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Theaimoftheselecturesistopresenttheteynmanmlesgovemingtheaa
. minimal

model of the DG .category of matrix factorisation sofa potential WCKGA
,

... ,xn]
.

Letusbeginwithawughskekhofthis destination
,

before wegetinto technical

matters
necessary

to construct the minimal model
.

gone
triangulakdcat . hmflw

)=H°mflW
)

Potential Wmm> Datategouymflw ) Token
> An -categoyfinilelk

(topological string theory
,

LGKFT )

Examine For

W=x3Ek[i.
kachar .0 field

,

arelevant Feynman diagram is

T

-#
Nke ) 14=1

µ.µo%%/of

/
a NKO ) @ k{x]

E
,Y@101=1.4" "

-

- Nke )

Asusuabthefeynmandiagramdepictsacevtainpaltemof contractions between

creation and annihilation operatonactingontheiksgradedvectovspaatl .

Forthiswthereaveexacttythreekindsofintemctionvevtia,
labelled AIBC .

This diagram computes the only nontrivial contribution totheaa - structure
,
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Ms : Nke )
• 3

- NKE )
,

M
} ( 503 ) = 1

.

( M } zero on other input ,
e. g.

EQEQI )

Thus the tuple D= ( NKE )
,

mz.ms ) is an An -

algebra ( mz being the usual

product in the exterior algebra

,)
and P is the minimal model of the endomocphism

Daaaf the standard generator of the DG -

category MFCW )
.

In particular,

Perfaif
± hmff KGY

,
x3 ) ?

Outline of Lectures

Da : mf ( w ) �2�

�1� Connections and contracting homotopies .

�2� the DG .

category mfcw ) and generators ,

mimiondealK
An : H*mf( W ) �3�

�3� The Aa - minimal model
.

I

,

Lecture I

The technical core of the An - calculations will be certain connections produced

from quasi
- regular sequences ,

which we now review .
Let R be a commutative

k - algebra ,
for some base ring K

.

DEI A
sequence ay .

.

,
an ER is quasi

- regular if
, writing I = ( at . .

,
an )

,
the

following m orphism of RII -

algebras

§ : Rt [ ti
. ,

...

,
t ]-gr±R=RtaI1Izo±Y±} a . . .cfc
ti ) - ate I1I2

is an isomorphism .

In particular FI  ± QI
,

MI ' at
.
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Rentar set Y= Spec ( RK ) -> Spec ( R ) - X
,

then CYX :  -

Spec ( gr±R )

is a scheme over Y called the normal cone
.

when I is generated

by a quasi
-

regular sequence ,
the normal sheaf ( to Y in × ) is a bundle

( III 2)
*

:= Homiak ( ±lI2
,

RII )

is free of rank n on the basis { 9i*}i
,

and the ( total
space of the )

normal bundle is the relative Spec

spetoy ( Sym (Nxjtx ) ) =

Spec ( Symrt ( TTI ) )
±

spec (

Rtlti
,

... .tn ] )

titai
%

spec ( gr±R )

= Cy X
,

i.  e. the normal cone is the normal bundle
.

The method of deformation to the normal cone ( used in e . g.
intersection theory ) relates

the doled immersion Y4X by a flat deformation to the inclusion Y - GX
.

By the above
,

in the quasi
-

regular case
,

this latter immersion is just the zew section

of the normal bundle
.

This is the algebraist 's

analogue of the tubular neighborhood
i

theorem for smooth manifolds :  if YCX is a sub manifold a partial tubular neighborhood

is a neighborhood U of the zero section of NYX - Y and an embedding f : U → X

s .t
. fly =  i and f( U ) is

open
in X :

Nyx

( smooth manifolds )

€#¥tiH÷÷x



thing
�4�

Returning to the algebraic case
,

we do not expect Y to have isomorphic

Zariskiopen neighborhoods in G X and X
,

but we could ask for the format neighborhoods

to be isomorphic ,
as in the diagram

@
( schemes )

↳ X - 4
'×%±×

;
H µ i. *

y - X

Now the completion of GX along Y just means passing from RK [ to . .

, tn ] to

RIIK th . .

,tnD
,

and completing X along Y means taking the I - adic completion R
.

So we are asking for a ring isomorphism ( in fact a KAEY - algebra Isomorphism )

Rtfty ... ,tnB ± R
.

Examine Letk be a field
,

R = k[x] and I = ( xD ) for d > I
. By dimension want

( kuku ) )[ t ] ⇒Oti , ,o

# "

kxditd )

so a=xd is certainly quasi
- regular .

The tadic topology is the same as

the ( x ) - adk topology ,
so

Rt [1+1] = kkskxa ) ,qk[ltD ,

R = Kd xD
.

These are certainly not isomorphic ( one is reduced
,

the other is not )
.

The attempt 1×0 at an algebraist
"

formal
"

tubular neighborhood is too naive
,

but

there is a useful substitute :
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tea ( Lipman ) Suppose ay ...

, an ER
quasi

- regular ,

that RII is a finitely

presentedk . module and that the quotient
 

I : R → RII has a k - linear

section 8 : RII → R
.

