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The aim of today's lecture is to compute ( asfurasweaveable ) the Aa - minimal

model of the DG -

category mflpyw ) where K is a Q - algebra ,
R=k[ x .

,
... ,xn ]

and WER is a potential

.NO#n:f=mflW),I=(2xiw,...,2xnW),RisI-adiccompletion , Jacw = RII

6* : Jacwok KAEB -±>R^
denvyativesin

 directions normal

to CNHWJCSPECR .

T :B - EoH⇒D1N±]|k
,

T - Eiftidti

DEI An Aa - category it over kwnsisbofadassobht ) of objects ,
for each pair

a ,beob( A) a 22 - graded K - module AC aib )
,

and torn > land a sequence

ao
,

...

, aneobht ) a degree 2- nk - linear map

Man
, .

. ,ao
'

 
- A( an - i. an )0k - .  - okt( ayaz )0kA( ao

, a) → f( again )
,

subject to the Aa - constraints for n7l given by

[ fpitjtijtnmn
.j+ ,

( xno . .  - axitjnamjlxitja . .  . Gait , )Q

ixapil xio . . . a Xo ) = 0
.

kitjen

Remand Ci ) Ma , ,aoGt( agai ) Mai,ao=O .
While mi

- { Mai ,ao}a,ao
.

*
tallouraoo - categories are( ; ;) Hm

,

(A) is a K - linear category .

homological lyumtalbutwe

liiil Any DG category is an Aootalegouy .

will suppress this



tkorainC@DeILpetptbeanAao-categouy.th
en a quasi - isomorphism of Ao - categories

P - it is called a

( :) minimal model if mP=O
.

l ii ) finitemodel if 3) ( aib ) is a f. g. projective K . module

for all a
,

be Ob I B )
,

and each map

Fa
, ,ao

: 13 ( a , ,ao ) → Al ayao )

is a K - linear homotopy equivalence .

Motivation why consider Aa - categories ? there are various reasons
,

but here auetuo :

�1� Given a Da - category A over a field K
,

it is common that each A ( a
,

b )

is an a - dim vector space but Htitlais ) is finite . The minimal model

D= ( H*A
,

{ mk }k>,z ) # ( A
,

m
, mz ) = A

therefore gives a finite - dimensional model of A
,

which R
"

lossless
"

in the sense

that )3,
A are Morita equivalent .

this is applied,
for instance

,
to study deformations

of objects of A
,

or A itself
.

�2� In examples ,
the calculation of mk3 's tends to distill the "

fundamental homological

invariants
' '

of  objects of A
,

i. e. the Aliyah class in the case of matrix factorisation .
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Recall from last lecture :

Lemma_ ( Completion comparison ) The DA - functor E → Earth is a k - linear

homotopy equivalence ( i.  e.  all induced ECXY ) to ( X. Dark are h
. e. )

.

Def We define the DG - category

Go = NKO ,
a ... a Kan ) Qkf or R

,

where NAIKO i ) and R^
are viewed as Da - algebras with zero differential .

theorem ( M ) There is an SDRIK for any
X

,
Ye 8

I

Ha C
,

Co ( X
,

Y ) = 8 ( X ,
Y ) Or Jacw

Zoo

and hence a finite model of the DG . category 80

( for Jacw
,

{ mk}k>, , )¥- To
.

-

induced higher products

Next we sketch the proof , highlighting the role of Aliyah classes
,

before

explaining how this may
be used to give a minimal model of E = mf ( w )

.

Remarks As mentioned in Lecture 2
,

both Seidel and Efimov have used the

SDR from Lecture 1 to compute minimal models of Endr ( kstab )
.

However this SDR does not apply to all of E
, so cannot be used to

compute minimal models of e. g. Endr ( × )
.
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) :  =

ECXiDorR.Theueisak-linearflatwnnection7.fCx.y1-8YXiDQNt.nR1kH1kandthere1atioeAtiyahLofthepairX.YisthemorphismofklE7.comp1exesfV.decxnDiflxiD-ElxiDokHRFek71k.skek_uwfFixXYEE-mfCRiWJ.ThenwehaveansDRoverkbetweenthetopandboHomwwsAHaI@fN0ikOi-okECXiDork.decx.x

) ) S=Ei7iOi*

Xi :8( x. 4) → ECXY )

= expts ) |
,

fexpcs ) [ ii. decay ) ] - dxiw -1

( NOIKODGKECXY )0rR^
,

decay ) + dk ) dk=£2xiWOi*

SDRIK a |
,fzg-by homological perturbation starting

fwmthekosuel SDR and

adding decay ) as the

fgrjacw ( 8C X ,Y ) QRJACW
,

delay ) 01 ) perturbation term

e. g. { expls )aa}°{ Iexpts ) }= 1- [ decay ) ,
Ho ]

.

the Clifford representation on GORJACW induced by the Oi ,Oc* acting on

80 was worked out explicitly in [M] in terms of Aliyah classes
.



tkovai@sOHevelhenontivialwmponentsareCwugh1yspeakivDbothpo1ynomialsirAtiyahdasses.HoEEtDmtV.de

]V 6.
" ± '§ot ' )m[ 7) do ]%

We
@

finite / minimal model
> A@

complete minimal model

Endr(k(pYtab ) ) (

H*Endr(k(Dslab
)

