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The cobordism category Zcob io now

The aim of today 's talk is to complete the definition of the symmetric monoidal

category ZCob_
,

and finally define ZDTQFTS as symmetric
monoidal function

from 2Cob_ to vector
spaces .

The next lecture will
prove

the main theorem
,

that

such function are classified by commutative Fobenius algebras .

Outline

�1� Reminder on wbordisms

�2� Smooth structure on gluing

�3�
261is a category

�1� Cobordisms ( here
,

all manifolds are compact )

Let M be a smooth manifold with boundary ZM
.

Recall that an orientation on
M

induces an orientation on ZM
.

A wbovdism from an oriented n
- manifold S to

an oriented n . manifold s
'

is an oriented a+ i )
- manifold M together with a

chosen decomposition of the boundary ( as oriented manifolds )

ZM = Min I M out

and dilfeomophisms ¢
: S → Min

, of
'

: S
'

→ M out with of orientation
reverting

and $
'

orientation presenting .

We write the data of the wbordism as a diagram

of $
'

In
,
$

,
$

'

) : S - M - s
'

.

Two wbordisms I Mi
,

oh
,

oh
'

)
,

( Mak
,

$2
'

) are equivalent if there is an orientation

preserving dtffeomophism
4 : M

,

→ 172 st
.

Yo of
,

=

oh
,

to  §
,

'

= 0/2
'

.
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Def The objects of 261 are oriented closed 1 - manifolds ( including the empty space )

and them orphism sets are

Homz# ( S
,

S
'

) = { wbordisms S → s
'

} / equivalence .
12.11

Idea of composition Given wbovdisms ( Mi
,

oh
,

oh

'

) :S,

→ sz and ( Mz
,
$2,01's ) :

Sz→ s
}

we consider the diagram in T¥ ( the category of topological spaces ) where

the marked
square

is a pushout l in this case
,

a gluing )

M
,

Is
Mz

YIt
( 2. 2)

M
,

*
Mz

µtoµ4
S

,

52 S
}

§

For example ,

M
,IsMz

one,
#

in

M
T

T Mz

gay old
can

e
-

×
tryTO

0 0 0
S

,
S

s
}

In her talk Michelle showed M
,

Is
Mz is a compact topological manifold

k e. it is locally homeomoophic to an
open

ball in 1132 ) but we did not yet put a

smooth structure on
M

,

Its
Mz

. Assuming we have done so
,

we will define

composition in 261 via the rule
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[( Mz
,
$ .

,
ok

'

) ]°[ ( Mi
,

$i
,
$

,

'

) ]
'

 
-

= [ ( M
,

is
Mz

,
to $ ,

,
42.0k

'

) ] ( 3. 1)

It will then remain to show that this composition rule is well-defined
,

associative and

has units

;
at which point we will have constructed Zceb .

Remoirk In the case of 1- manifolds and 2 - dimensional wbovdisms we can use

results special to surfaces ( e.g. every topological surface admits a smooth

structure ) but we prefer an exposition using an approach which generalises

to Me higher
- dimensional cases

.

�2� Smooth structure on gluing

Our reference is Hirsch
"

Differential Topology
"

henceforth denoted [ H ]
, primary

[ H
,

§ 8. I - § 8. 2)
.

the basic results on wbordisms we need all rely on at
,

the theory

of which we review now .

theorem [ H
,

8-2.1 ] Let N be a manifold with ZNF $
.

There exists a Co - embedding

F : 2N × [ 0
, a) → N

-
the

"

collar
"

such that Flx , D= x for all XEZN
.

Sketchofpwof There exists a Co vector field X on a neighborhood U of ZN in N

which is nowhere tangent to ZN and which points into N ( cover ZN with charts

and use a partition of unity ) .

To reach xe ZN we have an initial value problem

910 )=x
,

T
'

Ct ) = XHHI ) which by the usual
yoga

has a ( maximal ) solution
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on some interval J ( x ) E [ 0
,

oo )
,

call it %
'

 - J ( x ) → N
. Let

WEJN
x[ 0

, a) be

a neighborhood of ZN
on which the flow of X is defined

,

i. e
.

Zxlt ) is defined for

all ( xst ) E W
.

Then
by rescaling smoothly we get a CN embedding

h : 2N ×[ 0
,

a) → W

leaving
ZNXO fixed

,

and F is

2N x [ 0
, a)

h->
W 2- N

. D

( x
,

t ) - 7 + ( x)
.

Example Let N = S
'

× [ 0
,

• ) with U
= N and XCO

,

x ) = 1. 2x
.

