
MAST 90068 - Lecture 8 0

Last lecture we defined a diagram in a category if of shape G ( an oriented graph )

to be am orphism ofgraphs a → UG
,

or what is the same
,

afanctor PG → 6

where PG is the path category.

Exante a = { • } a single vertex
,

no arrows .
there is an equivalence of categories

E

[ Pa
, 8 ] - 8

defined on objects by EK ) =L ( • ) and on Morphis ms by E (f) = f.
.

The inverse functor E
' ' :C → [ PG

,
8 ] sends an object C to the diagram

assigning • -> C
.

The question that motivates today 's lecture is : when can a diagram be

approximated by an object? Here " approximated
"

should be understood in

the sense of the following

examples
:

• Let S be a set
,

V ( s ) the free abelian
group on S

. Then VCS ) is

the " best approximation
" to S among abelian groups ,

in that any

function S → A
,

A an abelian group ,
factors uniquely via

a morph ism Y ( s ) - A  in

A÷
>

1¥[ '
'

'

A

• If G is an oriented graph,
PG is lhe " best approximation

"

to a

among categories .
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In the above examples ,
to " approximate " sets by abelian groups or graphs by

Categories ,
we needed a forgetful fun ctor which says : underlying any group

is a set
,

and underlying any category is a graph .

In what follows G is an oriented graph and 8 a category .

Lemmas There is a functor I : 8 → [ PG 8 ] sending any object C to

the 4 identity diagram
" at C

,
that is

• for all vertices v of a
,

I ( C ) K ) = C
,

• for all edges e of G
,

I ( C ) I e) =  idc
.

Roof As defined IK ) is a well - defined diagram .
If f :C → C '

is a m orphism
in 8 then I (f) : Ik ) → ICC ' ) defined by ICHV ÷ f is a morph ism

of diagrams, and it is easily checked this makes Iafunctor . D

Y
1

Remade Let Ceoblb ) and a = {
→

! } .
Consider a diagram x in C

Yz V }

of shape G
,

c. \
,ff

( 2
.

I )

Az g-As

A natural transformation Z : IC → d consists of mophisms
% ,

: C → Ai such that f Zv
,

- Zv
} , 9%2=7×3 , ie . both

triangles in 12.1 ) commute
.

Note that Z is determined by Zvi ,7k st
.

f %
,

=

g Zxz .
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Defy Letceoblb ) and 9 : PG → 8 be a diagram . A core from C to a

Ba natural transformation 2 : IC → a

Spelled out more concretely :

Dee A cone from C to a diagram a isomorphism

2
,

" C → Ll 'D in b for

every vertex v in G
,

such that for every edge e : v→V ' in a
,

the diagram

¥
>

ta ,

He ) '
'

cones on the let
,¥

LK ' )

commutes .

Dee A count from a to an object C is a natural transformation { :X → IC
.

This is a family of Morphis msEu: Ll 'D → C for every vertex v
,

such

that for every edge e : v ' u
'

the diagram

dlv )Ex, Townes on the right,
ale ) | Con

HY E vi

commutes
.

Convention Let us write natural transformations IC → a ( i.e. cones ) as

simply C → a
,

where this will not cause confusion
,

and

similarly for co cones .
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If for a fixed diagram 2 there is a universal cone into a ( re .
Hu " best

approximation to a by an object , on the left " ) we call it the limit of Hse

diagram .

The universal want Cif  it exists ) is thew ofd.

Deft Let Ceoblb ) and 9 : PG → 8 be a diagram . A cone Z :  IC → or

is a limit Tf for any other cone IC
' 0→& there is a unique Morphis m

0 : C
'

→ C making the diagram

z

IT÷ " ¥
tc

commute in [ PG
,

8 ]
.

Spelled out more concretely :

Dee A cone 2 : IC - a is a limit if for every cone O from C
'

to d
,

Q;I>
4 " )

C
'

- - -
- → C |

,

d (e)⇐
,

dk ' '
Ov ,

there is a unique m orphism 0 : C
'

→ C such that for every vertex v
,

^

we have %°0 = Ou
.(

we call this the univebalpwperly of the limit
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Note Not every diagram has a limit ( i.e. can be approximated by an object) .

ExampI In the situation of KD , the limit is a pair of Morphis ms

C → Ai
,

C → Az such that for any C '
- Ai

,
C

'
→ Az

making the square commutes there is unique C ' → C st .

C
'

- C - A
,

= C 1
- A , and Cl - C 7 As - CH As

c '

=( -A.  ÷
A }

That is
,

the limit is precisely the punter .

Lemmt If a diagram L has a limit
,

it is unique up to unique isomorphism .
That is

,

if 7,7
'

: C → X are both limits
,

there is a unique morph tom

Y : C
'

- C such that

:
' I

,
y µ ' '

7v

commuter for all v
,

and this Y is an isomorphism .
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Pw¥ Such a Y exists by the univennl property of 7 :C → 2
, and likewise there

is a unique Y
'

: C - C
'

with Zi ,
°Y '

= Zu for all v
.