Then there is an induced isomorphism

of Katy . . .

,
tn D- modules

z* : R1Iakk[ It if → th
. ←

" formal tubular

neighborhood
"

Roof First of all
,

there is a commutative diagram

I

R - RII

| | ±
( not Icpi is Ipi )

×
v

pi - FYIIZ
IT

so we do not distinguish RII
,

# IE
.

Since R is a KI tit - algebra Hi acting as ai )

any
section 8 induces a kilt 17 - linear map 8

*

defined by

z
*

( F • flt ) ) = 6 ( F ) . f ( t )
.

To show that 6*
is an isomorphism we must first show that

every
red

has a unique expression of the form

M

r - { arm )t ( t )
MEN

"

for elements RMERII .

+

Note : There is no noethenan hypothesis herej
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Existence for RER since IT ( r - Zlr ) ) = 0 we have

rift ) e IE ⇒ r - 8 ( r ) - EE
,

aifi some aitpi

But ai - Zlai ) EIR ⇒ ai - Hai )={f= , ajfj

: r = 8 ( r ) + [ I
, { Zlai ) + Ejaijfj } fi

= 6 ( r ) + &I
,

blai ) fit Eij aijfifj

continuing in this way produces a series converging to r
.

Uniqueness follows from quasi
- regularity . Suppose to the contrary that

£8 ( rn )tM = 0 in pi

with not all my zew in RII
.

Let m
:  = min { 1141

lrmto
in RII }

.

Since the Cauchy

sequence
{ Eimkd 6cm )tM } den converges

to 0
,

we can find D st . for

all d > D
,

[ mkd Zlrmlt
"

E ( ti
,

... .tn )m
"

in R
.

11

[ µ|=mZ ( rn )t
"

+ { m<linedZ ( rm )tM

This implies {
|m=m

arm ) the IM
"

,
so {

|m=m rmt
"

= 0 in IYIMH

and by deft of quasi
- regularity this forces RMEI so rm=0 in RII for all M

with IMKM . But this is a contradiction
,

so we arrive at the desired

uniqueness of the representation ( t )
.
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This shows there is an isomorphism of k - modules

pi €
, Amann MI

r - ( rn ) m

But then since MI is fp . over k
,

ZK is the isomorphism

RIIOKKIED ± RIIOKITMK ± T.fr/Iokk) = In RII ± pi
.

D

Corollary If RII is a f. g. projective k - module there is a k - linear connection

T : A -7 kQk[±]RtH±yk

f( rfltt ) = T ( r ) flt ) + r @ df
.

Relative to a fixed connection we introduce Fti e Endk ( k ) via T =

§ . Zttjdtj .

Proof Pi is a direct summ and of a finite direct sum of copies of KAEB
,

which

has a connection . Choosing a section Z we obtain a connection To
,

V. ( r ) = [
me ,nn§=,

Mj 8 ( rn ) t
" -4

a dtj . D
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The
"

formal
"

tubular neighborhood is not an actual tubular neighborhood ,
so

the intuition can be misleading
,

but one can think of the connection T

as differentiation in the directions normal to YCX
,

i.  e
.

Fiesta ¥11"

The plan for the remainder of the lecture is to use this connection to define residues

and provide a natural homotopy equivalence between the Kosud complex

of a-
=

lay
. . .

,
an ) and its cohomology PYI

.

But first
,

an example :

Example K a field
,

12=1267
,

a = xD
.

Choose the k - linear section

6 : RII → R
,

6 ( x
i ) = xi oeied -1

,

and let T be the associated connection
,

with Ft : R → R
.

Then ( d > 2)

Ft ( xztxdt
'

) = Ft ( [ xy . 1 + [ x ] . xD ) = x
.

# ÷¥a

Remak since the ti are the coordinates in ( HE )
*

arising from the ait
,

we will often

write Fai for Fti Where it will not cause confusion .

Proposition Let a- = lay . .
.

,
an ) be a sequence

in R
. Then

l i ) a- regular ⇒ a- quasi
- regular

lip If R is no ethenan
,

a- is quasi
- regular ←→ the Koszwl complex

on a- is exact except in degree zew .

liii ) If ( R
,

m , His local and a- c- m then regular # quasi
-

regular .
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Deft Suppose a ER
quasi

- regular and Rtt f. g. projective over
K

.

Given ro
,

ri
,

...

,
KER we define

Resrlk (ragd.n.i.gr#:=trrY=(rot,r, ] .
. . [ an ] ) ek

*

import
- karts .  . .  → Roster

f. 'T

Rt -
-  

-  .  -

 
-  -  -  -  -

#
.  .  .  -  - -  - → RII

Remain This is essentially the definition of residues given by Lipman , rephrased

to use connections
.

He
proves

the basic properties ( e. g. the transformation

rule ) for these residues
.

Example_ Resk[x]|k( YET ) =trN⇒µ( ail Ftx - x¥ ] ) =

trkixyxd ( xiffx )

= g.Mf
 "

Hg) - sat .

Remavtr If ro EI the residue is zew .
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Remart Suppose ri = Z( si ) for Kien ( this is typical )
.