Fein
→  

→  →=
. . .

the solutions are defined on W = 2N x [ °o° ) =

s
'

x [ 0
,

a ) ( coordinates O
,

t )

and defined by 7t( 0 ) = ( at )
.

Hence F is the identity .

txample same as above but with X ( O
,

x ) = Zx . 2
,

then Zt ( O ) = ( O
,

E) and

F ( a
,

x ) = ( Qx 2) is the associated collar
.

Obviously restricting F to some finite interval
, e.g.

2N × [ 91 )
, gives a sub manifold

of N more recognisable as a collar
,

e.
g .

Qi¥¥=y) N÷0¥f_iE¥⇐÷
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Now let Mi
,

Mz be n
- manifolds together with a diagram

i

.  
e

Ml
,

Mz
.

. .

-¥a
.

in

¥¥¥tE±etm

s
-

. . -
=

.
.

where 01
,

'

, oh are Caem beddings identifying S with a connected component of ZM
, resp

. 2172
.

We have defined Mitts Mz as a topological n
- manifold

.

Take collars

Fi: sx [ 0
,

a ) →Mi
,

with
images denoted Ui E Mi

.

Let U :  = Ui Is Uz
,

an

open neighborhood of S in Mitts Ms
.

We have a

homeomouphismrf

: S x R = ( S × too
, D) As ×{ o } ( S x [ 0

,
a) )

Fits E f
,

±

U
, Is Vz = U

identifying S×{ 0 } with S E M
,

As Mz
.

Def Give M
,

Hs Mz the smooth structure
given by

all charts compatible with

(a) charts on Mil 2 Mi coming from the smooth structure on Mi and

(b) charts on U induced by the smooth structure on
Sx R via Y

.

Note that the charts of type (a)
,

( b ) are compatible by virtue of Fi being Co
,

and thus

the canonical continuous maps
Mi - Mills 172 embed the Mi

assubmanifs
.
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Remade If we choose our collars differently we
may

end
up

with different

smooth structures on M
,

Is Mz
.

Consider

. . .

_i
e.

ii.¥4
D-

"

÷
a ) 142=5×6 ,

oo )

\ 12
s=s

Let F
,

= id : s 'x[o , a) → M
,

and let EY
)

be obtained from either of the

vector fields in the earlier example ,
i.e. El

"
( at ) - Catt

,
Fd

"

( at ) =

( O ,t4
.

Then U = 5×112 = Mitts 172 and the homeomophism

49
)

is

Y
' "

:S 'xR - U 410 ,
x ) = ( O ,x )

Y
"

:S '×R - U

y(q×j=|

( O' ⇒ ' ⇐ 0

( O ,x2 ) x > 0

Clearly the smooth structure on MHSMES '×R induced by Y
" )

is the usual smooth

structure
,

whereas Y
' "

induces a different ( but clearly equivalent) smooth

structure . Write ( M
,HSMDY

#
for the two manifolds . the homeomouphism

id I A

M| Its Mz - Mills Mz

clearly gives a difomorphism ( M
,

Its 1744
"

→ ( M
,

# Mz )4
"

?
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Next we prove
that this is a general phenomenon

:

as a manifold Mi Is Mz
 depends

on the choice of collars
,

but only up
to diffeomophism .

this is not as trivial as Kock 's

book makes it seem
,

and while Hirsch
proves

it as Theorem 2.1 of 58.2 of his book
,

this

relies on an earlier theorem ( l - 9) which implicitly uses a result on isotropy of collars
.

Def Letv
,

M be manifolds
. Anisotropy from V to M is a smooth

map
F- V ' ' I → M

such that for each TEI the
map Ft : V → M

,

XHFK '
t ) is an embedding .

We
say

the embeddings to and F
,

are isotopic .

When 11=14 and each Ft

is a dilfeomophism we call Fa dilfeoy ( or ambient isotropy ) .

theorem (A) Let M be a manifold with boundary and f.
g

: JM × [ 0
,

a) → M

collars
. Then fg are isotopic by an isotropy which fixes the boundary

.
Pw# Follows from Theorem 5.3 of Chapter 4 of Hirsch

. D

this holds just as well for
any component of the boundary .

theorem (B) Let UEM be
open

and A EU compact .
Let G

'

- U ×I→M be

anisotropy with Go the inclusion
,

st
. { (GGH, t ) EMXI \ ( x ,t ) EU + I }

is open
in Mx I. Then there is a diffeotpy of M having compactsupport

,

which
agrees

with G on a neighborhood of A×I .

