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Bar versus KOSZUI
2214118

Let K be a commutative ring ,
and A = k[ x.

,
...

, xn ] a polynomial ring .

In the category of A- A- bimodules there are two natural projective
resolutions of A as a bi module ( i. e. Me diagonal )

Bar complex ( non commutative forms ) B

€3 ,

I ( ) TeA-
Koszul complex ( commutative forms ) K

¥
By standard homological algebra there exist morphisms of complexes
Io and Y such that

Tko I = I3
,

ITBOIO = ITA
,

I ° I = 1ps
,

¥0 # = 1k
.

the aim of this talk is
, starting from only a knowledge of basic ( homological )

algebra ,
to first of all define B

,
K and then describe explicitly F- it .

The map F- is standard I e . g. from the proof of Hochschild - Kostant - Rosenberg 's

theorem ) but the explicit description of 4- as a chain map seems

less well - known .
On the latter point we are following the papers

[ SW ] A. V. Shepler and 5. Witherspoon ,

" Quantum differentiation

and chain maps of bimodule complexes
"

ANT ( 2011 )
.

[ CM ] N . ( arqueville and D. Murfet "

Adjunctions and defects in

Landau - Ginzburg models "

Adv
.

Math ( 2016 )
.
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Our story begins,
however

,
with the paper

KQ ] J .

Cuntzand D. Quillen
,

"
Algebra extensions and

non singularity
"

JAMS ( 1995 )
.

and the concept of

Nonwmmutative differential forms ( overacommutativenngk )

A.differential graded algebra ( DAA ) is

amonoidinthemonoidalcategory
of 2- graded complexes of K . modules ( Ch >< ( k )

,
0 ,

Ttk ) ,
that

'

's
,

a DGA is a tuple ( A ,
2

, mm ) where ( A 2) e

Chz
( k ) and

m : Aaa  → A
,

u : k→A (A ;QzAi)

are mouphisms of complexes satisfying associating and unit constraints

Remains (1) 1A :=ul 1k ) is a closed element of A ? ( zi :Ai→Ait ' )

(2) Aoisak - algebra with m°/# a *
 and 1A

.

/
degree zero

(3) If ( A ,m , a) isakalgebrathen ( A ,
0

, Miu ) is a DIA
.

" Lemme
"

There is an adjoint pair of function ( I = inclusion )

f)
°

DGA ( k ) # Alglk ) ft - I

I

differential graded K . algebras
k - algebras ,

and ( associative ,
unital

,

degree Omaps
possibly not commutative )
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"

Roof
"

the unit is the identity Za : A  → IIAT - A. This is natural
,

and

given any algebra map a :A→B°toraDaAB
,

0 ito

I : IIA ) → B Ii = { a i=o

istheuniquemaphismof DGAS making
-m--

nope .

This is notawmectpwof
2a=i4

A - I( A)
° ( the Lemmaisfalte )

X. t.at
130

commute
.

" D
"

The problem with this " proof
"

isofwune
that I is not amoophismof DGAS

as soon as Im (d) 4 2°C

B
) ,

since if 2Bdla ) # 0 then

ZBI (a) +0=22 # a) (a)
.

To fix this and find arightadjointtottwemeed
" DA

"

fitting in a diagram

DoD . - .

1

A 0
.

€¥I÷!¥jI
...

} mapnismofoaas
B°
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DEI The DGA of noncom mutative differential forms over an algebra A

is
,

if  it exist
,

a pair ( RA
,

7)
consisting of

• a DGA RA
,

• a moyshism of algebras 2 : A  → ( RAT

which is universal
,

in the sense that if B is  a DGA and x : A  → B°

an algebra morph ism
,

there is a unique morph ism of DGAS

I :rA  → B such that the following diagram commutes :

Z o

A → ( RA ) '
-

equivalently , uniqueE) °

s . t .
I02= x

, viewing¥%d as a  map into RAJ

theorem ( Cuntz - Quillen ) (RAM) exists for all A
,

so there is an adjunction

(e) °

DGA ( k ) -

Alg ( k ) f)
°

-1 R
-

r

That is
, we have natural bijections

Homalgck) ( A
,

B° ) ± Hompaack ) ( RA
, B)

.

