
taint

0

Aa -

algebras from hypersurface singularities
yqib

The aim of this final lecture is to explain how to obtain
"

finite - dimensional

"

models of matrix factorisation categories ,

in the
language

of An
-

algebras .

As
an example ,

and an attempt
to tie

together some of the themes of

the workshop ,

I will
propose

an interpretation
in this setting of

the
wcydic object

F• of Toby
's lectures in terms of semi universal

deformations of An -

singularities .

Heuristically we want a
map

{ W

:¢→e

with isolated }
- { An

-

algebras }

singularities

W - Awt fd -

vector
space

with higher operations

such that mod ( Aw )±hmf( W )
,

for some notion of modules

,
and

unfolding WITH :c "xEn→E

}
-> {

sheafoofnaqjanlgebras }{
of an

isolated sing . W=W( 10 )

The sheaf ± -7 A
w( ± ,± )

is too naive
,

but
a small modification

works
.

then we can consider in
e.g.

the semi universal deformation

of the As
-

singularity ,

a path
0=010 in Clm

,
and a sheaf of

→z(wpg±De¢n

AN
-

categories on
at ]

which is AA
}

over 0

-

.

.

.

-

.

.

.

a

,#l"Dehm

anime

.dk?iniTaomyJ

0
we

obtain an Anita
,

roof

bimodule Bt )
.

Ten
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Aa-a1geb= Letkbea commutative Q .

algebra

,

a -

ok

Dee An An
-

algebra ouerkis a Z -

graded fg .

projective
K - module

A
 

= Otnez

An

with operation mn
: A*→A

,

n→1
,

K - linear
, degree

2
-

n
.

f

m
,

: A  → A
deg

+1

Aon

Mz
:

AoA→A deg 0

"

Mz
: A•3→A deg

- ,

A%A*oA•t

.
f

IGMSQI

:

Aor@AaAootsuchthatfornD1fmrtltt0Jalnt5tstmrtHtlI8ramso16tj-OADefIAmoYnfA-BisfniAohBs.t

.mif
-

fmy
. . .

Examplt
mn=0

,

na3
,

@
says

( A
,

mi
,

mz ) satisfies

\ mile ab -

mz( aob )

no Miao

@ mi( ab )
=

Mila )b + ( tjlalam , ( b )

# mz is associative
.

i. (A
,

mi ,mz ) is a DG -

algebra

'

-

stricture
is EEAO

,

m
,

(e)
-0

,
eaunitformz and

Mn
vanishes for  n > 2 as soon as

any entry
is e.

homologicdunit
is a

unit for H*A
,

we
say

A is

hanify



Dd A is mix if MFO .

�3�

Examp1=
Ford >2

,

14=1
,

AH kH/{
2

- Kake

mniO for nets
2

,d }

mz= multiplication }
At "DaZz- graded Aaoalgebra

Md ( e@
.

. .ae )
= Hjdt . 1

Where do Aa -

algebras wmefom
?

.

r

J

.

triangulated category of interest
, e.g.

ft
Dblwhx )

,

hmflw )
,

.
.

.

P DG enhancement of J
, e.g.by

K
-

injective res
.

: 

¥yahingthmedmepnimal

Generator ( all
objects

"

bniltfom

"

E)

Endple ) DG
-

algebra ( usually a- dim /¢ )

I<
( H*EhdpF⇒,{mn}n>,z ) Aa -

algebra quasi
-

isotoendole )
.

( fdimk )

Knows
"

everything

"

about J
.

Why find minimal models ?

• To understand
dependence of categories on moduli

.

•

Topological string theory ( boundary
sector )

= minimal
, cyclic strictly unital An

-

categories( Herbst . Lazawiu - Lerche
,

Costello )
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An
-

modules An An
- module over an An

-

algebra
( A

,
{ mn ]n

>
, , )

is a Z -

goaded fg .

pwjk
- module M with

operations
( no )

MM : Aon "@ M - M

of degree
2

-

n

satisfying
the same identities 0

.

A
morphine

of Aa
-

modules 9 : MTN is
a collection of

linear
maps

Yn : A
* "

' '

'oM→N of degree In such that

r

luarittty
,

,§gn±
Yultoomsotot ) -

§=n±
m

"ul±←o%
)

this is an

eq
. the ( ordinary ) category of Aa - modules and these

morph
ismstameness

.n→µ

is denoted Moda hole'*mYa'g*AImYMmY?ana%•mm#¥n

the action of A
"

uptohtpy

"

,

etc.
. .