,{mk}k>,z
)

eqis An

| can ) can

× unknown / no SDR
✓

q -
- -

- - -
-

-
- - - - → (

H*G
,

{ mk }k>,z )

|

the.E'
a injective ( ! ) ] ) explicit projector

: rR^ (H*(8orJacw) ,{mk}kn )
~

] can he.=|minimal model

eh . e. Aa

Co > ( Eorjacw , { mk}k>, , )
wmpletefinilemodel

g
=

f- g. pwjlk
h 0km # 0in general

"
complete

"
- wewillgivethe

Feynmanmlesintevmsofw

Sunday Weekend Etofo
, takeaminimalmodebandpwjectback :

qisaa

( H*C8orJacw ) ,{mk)k , }e- Nkoio . .akOn)ok( 4*8
,

{mid%isai*
C induced action )

Udi ,q* Aiken at )
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Feynman rules ( Endrlkstab ) case
, Whasnoquadratictems )

Theminimalmodelis ( Noted) ,{mk}k>iz ) where

abbrev . N KE )

mk : NKEFK - NKE )

iswmpuledbyasumoverconnectedplanarwotedtneeswithk - inputs

anclintevnalvevticesofdegreetfwithtreesdewraledby Feynman diagrams

built from the following local vertices
, associakdtoachoiceof factorisation

W - Eixiwi Wi - [ wcjxr
JEINN

|ei
coefficient Wi

A- type •

( possibly > ew )

loneindpyutsaanydniuntemrbnergl /
"

'

'

-

g. ( xr )
'

'

Althoughitisobscuved ,

Oj thisinleractionveukx "
is

"

the Atiyahdasiofendlkkb)
,

B- type

lxic examine:aYe ,
Cai

C- type €•/o .

( only at internal themweareomilting
vertices

,
one "kg

"

various signs
ineachinwmingbranch)
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field
, we have W=x .x2

,
so

there is only one kind of A- type

t%"in
Anexampleofa Feynman diagram constructed from these local interactions is

T

-#
Alke ) 14=1µ.toµ%.%/

of

E ( ONKO ) @ k{x]t@ 101=1of' ' " →

-

- Nke )

Scalarfactors The operator [ I do ]
' '

contributes scalarfactontoallof these

diagrams,
oftheform

ta=# of " virtual
"

particles
1 atachosenedgenex 's and O 's

]

§n ( ataza , )( ataoa ,ta6( a) -  - - ( ataocnt -  .  . +96¥

but while important,
we will not describe these factors in these lectures

.
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Feynman rules ( General case
,

Endrlx ) )

For simplicity we will assume Xisofkoswd type

X = { £
,

9
.
} = ( Ntisioiotise )

,
E.fi#tEi9i3i ) .

The B) C - type Feynman rules areas before
.

To describe the A- type interactions we

choose ak - basis Jacw ± QTI,k . Zi
.

We need the tensor T discussed in

Lecture 1
, namely

T = (Teitp ) EJacw*okJac×iqIacwokk[ ED ( pen
"

)

given bythek - linear map

Jacwakjacw # Frank # E -±s Jacwokklltif
.

Given fed recall that f={m6(fn)tM=[ mifm ,i8lzDtM ,
fn ,iEk .

With this notation there are two A- type interactions
,

ofwhichwe display only one :

A- . type 3u

i
• - weft ( fu)qkk
f

- •

I
E

-

,

i

weff - 1

-

-
1

+
 ik a

-

-

lx
-nq '

- constraint etktf

IS
e

1

lq
-

weft lfljimplicitinsum

Oj 1

i.

S -

ej
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Example For W=

tsx
EKK ]

,
kchar . 0 field

, andt=X4
,

X = { x2
,

x3 ) = ( NK} )
,

x23*+5×33)

Jacw = Otg?=o kzjZj=xi ( f=x2 , g ⇒ (3)

→t¥
'

§oi¥¥aa:*iii.ace
Jacw QKNKJ ) WRONG

This diagram contributes to

M } ( } a } @ x3 } ) = 1 + .  - .

Again ,
the A- type interaction is a piece of the Aliyah class of Endr ( X )

.
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Conclusion We have discussed
, for a potential WE k[ xy .  . Pan )

,
to define

connections
,

for 12=14×-7
,

J : E - kaka tfytslk

which " differentiate
"

in the normal directions t to the critical locus
.

Using these connections we constructed strong deformation retract
,

and

used them to pwve various fact about the DG - category of matrix

factorisation s
, including a description of the Feynman rules in minimal

models
.

Perhaps the main conceptual insight to be gained from the construction

of Aa - minimal models that we have presented is that  it "

proves
" the

following empirical observation :

Slogan : Every homological invariant of matrix factorisation is a function

of Atiyah classes .

We can justify this as follows .

Let ZH be a homological invariant :

F

mf ( W ) ÷ ( H°mf I W )
,

{ mk}k >a)
a

\z .
Then it should be invariant under DG quasi - isomorphism .

But then

Z ( X ) ± ZFCX ) and the only way that X enter the An - structure

on FK ) is via its Aliyah class
,

which determine the A - type interactions
.
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