Remavk_ Them orphism of algebras A  ¥Itt )° - A induces a Morphis m of DGAS

w : RA  → I (A) s .
t

.

w°oZ
= 1A

,

i.e. 7 : A  → ( RAT has a section w° : ( RA )°→A

,
in Alg ( k )

.



!5!

Roof Fintobsewethat in any
DGA ( R ,d ) with Ae Nasa sub algebra

(1) d( aodq .  . . dan ) = daoda ,
-

.  . dan

(2) ( aodq . .  . dan ) ( anti dantz .  - - dak )

= ( t )
"

aoqdqz .
.  - date

+ §
,

C- i )
"  ' iaoda

,
-  .  . d( aiaiti ) .  - . dak

The second formula results from multiple applications of

d( b) ( = dl be ) - bd ( a )
.

Thus Rhasasub - DG - algebra spanned by expressions aodq .  " dan
.

Since Xek implies data )=O ( since 1A= In ) this leads into define
a 2- graded K - module ( a  = Ok )

- an

RA :  =
OTAQA At =A/k

nzo Tennis NA

and make ( RA
, d) a complex with

d( aoaaia . .  . a at ) = loot a AT a . . ioan
.

Now there is a clever trick to induce the desired DGA structure
. Define

E =

Hom*k(
( RA ,d )

,
(

RA
,

d)) ( Da . algebra )

[ 4
, f ] = do f- c- 1) lflfod

with differential ( dif

( f : IATRA is adegreenmapof Z . graded modules )
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Define K - linear maps

l : A  → E°
,

l (a) ( aooaia .  . a E) = aaooaia . .  . oat

l*: RA - E
,

l*( aoaaia . . a at ) =e( a.) [ d. Hail ] . . .

- .
. [ d

,
Kan ) ]

Note that

[ d
,

ela ) ] ( laaia .  . ioan ) = d( aaaio . . . a In ) ( * )

= 1 a EOATG .  - . oat
.

By (11/12) we have Im ( l* ) EE is the DG - sub algebra spanned by l( A )
.

Now define J : E → RA by J( f) = f ( l )
,

this is K - linear and degree zero .

Moreover
, using * )

,

Te*( aoaaia .  . oat ) = { elao ) [ d. elai ) ] . :[ dillan ) ] } ( I )

.=elao ) [ d
, llail ) . .  . [ dillan . i ) ]( ioan )

:

= e ( ao ) ( lanai a. . . Goin )
= ao a AT @ .  .

. QAI
.

Hence Jl*= Ira and l* is injective .
Since t*( RA ) e E was a sub - DGA

this equips RA with a unique Da - structures
.

t.lt is a map of DGAS
.

Soter we have defined a DGA ( RA = Qnao AOFPY d )
,

and in this DGA

aoda ,
.

. . dan = aooaio . .
. oat

. (apply e* to both sides)

.

: the structure of this DGA is completely determined by ( 1 )
,

12 )
.
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It remains to show the algebra map

2=1 A  : A - ( RAT - A

is universal : suppose B is a DGA and u " A  → B° an algebra map . Then

I : RA  → B
,

aoaaio . .  . oath uao2B( nai ) . . .2B( uan )

isomorphism of DGAS using ( I )
, (2) and is clearly unique s.t.ci/A=U . D

Example A=kk] RA  = ( Kk ] - KK ] Gxklx ] - KK ] @ (xk[x]F→ .  . .

xii-l@xixjg.x'

'

-> loxioxt

:
. H°CrA)±k ,

HNCRA )=O n > 0
.

