
Alternative Amatrixfactorisationoffe ID is a Iz - graded
f. g. free 5=6111 B

-module X=XoQ Xl with an odd

S- linear map dx :X→ X such that 47 = f - Ix
.

d×= ( OB Ao ) : Xoax ,
→ Xoax , .

i. DE = ( A} La )
In conclusion

,
for our original example R=

"
'
" 'Yum )

vecthf-hmflcdumD.nu ) = MIMIR ) ⇐ Dbsg ( R)
① ( 9,8 ) Rtu Rtu

QLD ( ou
"

o ) RH Rhi

GOND

f! ! ! ! ) Huan a

theorem ( knower periodicity ) For any f- E Eddy . -
- pen Built an

isolated singularity

hmfflCHIB.ft-hmflcke.u.tl]
,
ftuv )

Example hmf( all u,vB , ux ) -=hmf(E , o) - Veatch .

Deff We say f- EEG 's -
- -RnB has an isolated singularity if

dime ( E " " '4c2×,f
,
. . . ,2×nf ) ) < D '



theorem Let feed ID have an isolated singularity .

Then with J- hmfCEHID.tt
,

• T has finite - dimensional Hom -spaces
• Tis idempotentcomplete
• Tis Krull - Remak -Schmidt

,
I - e .

-

every object is a directsum of indewmposables
- if ① it , Ni = ⑦Fa Mj with No,Mj all indecomposable
then m=n and after renumbering Ni = Mi for all i .

Example him f- ( Ella, y, Z D , ant 't y 't E) = hmf ( Ella, um D
,
xhtttuy )

-

J knower
An surface singularity = hmf ( Q fl xD ,

sent ' )
BuchWeitz- Orlov

= MCM_ ( Ell " Dbent ' )

But R = Ed 't 'llanti has dim (R) = O, so every f. g . R -module M
is MCM

. By the fundamental theorem for modules over a PID,
we have in mod ( R )

M = ROA ① ( Rbc)
'

a . - - ① (Ryan)
①an

Hence in MCI (R) , M = ⑦ it , ( Rbc #
ai

,
so the indecomposable

are Rbci for Isis n .

Observe that we have an exact sequence over R

x.
htt - i

ai anti - i sci
- -

-→ R - R- R→ -
- -

↳ I ↳
Rbc!Rlxntl - i



Hence a triangle Rlxnti - i → R→ Rlxi→ Manti - i [ I] in Db (mod R)
, hence

Rba ⇐ R/×nH - i [ it in Dsg ( R)

we can now complete the earlier table for f- = sent! 12=49
" 'lfxnti

hmf 't xD
,
sent ' ) = MIMIR ) = Dbsg ( R)

Yi := (gm .?io ) Rbi Rbi Kien

Example Let us compute Homs in the different categories , 5=191×17

sci anti - i

s→ s→ s
Homnmf ( Yi, Yj ) = { µ , ft f

,

i s s s
'll ""

= ( Y, Yeah xD I sent '
- if = anti - j y } (hlpy

xjy = xiy

= { 4,4 C- Ella B / Y = sci - iy } / htpy

where ( Y, sci
- iy ) - ( Y

'

,
sci - i Y ' ) iff . there exist 9, hes such that

sci - if y - y ') = xig thx htt
- i

,
Y- y ' = gait anti-in .

Now

je n so thatj - i anti - i and these conditions are equivalent to

y - y ' = zig t hxntt -j some g, h .

Hence to

f - y
'
E (xi

,
anti -j ) = ( gem in ( i, htt

-j ) )

-

'

- Hom ( Yi , Yj ) =
" "Kamin Li, htt -j ) )



End prep



Recap of Part I
-

DEI ( BuchWeitz, Orlov ) the singularly category of R is Dbsg (R ) -

- =

Dblmod

peoffRI.DE#ThesXategeeyofMCMR-modules-MCMlR) has MCM R-modules as objects

DEI thehomotopycategoyofmahixfactorisationshmHEGID.FI has as objects pairs ( A ,
B )

of polynomial matrices satisfying AB = f. Id , BA -f - Id
.

theorem For any hypersurface ring R=
"Mf there are equivalences of triangulated categories
A Io

hmu xD
,
f) ⇒ MIMIR ) D:(R)

- Ai - singularity R - Ella , " Blue, f- An
- singularity 12=611×7 bent '

\
Vect?E = MIMIR ) ± Dbsg ( R)
Cl Rtu Rtu ?
QLD RH Rh,
GAND Hua Mv e f

• . I
-



theorem For any hypersurface ring there are equivalences of triangulated categories\ himfilled
,
f) MCI (R ) ¥7 Dbs

,
CR)

DEI We say feed" t -
- -an D has an isolated singularity if dime ( E " " "/( 2x , f, . . . ,2×nf ) ) < • .

theorem Let fE Ell ID have an isolated singularity .