Then the residue is

Then we have

a
,§n that '±(6lsd°¥i,

° Us ' ) -  -  'II. Usn ) ) ( * ,

If 8* : RIIA t.DE A
were an isomorphism of rings , we would have ( in R )

6 ( s ) 6 ( s
' ) = Zlss ' ) and so the residue would have to be zew . The residue

reflects the failure of 2*10 bearing isomorphism or more precisely ,

it is

an expression in the t - derivatives of the following tensor :

Def With the same hypotheses as in the definition of residues
,

letTbethe1ensorTeCR1IYoklRKYqfR1IJakkaEBgivenbythektinearmapR1IakR1tk8R@kRkR-sR1IokkkEIExamp1e_R-kH.a-xd.R1I-OidItokxi.forOei.j

e d- I unite

itj =

qd + r oer
, qad

8 ( xi )z( xi ) = xitj = xr . ( xD )% = 2. ( xr ) to

Hence

T ( xi
,

xi ) = xro th
, Tate= Sk

,r( i
, ;)Se

, qlij )
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( now assuming kisa Q - algebra )
0

Contractions on the Koszul complex Let a be a quasi
-

regular sequence ,

and assume RII is f. g. projective over 12
. Consider the

quasi
- isomorphism

n

K :-( Nkoio . .  .okOn)akR,
dk

- EI ,aioi* )

}
teeresolutionof RII

f a
as an R - module

( even as a Da - R . algebra)
RII = ( RII

,

0 )
.

In fact this is ahomotopy equivalence over k
. Choose 8 a ktineartection and

7 the associated homotopy .

We view T=£i¥iOi as an odd k - linear operator

on K
.

Then

[ 0
,

dk ]( roi ;
.  .

Oip ) = ( 7dktdk7 ) ( r Oi
,

.  -  '

Clip )

p

= 0 ( S ,i=, tijtray. di
,

... Oy .  -

Clip )

+ dk( { I=
,

¥
.

( r ) Okdi
,

-  -  -

Clip )

byaynotawnn.GG#T?nfr9ij)OkOi,...dy....a..p£ ( raij ) - a ,jEh( r )
+ EKI ,

¥r(r)akOi
,

.
.  .

Clip

unless

k=ij
+ [

;

,kfi)5¥k(
Day. Oi

,

-
.  - Ej . '  -

Clip

=§{ E. Ira ;) - It
,

Hay
' } Oii

'  '

Clip

+ EI= ,
Fisk ) ak Oi

,

-
-  -

Clip

=/Ejr + Enftnlrak } Oi
,

. . .

clip
= { p

+ did }HOii '  '

Clip .
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Observe that

4kV En ZHMHM ) = [ m§ Mjajzcrm ) tm -9
'

= £ m§ MJZ I rn ) t
"

= [
m

11418 ( rm ) t
"

Lemma_
In ( DKT : R → R ) is the ideal I

.

Lemma_ Let Kai EK denote the sub module spanned by rollii
-  -

clip with
p

> I
.

Then Kx , is closed under [ 8) dk ] and the k - linear map

( 0
,

dk

]
:

K
> . ,

- K > ,
is invertible .

Roof [ 8
, did "(rOi ,

.
.  

-

Clip ) =

Empty
Z ( rn )t

"

Oi
,

-  '  -

dip  
- �1�

theorem Consider the diagram of k . linear maps

I

H C
,

( k
,

dk ) # ( RII
,

0 )

where H = [ T
,

dk ]
' '

o T
.

Then we have

(a) I
,

6 are co chain maps (of ktomplexes )

( b ) JTZ = 1

(c) 6 I = 1k - [ dk
,

H ]

(d) +12=0
,

HZ =O
,

TLH - 0
.

This kind of situation is called a strong deformation retract
.
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Roof Wepwve ( c )
.

Observe that
,
writing J= [ Folk ]

DKJ = dkfy
,

dk ] = dktdktdk 7)
( * )

= dkthdk = [ V
,

dk ] dk = Jdk

Write KPEK for the submodules
panned by r @ Oi

,

'  -  '

Oip ,

red
.

then on

Kp
for

p
> 0 we have by H ) that dk = Jdkt

'

on Kp ,
and hence

[ dk
,

H ] = DKH + Hdk

=  DKJ
-  '

V t  J
-

 '

Tdk

= J
-  '

JIKIO
t

 T
-  '

Odk

= J
-  '

dk P t F
'

Vdk

= T
- '

( DKT + Tdk ) = F 'T = 1

whereas on Ko we have for re R that r - ZK ) EI and for xeI we know

there exists ye
R with x=dkV ( y ) Then

( I - DKH ) ( x ) = ( l - DKH ) dktly )

= DKNY ) - dk J
- '

PDKV ( Y )

= DKNY ) - DKJ
- '

( Folk 7) 7 ( Y )

= 0
.

But this shows that on
Ko

,

( 1k - [ dk
,

H ] ) ( r ) = ( 1k - DKH ) ( r )

= ( 1k
- DKH ) ( Z ( r ) )

= 8 ( r )
. D
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