-
Kahler differentials

Remavtr If A is commutative ( R A) sup
± ( NARFTK, d ) as DGAS .

+
quotient making it graded commutative and r2=O
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The Bar complex B ( normalised ) is the complex

D= ( RAAA
,

b
' )

b
'

( wdaaa ' ) = HIM ( waoa
'

- waaa ' ) a
,

a 'e A

More explicitly ,
Bn = RHAQA  = AOIPMAA and using (2)

,

n

b
'

( aoaaia .  - - a auto anti ) = [ C- 1) iao @ AT a .  . . a aiat , @ .  - a anti

i=o

Lemme The complex of A- A -bimodal es

b
'

b
'

b
'

=  m

- .
. → A oA→2aA  → Aalto A - AOA - A  → 0

.B

is exact
,

in fact contractible as a complex of right A- modules
.

Pwot ( RA
,

d ) is a DAA
, and da I is a right A- linear degree I

operator on B = RAQA .
One checks directly that

b 'd + db
'

= 1 on Bn
,

n > 0

where we include b
'

: AQA  → A for neo
. D

Question How to see b
'

as an operator on RAO A  = ha ( Ao A)

purely from the Universal property ? I don't know
.
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The Koszul complex IK

Now we specialise to A=k[ × 's .  - - ixn ] so B -7A isafree resolution
.

Another free resolution is the Koszul complex ( Ae = AOA
,

lait - l )

k - ( Nkaa . .

.okOn)oAe
, §,0i*o[xial - lax

]
)

tthinkofci
a

* ( ap ) - Oitcx )ptC . 1) kkditlp )
as Eti some

Oitydj ) = Sy
' differential is

an Eulervfieldj
XIGI - lax ,

Thefintfewtevms look like
:o→aaan→

... - §,ae&×n±F¥m→ A → 0

Remade With exterior multiplication ,
Kisa DAA

,
m :K→A is

amouphismof DAAS .

We have now tuofreeoesolutionsofaasan A- A- bimodule
.

KB TK

B- A
,

K→A

It is sometimes useful ( in e. g. perturbation theory ,
which is the context

of KM ] ) to know formulas for chain maps # ' - K→B
,

I :B → K

lifting the identity on
A. One reason to cave about 4- is that lifting intoBasinthe diagram below

,
is often easier than lifting into IK

,
asnonwmmutative

f
differential forms are better behaved than

.

-
- → B ordinary differential forms .

×
"

(but an explicit lifting toKbyfinfnfifflnngobtotmhf
K ( i. e. F ) and then composing to get 4- of

.

↳ ¥ But only if one knows a formulator # ?
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Now for the formulas

the induced homotopy equivalence Io : lk -7 B is

F- ( ( ror
' ) Oii '  ' clip ) = §g t 't "

rdxioai . dxiap ,
or

'

and its homotopy inverse is ¥ : B → K
,

# ( rdfiidfp or
' ) =

.
,§a .

pcgrnar
' ).lt#2cin(fk)0ii  " Clip

where we use the divided difference operators

2 c i ]
: A  = k[ E) → k[ ±

,
I

' ] = Ae

2 ( i ] ( f ) = f ( xi
,

. .  .

, xii , ,xi ,
...

,
Xn ) - f ( xi

,
.  . .

, xii, xij .
. . , xn )

xi - xi
'

The formula for I is standard
,

¥ is from [ SW ]
,

[ CM ]
.

To

ipwve
E

,
¥

are mutually inverse up to homotopy one just checks by hand Are

formulas give co chain maps ,
and that they induce 1A .

Lemma_ E
,

Xane morph isms of DG As between IK and ( B
,

b
'

,
x )

where X is the shuttle product .



DEI Givenan
.

A- A- bimodulem
,

Hochschild homology HHn( A ,M ) :=Hn( MQAEB )

Hochschild cohomology HHMAIM ) :=Hn(Homae( 113,17 ) )
.