Pioofskdk

( see Theorem 1.4 of Chapter 8 of Hirsch

)
.

Define E : Vx I →
Mx I

atx ,
t ) = ( an

,
t )

,

t ) .

For each XEU
,

that is a came in M×I and the tangents define a vector field X

on the open
set EW ×⇒eM×I

. Define H by xiy ,
t )

= 1 Hly
,

t )
,

1)
,

H : cilux ⇒ → TM
.

By partition of unity extend to Z :

M x I → TM and define a dileotopy F : M XI  
→ M by

0¥ ( x
,

t ) = zl Flat )
,

t )
.

D
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day In the earlier notation
, say

we have collars

Fili
)

: Sx [ 0
,

a ) -7 Mi  i.
je

{ 1,2 }

with associated homeomorphisms

Yli
)

: s×R - U = U
,

#
s Vz

.
. .

#

.

.

in k¥#EE.fm
.

.  

#
.

4
" '

f J y( 2)

5×112

used to
give

the topological manifold M
,

#
s Mz smooth structures

,

denoted

( Mitts Milk ! There is a dilfeomorphism ( M
,

Hs Mz )
41 "

⇐ ( M
,

Its MZM
"

which is the identity outside a neighborhood of the
join

S
.

Root By Theorem A there is an isotropy of F
,

" )
with FH . Recomposing with

( Ff
' '

)
"

: U
,

→ sxco , D) this is anisotropy a : U
,

x I → M
, of the inclusion

U
,

GM
,

with the
map Fikb #

'

M : U
,

→ Mi
. By Theorem B ( with A = SEMI )

there is adiffeomophism

Qi
Mi → Ml which

agrees
with Fi

' "
OKT

" '

)
"

on

a neighborhood of S
.

Doingthe same on the other side we pwduaa Qz : M
-

→ Mz

and Q
,

Is Qz : Mitts th → Mitts Mz is a home omophism with the property that

on some neighborhood of S it
agrees

with ( F
,

No ( F
,

' ' '
)

"

) Is ( Ek
'

. ( Fd
"

)
'

)
.

From
.

S×R= ( Sx too
, D) Hs×{o}( Sx [ 0

,
a) )

FHHSE
'

} ye
" '

As E
" '

U
,

Hs Uz = U U , Hs Use = U

it  is clear that Q ,
Is Qz is the required diffeomorphism - D
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ssociativilyistnviabasthegluings

( and associated smooth structures ) are disjoint ,
as in the diagram

(

Miltszth

) Is
}

173

F

men .

→

hides,

ohm

reign\Ml
T

T Mz

071 oh
ft ,

e
-

×
trejnoioiao
0 0 0

5
,

52
53 54

Lemma_ Given ( S

,ws)Eob(
261 ) wedefinethewbordism (

wsisthe
orientation )

ids : = 5×[0/1] with s - sxlo ,
D - S

xt ( xp ) ( x
,

I ) ← , x

"

Here ids is
given the orientation

WTV
,

+ ) = - wsl " ) for VETSS
,

ses
.

Thenforanymouphism M

:S
'

→ S or N :S → s
"

in 261 we have

idso M - M and Noids = N (obviously asmouphirms,
re . uptodiffeo )

.

Examples
. st OT¥⇒iD, type.tt#IehnhYionYgodmanYas?aim

Or -

S×{o} ids s×{ is T( ' lout
,

' ' ) = Tt , 'D =  twlv ,t)= - wslx )

⇒ induced orientation on S×{o}is - ws
.
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Pwofoftemma We have M
ids

a o⇒

ids
. M

:= ( s×KD)¥M O§_ a
s

' -

s s

Wehauetoshowtheveisadiffeomouphism #
making the following diagram

commute

(5×[0/1]) ¥ M

+ an
s

'

s

\
,

In

,

¥
2 embeds as sx{ is 110.1)

M

Let f
: S×[ °

,
a) → Mbethewllav chosen to define the gluing ,

and while C for

the sub manifold flsx G) D) of M
,

and M
'

- Mlc . There are

dimorphisms
ZM

'
±

s c=S×[ on ] Me C Is M
'

and hence
using

the obvious diffeomoophism El

,0]I°[
0,1 ]±EhD±[%D and the

pwofofassocialivity already given ,

(5×[0/1]) Is M ± (5×[0/1]) Is ( CISM
'

)

± ((5×[0/1]) IsC) Its M
'

= sx( [

oiifkoflio
] ) HSM

'

=§x[o ,D) HSM
'

± M
.

and this dearly makes ( 10 ' ' ) commute .

D

We conclude that 261 is a category .


