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The category of simply - typed lambda terms Q

Recall that in the simply - typed lambda calculus there is a countable set

of atomictyp= and the set E→ of  simpktyp= is built up from the

atomic types using the connective →
,

ie
.

all atomic types are simple types
and if 6

, T are simple types then so is 6 → J
. We say type for simple type .

For each type 8 there is a countable set Yo of variables of type 6
,

and if

6 t T then Yo Ms - $ .

We while x : 8 for xe Yoo
.

Let II denote the set of ( un typed ) lambda calculus pre terms in the variables

Ube€→%
.

We define a subset A 'wt Et
'

of welttypedpvetevms , together
with a function t : Kut  → E →

, by induction :

• all variables x : Z are well - typed and tlx ) = 8
,

• if M= ( P Q ) and P
, Q are well - typed with TIP ) = 8→J

,
t ( Q ) = 6

for some ZJ then M is well - typed and t ( M ) = J
.

• if M = ( Xx
.

N ) with N well - typed ,
then M is well - typed and

HM ) = tlx ) → AN )
.

We define As : - { Me Awt / HM ) ⇒ } and call thesepretexttyped.

Next we observe that Nwt Et
'

is closed under the relation of
d- equivalence on A

'

, as long as we understand a equivalence type-by.ly#
( i.e. hx .

M = a Xy .
Mbc :  =D with tlx ) = HY ) )

,
and we may therefore define

Awt : - A 'wH~×
A a

it A 's ka

so that Awt is the disjoint union of Az overall 8 C- Io →
.

We unite

M : 8 as a synonym for KM ] E Ab
,

and call these terms
,

of type 8
.
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Recall the equivalence relation =p on As for each 8
, generated by predation

( which is now typed

: x.MN : T -

p M[ x : = N ]
-

well - typed ,
so N " 6

and t( ( Xx . M ) ) =6→J

with tlx ) =3
,

t ( M ) - J

Once we impose =p , different types become " the same
"

.

the right way to make

sense of this is to say the types are isomorphicobjecb of the category L of simple

types and P - equivalence classes of terms
.

We begin with a motivating example
of such an isomorphism ,

but first we need Zequirte .

Dd Let  

=Z denote the smallest equivalence relation on Awt satisfying

• Xx
.

( Mx ) =z M for any xet FVCM )
,

x : 8
,

M : 6→J
,

• if M=zN Hren Xx . 14=2 Xx
. N for any variable x

,

• if M - r N then ( P M )=z( PN ) whenever PE hut and

( P M )
,

C P N ) are well - typed
. if M - z N then ( M P ) a ( NP ) whenever PEAWT and

( MP )
,

( NP ) are well - typed .

Not There are good reasons to not impose Z - equivalence ,
but for categorical

approaches to it calculus ( at least at a naive level ) it's necessary .

Dee For every type 8 let idz : = ix ? x
.

N± Tor any term M :b
,

( ids M ) =p M
.
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ExampI Let QFP be types and consider

I : - 6 → ( T → f) } we claim these are
" isomorphic "

types
I ÷ TH →p )

Here is a term Mr of type T
,

→ I
,

and Mz , of type I → T
,

Me : - tub → ' ' ⇒ '
.

tv ? hw ? ( ( u w ) v )
Mz ,

:-. Xue
' 's → B. t.wb.tv? ( ( ux ) w )

Recall from Sam 's lecture that we compost 7- terms F
,

A by taking
ix. ( F ( a x ) ) where x of FVCF ) UFX ( a )

.

Observe that for t : I
,

Xt
.

( Mr ( Mz ,
t ) ) =p ht

.

( Miz ( tw ? tv ? ( Ctv ) w ) ) )

=p tt
. XI ? to ? ( ( Xw ? tv ? (I tv ) w )) A ) I )

=p lit
. XIT

.

to ? ( ( tv ? ( Ctv ) at ) ) I )

=p Xt . XI ? to ? ( ( tv ) in )
= , it . XI ? ( t I )

or Xt .

t

= idh
.

Similarly ,
for s :

:
s . ( Mz , ( Mrs ) ) =z idt

, .

So if we work up to Z - equivalence ,
Mk and My behave like isomorphism between

Ti and Tz
,

which ' 'secretly
"

are ( 8×3 → P , ( Jx 6) → p ,
and 6 ×J±

 Jx 6
,

so

these two types are
" the same

' '
.
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Dee A category 8 consists of

(1) A class ob 18 ) whose elements are called objects of the category

4 For each pair of objects A
,

13 a set 8th B) whose elements

are called morphing from A to B and are Willen f : A  → B
.

( also called away from A to B)
.

(3) For every triple of objects IAIBC ) a function

Caac : 8 ( B
,
c) XKA

, B) - ECA, C)

called composition and written g of  = CABC ( 9
,

f )
.

(4) For each object A
,

a morph ism la E 81A
, A) called the identityon A .