Then with J- hmHEH'D
,
t )
,

• T has finite - dimensional Hom -spaces

• T is idempotentcomplete

• T is Krull - Remak -Schmidt
,
I - e .

-

every object is a directsum of indewmposables
- if ① it , Ni = ⑦F- i Mj with No,Mj all indecomposable
then m = n and after renumbering Ni e Mi for all i .



theorem For any hypersurface ring there are equivalences of triangulated categories\ hmffelled
,
f) MIMIR ) ¥7 Dbs

,
CR)

theorem ( knower periodicity ) For any f- E Ella is . -
- Ian D with an isolated singularity

hmf ( ICHI B, f) = hmf( Elle , u, xD, ft uv )

Example hmf ( all u, v B , u x ) = hmfic , o) = Veatch .

txampe hm f- ( Ella, y, Z D , ant 't y 't E) = hmf ( Qq xD
,
anti )

T
An surface singularity = MUI ( Ell ID /anti )



theorem For any hypersurface ring there are equivalences of triangulated categories

I
am .. ... .. .

.
.
.
.
::

'' 'F' "'
'

"
""



theorem For any hypersurface ring there are equivalences of triangulated categories

I
am .. ... . .

.
.
.
.
::

'' i÷' "'
'

"
""



hmf '( EKKA ,xn
" ) = MIMIR ) ⇐ Dbsg ( R)/ Yi ( Inn .?io ) Rbi Rbi Kien

Example Let us compute Homs 5=191×17

xi anti - i

s→ s - s
Homnmf ( Yi, Yj ) = { f , ft t

,

i s s s
'll ""



Equivariantmatrixfactorisati.org
• Let T be a triangulated category and a→ Auth) an action ofa finite group
by auto - equivalences .

There is a separable monad on T

Aa : T→ J
,
Aa (x) -

-
= ⑦

gea
g x

and we define aCeeguiranantobjectofj to be an Aa -module

JG : = mod ( Aa ) = { (x ,2) I see obj )
,
2 : Aa (x )→ x }

= ( (x, { 2 g)gea) I 2g : gx→ x is an iso
,

Ze = Ix and for g , he G the diagram
Zgh

ghx-x

912¥
g.
Ig

commutes }



Equivariantmatrixfactorisati.org
• Let feed ID define an isolated hypersurface singularity, R

'

-
=

① " ⇐ Dlf
.

• Let G be a finite group acting linearly on all ID by G-algebra automorphisms'

Yg : all ID→ all ID

such that Yg ( f) = f- for all g EG .

yg*
c-

Mod ID• We have an adjoint pair of functors Modell E B
-

Yg*

HMHQHIB
,
f ) = CI CR ) = Dbsg ( R )

U U U

yg* yg* yg*



Equivariantmatrixfactorisati.org
• we have equivalences of triangulated categories (see Balmer "separability and triangulated cats ")

hm f- ( Elle D
,
f)
a
= OIL RIG = Dbsg ( R)

a

• A⇐quivaviantmahixfactonisation is a matrix facton'satin X : = ( A , B )

*

together with isomorphisms 7g : Yg ( X )→ X in the homotopy category

for g EG such that Me
= Ix and for g, he G the diagram below commutes

yhtfhg )
YETg* ( X )- YE ( X )

112 ! 2h
Tnf (X )- X

Zhg



| a→ Ault ID )
, gt Tg S .

-
= QUID

,
R - Slf

.

A- a -equivariant MF is ( Xehmff ID
,
f )

,
{ 7g '

- Yg*(X) X)gea )

Remarks Let P := Sas an S -module and a :p→ P

101 a I 901=1 ① Yg Ca )
yg*(p ) =P ⑦

s
s → Pass = fg*(P ) = 10-1 . ygca)

F Te
p p 9g la )

1

Hence

7g A 9GB

9g*( x )=yg*( sod't> sad sad ) = sad→ sad→ sad

9g (A) 7g ( B ) = 7g ( AB ) = Yg ( ft = f .



G-> Ault ID )
, gtfo S .

-
= QUID

,
R - Slf

.

Aa -equivariant MF is ( Xehmff ID
,
f )

,
{ 2g '

- Yg*(X) X }gea )\ yg*CA , B) = ( GA,YgB )

Examine f- It ! G- 74GHz C, Ella Bxi-3x3-e.tt#y*CYi)--ytts
s s ) ⇐ ( s→s ,

zip .ci - xia
' t t? f. a

⇒ a- zip
⇐ ( s S S )

there are ntl distinct equivariant
J

smi:c: is:÷:* ." "
""

""
÷:÷÷÷÷÷÷÷±

.



|
them """ """""""" ""G R = %

"
S = ± " "" "" " " """""" * """" " "t"" "t ° ""

A Io

hmffell xD
,
f) → MIM (R)→ Dbs

,
CR)

where A- (Ai B) = cokerA .