Thedei=gy
A ah - united Aa -

algebra .

•

There is an An
-

category of (h - Unita ) An - modules Moda ( A )
,

such that Moda
 =

Z°( Moda A )
. Tthisisatiangulaledaocat

( see Seidel [ s ] )

More concretely
,

horn "( M
,

N ) is the

space
of { th }n%

,
with each

[
:

A

04
' ' '

@ M → N ( of degree a- n +1 )

and
only

mi
,

mz are nonzero in
Moda (A) ( lie . this is  a

Datatec )
.

•

the
perfectd=agy per

(A) is the smallest
triangulated

subcategory of H°( Moda A)
-

Modal -

containing
A

.
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Exampl=
A

 =A#
from above

,

d >z
( le . mn=O n€{

2

,

d } )
.

Given Zeied -2

,

is
d- i

we define an An -

module over A

'd .

by

^

Mci )

it A ( k } ) = k•k}

174 graded

with operations Ln=O unless ne { 2
,

its a- it ' }

Ln
: Adm

's

@ Mi
;)

-> Mc ;)

2<(1
,

-

) - id
,

4
;+ , ( e

,

e
,

.
. . ,e ,

-

)
=

± }* , c.)
= ( :

'

o
)

Lditi ( e

, 5. .
. ,e

,

-

)
=

± } ^ C- )
=

(
°

, ;)



A
.

d.
fd .

�6�

the minimal model theorem
. ( A

 ± B )
qis

Let ( A
,

2
,

m

) be
a

DG -

algebra ( suspended forward products )
.

1 . e. st . ( A
,

{ Qm } ) sat . C * )

A stnithomotopyoetacti= of A is a
Z -

graded fg .

projective
K . module

B and linear
maps

it GA¥
B

such

that

p ,

I are degree zoomorphism of
cpxs

( where B is

given
zew differential )

.

C ii )
poi

= IB

C iii ) la
-

iop
=

HJ+2
H ( ie .

iope
la )

⇒ B±H*( A
,2),

with
a particular choice of how to

project

elements in A onto co cycles (Zip(a)
=isp

(a)
= o )

.

Th = ( oriented and connected
planar

trees
,

with hit leaves

}

2
3

^

" "

'
'

-

{

'

Xi .%
,

off

.

}

linanot

inflation

Internal

edge
.

(valency 3)
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Dee Given TEJN we define Pt

: B←→ B

by example
:

•

.µ1
→ 0Oy0

BaB•B

/ tloioi

T \

of
Bttfitm

£1
B

¥
ioH

|
AOA

@

k¥13

# intedges

pt

= C-
I

)
porno

Cia H ) °

( 1,30 m )
.

( 1,3 aioi )

.

Pn ÷§£PT
:BH←→B[D

theorem ( Minimal model ) ( B
,

{
A

]n3z ) is
an

Aa -

algebra ( with

suspended forward products ) and there is an An -

quasi
-

isomorphism

( A
,

m

,
2) -> ( B

,
{

A
}na .

)

:e%
the

minimalmodt

( recall B±H*A )
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Singularities

I
WEKK 's

. sxn ] is a

potential
( ouevk ) if (

with fi
= Jxiw )

CI ) Fis .

.
- sfn is a

quasi
- regular sequence

liil k[ El / ff ,

,

.

. ,fn ) is afg . projective
K - module

1 iii ) The Koszul
complex off

,

. . ,fh is exact except in
degree

0
.

Examples
( ' ) k=E

,

all critical pts isolated

(2) consider k=E[ t ]
,

W ( x

,y,t )
= sit y3 -

3t2y
+2+3 e KK . ]

is the semi
- universal deformation of the

cusp ,
restricted to

the discriminant .

Observe 2×W
=

Zx
, Zyw

=

3y2
-

372 so

k[xi]/( axwpyw )

- ¢[t' "
'

5h , . ,p+y±
EH achy

so W is a potential
over

k
.