We claim Yot
'

- Ic

and symmetrically 464=4
.

Obscure that for any v
,

%,
° ( 4 . 4 ' )

oh
,

=Hu°Y)°Y
'

y
, { ¥ LM

( 5.1 )
= ahoy ' I

×

=:
My ° lc

But 2 ,

" C ' ND is a cone
,

so by the universal properly of the limit CI &
,

there is a unique monphism C→ C sot . C → C → Ll " ) equals % , for all v .

That is Ic is unique with this properly.

From ( 5.1 ) we conclude 404 '
- K

. D

We are thereforejustified in saying the limit of d C if  it exists )

,
and denoting it link .

DE Let  J be a set
,

viewed as an oriented graph with no edges .

A diagram
J ' 8 is just a collection of objects { Aj }j←j indexed by J

.
The limit

of this diagram is called the product and written Ages Aj C if  it exists )
.

That is
, the product consists of an object C

, Morphis ms Tj : C - Aj for each j ,

which is a universal family in the sense that  if { pj :C ' - Ajtbzs is another

collection of Morphis ms there is a unique morphing :C
'

- C such that

÷
⇐ ah

'

Hj
F

commuter for all j .
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Deft Let Ceoblb ) and 9 : PG → 8 be a diagram . A
wwne E : x - IC

O

is a wlimt Tf for any other wane at IC ' there is a unique Morphis m

0 :c
- C

' making the diagram

E

IC - a⇒*tc '

commute in [ PG
,

8)
.

That is
,

a wcone e :L → IC is a wlimit if for every cow ne O :& → IC
'

Qi

Xlv ) of,
E u

d (e) |
,

C - - - → C
'⇒' )E×÷

'

there is a unique morphism 0

:C
- C

'
such that for every vertex v

,
00 Ev = Ox

.

EXI Given an oriented graph G let GOP denote the graph with the

same vertices but all arrows reversed
.

Pwve this is a functov Hop : Giaph →Gra±
.

since H°PoH°P= id this is an isomorphism of categories .

T¥ We defined earlier the opposite category GP and for tie → 8 the functor

Fop : 89 ' → 89? Check this is a functor Hop : Eat - Cat
,

which again
is an isomorphism since Hopo ftp.id

.
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EI Check that the diagram of

find)
0 P

Grath - Groth

p la
at - Cat

( →°P

commutes
,

in particular (PGJP - PAP
.

Ex4_ Rove that for an oriented graph G and category 8
,

there is an isomorphism

[ Pa
,

8 ] ± [ Pcaop )
,

8°P ]
.

that is
, diagrams in 8 of shape G = diagrams in 89 ' of shape GOP

( hopefully this is obvious ! )
.

Given a diagram a i PG ' 8 and corresponding

diagram IP : PG "
→ 890 pwve that there is a bijection for any Ce 8

Horn
[ pa , ]

( ISL ) ± Homa, aye . . ,
( 293 IC )

natural in both C and d
.

d i.e. cones C → a = wanes xop → C )
.

Rove

that this bijection identifies limits on the left  with wlimib_ on the right .

¥5
Pwre co limits are unique up to unique isomorphism .
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12¥ (\ ) Fiat → Let forgetful ,
the best approximation to a sets

by an abelian group was VIS )
,

with natural bijections

Homa ( us )
,

B) ±→ Homa . ( S
, FCB ) ) C 8.1 )

( D U : Cat → ample forgetful ,
the best approximation to a graph a

by a category is the palm category PG
,

with natural bijections

Homed ( PG
, 8) €Homam±( a

,
08 ) ( 8.2 )

Leming Leta bean oriented graph,
8 acalegouy and di PG → 8 a diagram .

For any cone Z : IC - a there is a function

Ei Home ( C
'

, C) - Homcpa,o]( IC 's & )

Idf ) : - Zo If

which is natural in C
'
,

2
,

and Io is abijection Hand only if
2 is the limit of d.

Ext Prove the Lemma
.

That is
,

there is a natural bijection

Home ( C '
,

limd ) ± Homage ] ( Tt 's d) ( so )

( compare and contrast to ( 8.11
,

( 8.2 ) )
.
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¥7
Check that the cnual product in Set is a limit in this sense

,
and

thus is also the categorical product .

¥8
what is the product in At and T# ?

¥9Is there always apwdnct in 5¥ ?
vertices indexed by IN

.FI0What is the limit of the diagram ( on the graph . - - - •  → .  → . )

IT

. . . →
' RM

- RHg⇒¥ "3kY*,%3 )

in the category AI ,
or commutative rings ,

where Il HI ) = HI is

the quotient map at each edge .


