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History

• { closed ZDTFT } - { open
- closed ZDTFTS } - { ZD defect TFTS }

aI.

t.EE#m:.0p5%E4*
( defect lines

= commutative Fwbenius = Calabitau categories
"

=

"

pivotal 2- categories
algebras

• Carquexille - Runkel ( arxmi 0909.4381 ) initialed the study of the pivotal
2- category (actually bicategouy ) 25 associated to the ZD detectTFTdefined

using N=2 Landau - Ginzburg models
.

• Inoirderl compute Z ( M )
,

need formulas for structure maps in * 9

CR did this for W ( x ) = xD
, compared to A- type N=2 super

- Virasow min . model
.

( composition in LS <-> fusion of defects in CFT )

• Carqueville - M ( avxiv : 1208.1481 ) ( a ✓ Xiv : 1303.1389 ) did all potentials W
.

. today : a bit of fun with Clifford algebras
! ⇐ case W quadratic )
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Assume k char .0 field .

bicategong fully faithful (strong ) functor bicategoiy

F

ifliffh -

LSN
obj Clifford algebras potentials WE )

tmr bimodules n matrix factorisation ( MT

Ii bimodukmaps ( htpy classes MF maps .

" )

Erliffh pivotal Def Atmoiphismwcx )→V( 9) is

⇒ FAZD detect TFTWI

phases - ailfordalg mf'(|¥j)=µj"÷wI, .⇒
defects = bimudules

.

blockrxrmatniesoverkf 59 ]
.

Outtinfk

�1� Brief introduction to Clifford algebras
�2� Defnofthefunctor F

0 Cliffordalgebms [ §yn2µ]2=- 2Et2×2t2jt2E

Recall : g- (both:{ ) Diracmatius 894.8383 { on ,F } - zgnr . Iy

Quadratic space (

YB
) = vector space V

,
B :V0kY→k non . deg symmetric bilinear

.

DeI/Thm_
There is aunivenalpair ( 4A )

,
Aak - algebra and L :V→A linear

satisfying { LH
,

vlw ) }=L(v)4w) + Uwlulv ) = 2B(v,w ) -1A
.

It is

the Clifford algebra CIN , B) : = A
.
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Fat AN , B) is naturally E- graded ,
LADECKV , B) ! dimkckv , B) =2diM "

Examine (a) 12=112
,

V=Rv
,Blum

) = - 1
.

( B = - x2 )

o 1L(v)2=
- 1 ⇒CIN,B.)= Cl = Ra Ri

(b) k=R
,

11=1124011242 �1� ( vi. g.) = - tij ,
( B = - xp - xz2 )

4vit= -1
,

{4141,41/21}=0 =>

CIW
, B) = IH

(c) V - Otinarvi
, BESym2(V*) E k[ xy . . ,xn] xi=ei*

a ( r ,s ) = Cl ( Rr "

,
xit . .  . + xp - xri ,

- -
-

- xrts )
Sylvester every Clifford alg/1RECICris ) somer ,s .

(d) CK 3,1 ) G ¢ ' n' ' it ' ) acts as Dirac Ji

(e) Cl ( V
, B) °P±a( v

,
- 13 )

CI ( Vi
, B.) A Cl ( Vz

,
Bz ) ± a ( 140112

,
13

,
+ Bz )

Def Cliff ,r= bicategoyofclilfordalgslk f. g. free

( Zz . graded )

Cliff ,R( ( Vi
, BD

,
( Vz ,Bz) ) : = { CKVZ ,Bz) - CKYYBD - bimodules } ⇒ E

E-( k
, B.) [{41" ' ' B' TPQCKKB . ) - modules }

( v , ,B , ) they
" ( ' ' ' • " 3135131 ) - modules }

them 8liffr( dris )
,

dris ' ) ) - C( r
'

+ s
,

s 'tr ) - mod
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) :  = ( k[ xy . . ,xn]

,
Bcxi ) ) xi=yi*

tmr ( V = Otis ,
Rvi

,
B , ) - ( KK ] ,

Bi )

CKVAW ,
Bz . Bit . Mo# E # E 2- (B2jBB°B

,)
x

( W - Otgmakwj , Bz ) - ( k[ I ]
,

Bz ) y,i=wj*

matrix factorisation E :=§yxi Yi) + §,

Yjllwj ) G E ,Qrk[xi]

has block shape (9%0) GE

E2= - §yXiRizB(" iiiliz ) +§g9jiYjzB( wjywjz )
-  -

= 132 (1) - Bi (E)
'

-

Note Z×i( E) = Web

theorem ( Buchweitz - Eisenbud - Herzog ) Fis fully faithful , i.e.

CKV , B) - mod -±>hmf(SymV*
, B)

w

.

: 8hffR( ( Vi ,Bi )
,

( 112,132 ) ) Llspl ( SYMYYBD
,

(JYMYZYBZ) )
" "

Cllyayz ,
Bz - B , ) - mod -=hmf( Symlhtosymllit, Bz - B , )

⇒ Fis fully faithful
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, conjecturally @

Corday EKAR is a pivotal bicategory Ci defines ZD defect  TFT ) since Les is
.

⇒
"

defines
" Z : Bord # → Vectirintwmsof Ji - Hui ) GE

Exampt
GE a cyw ,Bd - CYV ,B , ) - bimodule

z.IE#FtEEI):ztImtzioEp
'

R

is

is

wmpnedinaitfruiaasmngdiaoamw,,¥¥@%%e%while : Ja - Uk )

,
GE 1

2m=L(wµ /
" ÷1

°÷' Eag
,
.fr_e

,

is

IW
, Bz )

11 asvectorsp .

AW a 1 1- E ;{ 8 !
. .am?jeiag*i-.?.tDs+l

n " " est
. #

{ z !
. .zm }

,;{ a - i. Sitji
( assume AN ,BD=CCns )) =ff¥s¥(y !

. .ymf ,
. . . fn ) + higher terms

- in W 's

"

volume form "



tftwn@
�6�

where

Formulas CM
'

08 -

| coev ( w
,

.  .  .

wk ) = Eij{ 8kt !
.  . Tm }y. eioejk

eT(eiag* ) - Ee ,o§,aewa ,

. - - wae 5¥
" "  " " 9 "

. { zae . .  -89 'S
,

... Sn }jy
Example Cl ( r

,
r ) = ( AE ,

Rvio Otiakvi ,
3 ( vitnit ) = 2

, Bcvisvi ) =
- 2)

We define a representation E of Cllr ,
r ) as follows ( viewed as R # ckrirl )

ei :  = tdxittvi )eo*
:-. that - %-) } check

Heisei ) - B (

eik.ee#j=oBlei,ei*)=t4(B(vitnit

) - Blviiyit )

= 4 (2+2) = 1

Define P = span ( ey . .  . sent
, Q=span<eF ,

... ,en* > so V= PQQ ,
and set

E = AP D ei ads as eixt )
,

ei* acts as ei*JH
, defines

an action of Ckr
,

r )
.

In this case the value of ZIMI ,
1. e. the supevtrau of he volume form

,
is

str⇐(en* . . . eixe ,
... en ) = 1

.