(3) The usual
theory of LG models ( at least anything which can be

encoded into the bi
categories

25
,

Lessrof the
previous

lectures )

works for these
"

relative
"

potential

:

 in .
model

want Potential W → Da category mf ( W ) - An
-

category / k

But
usually this An

-

category
is constructed

by taking cohomology
,

which

is terrible if K is not a field
.

So we do

something
different .
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Let WE k[ xi
,

"
 

pan ] be
a potential and XEMFCKKJ

,

W )
.

Then

End ( X ) :-(Homkpj ( X
,

X ) ,
dhom ( & )

- dxathklddx )

is a DG
.

algebra .

Write i : KIE ] →

HAH fy . . ,fn ) for the
projection

( recall fi
-

Jxiw
,

or in fact
any

other
sequence

with
properties

littiii )

st .

each fi acts null - homo
topically

on End ( X ) )
.

We further mile

S - N Kao
...

a KON )
.

Keil =L

theorem ( Dyckevhoff
. M

'

09
,

M

'

Is ) There is a strict
homotopy retract

of Zz
.

graded complexes / k

H G Sok End ( X ) #
it

End
( × )

=
fined in terms of a

k . linear

cpihffg
.

pwjk
. modules

connection
KKJIKEHQ, ,µRkHyk

Remarry
. The minimal model theorem is useful

precisely
to the

extent that
you

have a
good homotopy .

The above His
good .

• Get a (possibly non
-

min ) Aa -

algebra ( it End ( X )
,

{ Minas )

quasi
-

iso to SOK End 1 X )
, togethehrith a Clifford action

which picks
out a sub

algebra gist
End ( X )

.

.

In
many

cases
,

can promote
this to

a minima model of

a sub - DG .

category of SOKMFCW )
.
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Calculation WEKEG

,

.
. ,xn] a potential .

For Pesingcw )
,

KCPYNB

:-( ktDqNks,o
. .

akyn )
,

Eiepccipi )Yi*tEi=,Wk4i )

where
we choose W

-

Eci,( xi
-

Pi ) Wip
,

some Wipemp .

In the case

Whas local
quadratic

terms there is a
simple modification to the following .

For the
following

take P -0
,

and while

Aw : - minimal model of End ( kstab )

Def The
underlying algebra of Aw is

fw
= NKS ,o

.

:ok9n
)

.

1%1=1

To define Mr
: Aw•

"

→

Aware
introduce

an auxiliary space

H :=

AWGNKO

,o
. .

a-Kon)ok[±'

]

n

p=
projection ( o ,x1→° )

\
mile

mforthepwductin
R

-

H

.
÷

embedding

Standard operation ,

wed

}
gonmdion

-

H D % ,%*
,

a ;0i*
,

xis

-fermin
boson  creation

/

creation
/

annihilation annihilation

.
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Interactions W
-

Eixiwi Wi - [ Wilt )xt wilo

)ek

TEINM

AO : BO @
%

ixi

% Oi

"

'

XD
•

,

,

'

•

Oj
,

xjdxjlxt
)

foi
^

Tawil )
a |

(

fora1liijandOE1NmmTWilr1OjJxjlx49otOi2xi9ot@oFOseoeoeozTheFeynmancakulusnowdescnbesthestuctuveanstantsofthemr1for0y.JrsSeAwCpwduckofYlsJbytheformu1amrCr.o

.
. .

.@I)g=

£

pays

+&an
amplitude (D)

diagrams
D

,

tinwming

soutgoing

wheuetheamplitudeisandementofkdefinedby



@

Rought
"

AEynman_diagmD for a tree TEJN is an oriented
graph

in the thickening of T with lines labelled
by

%
,

Oi
,

sci
Kian

and nodes of type
A

, BC above
, subject to the constraints

TqfgTgP@YHtf8An0des-imayoauratinputedgesandint.e

ages

#€¥*
⇐ Brodt :

precisely one at each internal
edge

�1�
Cnodet

may
occur at internal vertices

Finally
,

there is a

boundary
condition :

graph edges
incident at the

boundary of T ( ie . input edges
or the not ) may only

be labelled Ti
,

Kish
.