Satisfying the following axioms :

(1) Associating For any tuple ( A , 13,4 D) of objects and Morphis ms

as indicated in the diagram

AtBest D

we have ho ( go f) = ( hog ) ° f

H Units For any mophism f : A  → B we have

1ps of  = f  = fo / A
.
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Not We take a nonstandard approach to defining a category of 7 - terms
.

For a standard treatment see P
. Taylor

"
Practical foundations for

mathematics "
or Lambek & Scott ' '

Introduction to higher - order categorical

logic "
.

we take as our guide the followingdesifor our category L constructed

from simply - typed lambda calculus as defined above :

�1� ob ( L ) =

#→±{
13 the set of simple types with an adjoined

" empty
"

type ,
which we will see is basically forced on us

, by �2�
.

�2� Every X - term is represented by a morph ism in L
.

�3� The operations on X - terms ( application and 7 - abstraction ) are represented

by natural constructions in L
.

Notes (a) We should take PZ - equivalence classes of t - terms He . the set Awt of
well - typed terms modulo tr ) as moophisms ,

not just X - terms
, since

our identities ids : 8 → 8 only work up to =z .
Notice for M : 6 → T

Hi.
( M ( ids x ) ) =p ix. ( M x ) =z M

.
( 5.1 )

Xx? ( ids ( M x ) ) =p Xx
.

( Mx ) = 2 M
.

(b) Clearly then L ( 6
,

J ) = A ← 'T / - z
,

but what about terms of

atomic type ? For these we add a new object 11 and declare

L ( 11,6 ) : - to Kz

for any type 6 ( not just atomic types .
This wouldn't work

, see below )
.
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(c) Nole that with this definition
, a single term in Ats is represented

as both amorphism in LHF ) and as a mophism in Ll± ,
8→J )

.

This is OK
.

Here is the formal definition :

DI the category L has

• objects:

oblL)=€→±{
1 }

• morphing : for simple types 8 ,J we define

Ll 6
,

's ) : - At ,T/=z I { * } Ll 6,11 ) : = { * }
Ll 1,6 ) " - As 1=2 Ll I

,
± )

:#
" he should check this is

well .  defined
,

even though
• composition : for simple types 6

,J,p
FVIM ) , FUN ) is not B- invariant

ix. ( N ( Mx ) ) M ,N-t*Lst,p)xL( QJ ) ¥2165 ) N ° M ÷ {
* otherwise

where x¢FV( MUFVCM )
.

LKP ) × Ltd ,J ) nTL(± ,p ) N . M = {
( N 14 ) Nt *

* otherwise

L ( I ,p ) × LIIR ) -' Llthp ) No * : - N .

In all other cases 6→T ' P with 8-+1 butatleastoneof ?p equal
to I

,
the composite is always *

.
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Proposition L is a category with identities ido ELH , 6)
.

Root We need to check associability and that identities work
.

For the former ,

consider the case of simple types 8
, Tsp,

8

M N P

6 - J - p - 8

with M
,

N , P not *
.

then in L ( =  now means =z )

Po ( No M ) = Xy? ( P ( Nom y ) )
= kg ? ( P ( ( bi

.
( N ( Mx ))) y ) )

= Xp . ( P ( N ( My ) ) )
= ( Po N ) . M

.

The only other nontrivial case is

M N P

1 -7J ->p - 8

where we calculate ( Me Ask , )
idb

6-
To

p . ( N . M ) =P ° ( N M ) - ( P ( N M ) ) | in :O is lido MHM
*

( P°N ) . M = (XYT.

( P ( Ny ) ) M )
= ( P ( N M ) ) )

L

so associating holds .

the identities follow as in ( 5.1 ) from 7- equivalence . D
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Examplj Returning to p .
3

, for types 8
, Jp we defined

I : - 6 → ( T → p )
,

I ÷ J→k→p )

and we constructed Mize Ll I ,Tz )
,

Mz ,
EL ( Tz

,
Ti ) with

M ,z° Mz ,
= id

,
Mao Miz =  id

, so IT ±  

Tz in L
. More generally

for types Ji
, . . . ,Jn , 4pwe have an isomorphism for any

permutation OESK

J
,

→ . . .  

→Jk→p
= Joa ,

→ . . .  → Join )
→ P
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It remains to discuss desiderata �3�
,

re .
how function application and X - abstraction

are represented in L
.

In the standard approach this is done by putting a Cartesian

closed structure on a ( different ) category of X - terms
,

in which we (a) add

pwdtttypesto our language ,
and associated construction / destructor and

modifiedRequireand ( b ) take as objects pain ( x : 8,8 )
,

and morph isms

( x : 8,2 ) → I y
: T

, T ) are terms M : 8 → J with FVCM ) E { x }
.

Functionapplicationn is just composition .

Given M :b and N : 8 → J

we have by definition a commutative diagram in L

M

1¥€ | N
18.1 )

:-

Xubstmck÷ is move complicated ,
and we treat it in Part II of these holes .


