Def the equi variant completion )3eq of )3 has

.  objects ( a , A) where A e 3) ( a
,

a ) is a separable Fobenius algebra

• tmophism ( a
, A ) → ( b

, B) are B - A . bimodules

. zmorphismsn are bi module morphisms

*composition of ( a ,A)×→ ( b
, B) 't( c

, C) is Y@bX
.

• unit at ( a ,
a ) is A as an A - A- bimodule

.

theorem ( Carqueville - Runkel ) Beg is a bi category which satisfies @ from
earlier

, re .

all I . moophisms have adjoint and Beq is pivotal .

Root ( Sketch ) Let X :( a ,A ) → ( b
, B)

. we claim XV :b → a is an A- B- bimodule

via the

Morphisµ and VH
-



@

To show XV ' X ' Xin Beg ,
let

I

xV@XIXg3Xt.S

-1

XoI¥×←×v
some

8

Define XOBXe-A and B-27XEAXV by

q
a

...

.l±

AN Unt.si

9
.

Xbox
IB

Zal

Then for example X ± BOBX -7 XQAXVOBX ¥X@aA±X is

. '

iHietbsx_x.xtioYi@xtgastrH.x

.¥:u
"

tend.tn#I
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×

"T I-

hPµ¥lpguq I

q⇒ att.grI ~ ×

- f;D - idx . ,

Lemmt There is an embedding 3) - > Beg ,
at ( a ,

Da )
.

Proposition If Xia → b has IVD in )3 then there is an isomorphism
( a , A) ± ( b

,
Db ) in Beg where A = XGX

.

This allows us to consistently rephrase everything about b as being about ( a ,
A ) :

B ( c
,

b ) ± Be,
( a

, b) ± Bea ( c
,

( AAI ) = A - modules in Bk ,
a )

13 ( b
,

b ) ± Be ,
( b

,
b ) ± Beg ( Ca

,
Al

,
( a

, A) ) = A - bi modules in B ( a
,

a )