DI
The amplitude of a

Feynman diagram D is

HD )
- Tj

amplitude (D)
-

ti ) T
,

IT ( gwilt
) ) e k

f

A nodes -

symmetry factor
j ,

ii depend
on the node

( EQ )
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Examp1e_InHnespecialcaseWtX3-x.x3soWtx2Aw-NkY1-kokYH-NkM@NkoyokH.pAOf.x

03

Hof

@

•

,

,

'

•

°

.
I

,

fo

@

A
Feynman diagram for

T=\&ejs
:

@

::#:*
.*jYY¥¥←•

m(y*@O*

)

¥560
, An

to

n

•

P
in -9,49

,

out = 1

( amplitude
- - I

denoleslhelinearmaptwolotw

defined by

pmH*oo*XiHoO2×mH*oO*3( ittotoxytyit ) ) )

y•y•yi→
-

I

Intact this is the only nontrivial
Feynman diagram ,

so

tw=NkY

) has

mz
- usual

product ,
m }( TOTOT )=

-

1

otherwise zero

,

mn
-

0 net {2/3}
.
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Lemmas For 01>2
,

Ged
= AH

)

defined earlier ( i.e. mn=0 net { 2
,

d } )
.

minimal models for MFS :

Q/ what is the An - module
corresponding

to Xehmflw )
?

Assume for simplicity
that dx ( X ) E m2X

,

then the underlying
4 -

space
is

11
itX0k[×]KIDQ ( n

- l )

Ln : Aw @ I
- y

is
computed by Feynman

rules on

diagrams
of operators on

HQkµ
X

,
eg .

Aw Aw Aw
't

*
" ÷kh⇐*g.fi#YknnauIc;nmu

( as before )

sea

Boundayfeynmanmlt
( in addition to 0,130,0 )

DO ,#
verhus allowed

on

any
edge

,

.

- -

,

\

DO
1

,

AE
i #

•

%

%

'

'

-

-" ¥¥
-

i

Oioatix

=

Oio Jxddx )

GHOX
"

Aliyah
class

"
-

Note that the
Aliyah

classes
completely

determine the An
- module structure

.



to Consider W - xD

,d>/3andfw=(

NKP )
,

mz

,

Md )

@

X - ( Mk } ) ,xi3*txoti3 ) 131=1

and assume
Zeist -2

. Then

11
-

( Kok } ){D and 2×1 dx )
- ixi

'

'

}*t ( d- ijxdi
' '

}

Henathe
' '

Aliyah

"

interaction is
actually

twinleractions :

t.is
•

%n¥

" Mti '¥i*n

DO
@

Since X. is an Ao -

module over

Aw=NkT

) wewanttoknowhowf

"

action }
. The

only

interactions

are the ones medialedbyacl
:

×

}

*

g

9
,

ixi
-

I

<

#
'

±,

,

•

/

@

@

•
-

- ( d- ijxdit

it

on
'

'

,

,

×3

•

@
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Lemme The An - module I for X
=

( chi5

"

) is Mci ) from earlier
.

Root 111.1 )
gives

nieto the operation
9*+1-7 3*

,

al .4 to Y•diY→3
.

D

�4� From flows to An - bimodules

As an application of the above
,

we
propose

an implementation of the

following
idea of Brunner

-

Roggenkamp

"

Defects and bulk perturbations

of Lamodels

"  '

08 .

�1� 1- morphisms

W×→V
are defect conditions

([ §÷l

�2� A  deformation of W should be implemented by a defect Dt

Ei÷i*iewE#¥
s :w→W Dt :W→Wt

Example
The semi universal

unfolding of the A
}

-

singularity is ( k=E[ 940 )

W( x
, y

,

a

,b,c)=x4+y2+ax2+bxtc

e k[ x ,y]

which is a potential 1k .

Consider

Sing ( W ) E Spec (k[x,yJ)

X
, stick



@

Imlt ) is the discriminant
,

with equation

Q
=

256 is
- 2764 + 144 a

hic - 128 aid -

4a3b2 +1694 a

which is the swallowtail surface
.

⇒
#

2 ( Q ) c- HP

#÷tE¥

Choose a parametised pair
of points

A
,

Qt  in Tt

- '

It ) with Pt an Az and

Qt an A
,

-

singularity . Taking the fiber product with EH ] we
may

take

K ( Pt )

"⇒

,

KIQTJ the mf ( axis
,

TT
,

wt )

and look at the Dutategoy consisting of these two objects and their

two

mapping complexes .

Call this C
.

Torti 0

,
Pt=Qt is an A

3

-

singularity .