Gradedmatrixfactorisations

Let A = An>o An with Ao - k a field be a f-g. commutative graded aorenstein K-algebra
with an isolated singularity , in =A > , and

'

A' : = th - adic completion .

Example A = EH "
- -
-MY f with f homogeneous (possibly kilt 1) .

Deff A f.g .

A -module M is gradedmaximalcohen-auayi.FMin is MCM over A in .

MCI(A ) : = stable category of graded MCM modules

theorem ( Keller - vanden Bergh -M ) Let Cl ) denote the Z -grading shift, then

M¥4A) lay MICA
''

)



Gmdedmatnxaonsahns

DEI A qumihomoge.ES potential is techy . - -Nn ] and Hit EQ>o s -
t

.

• dime (El"' ' - -Niff ) Coo .

• If 1=2 in the Q -grading

Define Gf C-2 to be L { kill Kien ) ) =2
.

Example (An -singularity) fan = ant 't yz lock ¥, 191=12-1--1
.

(AH ADE singularities are quasi-homogeneous) Gf = ¥2

DEI A gradedmatrixfactorisation of a quasi- homogeneous potentialf is

a 2x Q - graded f.g. free ICHI -module X and a bidegree ( 1,1 ) ICHI - linear

map dx :X→ X such that ok, = f. Ix .



µ
An -singularity) fan = ant 't yz lock ¥, 191--12-1=1

.

DEI A gradedmatrixfactorisation of a quasi- homogeneous potential f- is
a IzxQ - graded f.g. free ICHI -module X and abidegree ( 1,1 ) EH] - linear
map dx : X→X such that ok, = f. Ix .

The data of such amatrix factorisationis pairofpolynomial matrices (S - ele 't )
(A , B) with homogeneous entries such that AB - BA - f - Id

, some
d .

d A B

⑤ i=,
Stai )- Ot ( bi )- ① die

,
Stai ) ai,bieQ

" Il11×0
← Iz- degree

Xl Xo

Deth we call a graded MFpure if ai, bi C- Gf C- 7L for leied .

Deff hmfMICHI, f) is the homotopy category ofpure graded ME with
bidegree (0,0 ) maps, modulo homotopy .



|(
An -singularity) fan = xntttyz 64=77, 191--12-1=1

.

Deff A gradedmatrixfactorisation of a quasi- homogeneous potential f- is
a 2zxQ - graded f.g. free ICHI -module X and abidegree ( 1,1 ) EH] - linear
map d×iX→X such that = f. Ix

.

Example f- = fan
,
for tsien ( recall hmflclllxiy,zD , xnttty'tE) ⇐ hmffQG.ch ,

anti ) )
q=b , Liz, -_ a ,

-batt

( Imtiaz ) ( Zanni ) e =a
.
- bitt

↳2=92

Stai ) A-Haz )-Scb , )os( by- Stai ) Oscar)

Afb , = a ,
-aztl 2 - n2÷, = 92 - art l

92=62

a- az=¥r - i II,
a .
- I

-I call this Yi
a,=b,=O, az=bz= I -n¥, will work .

-



[
An -singularity) fan = xntttyz 64=77, 191--12-1=1

.

DEI Agradedmatrixfactorisation of a quasi- homogeneous potential f- is
a IzxQ - graded f.g. free ICHI -module X and abidegree ( 1,1 ) EH] - linear
map dx :X→X such that = f. Ix

.

•

every MF is gradable ,
we have a commutative diagram of triangulated categories soto classily Mts of

✓A ADE singularities it
= suffices to clarity

hmf2( ICHI
,
f ) - MCI"(QHYf ) graded Mfs .

- o
..
"" ! '"" '"" ' """ "

KVDBM
X

hmf ED
,
f )- MILICA 't 'll f )

=
-
I



ADtsiigulan.li#heMcKay-wmespondencexntttyz An ( n> t )

say t y
" - '
t ZZ Dn ( n > 4)

stay,⇒=|×3ty4tzz Es

x3txy3t ZZ E >

x3ty5tZ ' Es

theorem The finite non-trivial subgroups GE 542 , are , upto conjugacy , given
by an ADE classification with An 1h21 ) corresponding to

( ( f Ii ) ) E SLG , 3=eI¥

and Efa,vDA= Ell "YFD/f
,

f- the corresponding ADE potential .



✓
nontrivial

Then ( McKay correspondence ) There is a bijection between irreducible a - representations

and in decomposable matrix facto nisations of f (where a E 542, e )

and f- correspond via ADE ) , induced by

Rep (a)- hmfkelx.us , Ed , f)
IT A '

\MIE( R) R =
El "Hyf"

'
→ (Sama

where S = Ecu , v] and R - = Sa ES
, with S as a graded MCM R -module

Example G = ((I f- i ) ) , f -- ant 't y 't z' V = Ici ( g acts as 3
i )

1-
'

( s ⑦edit = Yi