The above allows us to compute a minimal An
-

category structure on

the f. g. projective EH
- module ( it

: �1� knit ] - EKMH / ( axwtpywt ) )

Itt 6
=

{
ottklptsstabz ietklotsshb }

ie
. a vector bundle of Aa -

algebras
and bi modules on

At Special] )
.

Over

a point
t=XeC

,
it*klPtM4t=x is

quasi

-

is to
Acing

H

' '

End ( KCB )

stab

)
.
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For tto
,

Ptt Qt
so Homl it*ksHtJhb

,
it

*

KNH

'M

)
is contractible

,

and

it

't

8- modules are just a

pair
of it tell't )

' th

,

it

'

Hot Yakmodubs
.

This suggests

afunctor It which is

"

lift and
project

' '

hmf (
VHD

)
±

per ( k( Pojtab )

T

try

,

) lifting a module to a family

per
(

itty
,

to

per ( it*klPtY→ )
± hmf ( yew )

To implement the Brunner -

Roggenkamp idea
,

dots is with

Awe hmff VHD fin
'

)
- Vt.

)

( x
, y ) )

only deforming
the left hand

copy
of VHH

,
to obtain a Gaz

-

AA
,

- bimodule

implementing the deformation
.

It is natural to expect these are the arrows in

the Dyckevhoff -

Kapranov wcydic object
F

.

in

Cathy



Appendix

and W=y3
- x3

,

8w= NKL • kk )
, using forward suspended

products pn

:

8w[D←→ 8w[ it
,

only pay },p↳,f6
are nonzero

,

and for Ay .
.

.

,

A
6

Efi 4%0
. . .

07,1 )
=

te (
only nonzero value )

P3( At '6Az01 } ) =±( 92*(14 )E*(Adk*( 113 )

-

LYADSYYRDL 'Y^→ ) )

patio
-

iota )
= ± 'zk*( A

, ) .E*L*lA
.
)

.

YPCA } )
.

9Th 'T A-
a )

+

. .
.

Symmetry x an internal
edge

4 '
-

&§gBim¥mi⇒

lyint - edge or inputs ) ( tint . vertices )

Ftc )= Hah ,( { It ;Kl};ex× , )

talk,
. ser )

=

liiilrfxraeTnxteuAjiiteFterCydic_AD-cydicstmdureonAa-catist2abiHomCqb3oHomCb.aj-sEflJcugD-fyMlYCvou7andtxoort4o.i.oxnD-ttxi@vCxzg.o

-

xn

( he [493 )

oto
) >

.
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Background

tuswmpute the Hochschild
cohomology of

k[ 4/[2 for a commutative

ring
k

, following

lip@JheBarwmp1exislR-kHk2.A

- k )

Bn
=

Rega ( 131k )← R/k= ke ( a
=

ok )

= R@ Keo .

.
.

ate

n

with differential

2

: Bn ' Bn
-

i defined by

2fr[
ail

. -
.

Ian ]r
'

) =

ra , ( azl
. . Ian ]r

'

+ { Iir[ all
. . '

laiaitil
.

. .

Ian ]r
'

+
C - I

)

"

r[ all
. -

-

Ian
-

if anr

'

Now in this case
Bn

±
Re

as R
-

bimoduks and aiaiti
= 0 if ai

=

E or ain
- E

,

so the
complex

IB is

simply

Q( r[ el
.

.

.

le ]r
'

)
= re [ el

. . .

le ]r
'

+ C- I )

"

r[ 4
.

.
-

le ] er

'

BE Re - Re - Bn -

,

rgr

'

-> rear

'

+ fiproer
'

101

Now
,

it follows that Homre ( B
,

R ) is
simply

the R
-

linear
map

g

a

Homed Bn ,R ) - Hompe ( But
,

R )

-11=2
( Help ) { -11

R



that is
,

Homre ( B
,

R )

in- 1
z

1
0

. . .

- R - R
. .

.

- R - R - R

( Itty

"

) e

0
2

.
e

Assuming
IEK

,

this allows
us to compute that

R neo

HHYR )
- HhHome

( B
,

R )
-

|
ke n >o odd

K n > 0 even

Torn >o the
generator of HH

"

( R ) is the
wcyde

( ke )←→ R
given

by
E← -1 E if

his odd
,

and E•
"

-71
 if his even

.


