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MAST 90068 - Lecture 7

In this lecture we start to develop the ideas of limits and whmils using the

functor categories of the previous lecture
.

Deft An oriented is a tuple G= ( YE , sit ) consisting of a set V

of vertices ( possibly empty ) a set Eotedges (possibly empty ) and

functions s ,t : E  → V ( source and target) . Given e e E with

s (e) = v ,
,

t (e) =k we white e '
. V

,
→ k

.

Examplt (a) ( { • }
,

¢
, unique , unique ) •

(b) GCF' ) defined by the diagram •['
•

i.e. { ' hmz ,
" } ) ÷V

{ e
, f } ± E

e :X ,
→ Vz

, f : V
,

→ V } .

•

(c) a( -
I. ) defined by

•

-1

Deft A morphine of graphs 6¥ Gz where Gi = ( " is Eiisiili ) is a pair
of functions £ ,

: V ,
→ 1h and f⇐ : E

,
→ Es with the property that

if e : Y , →lk is an edge in Gi then fete ) : f , ( h ) → fu ( k )
.

We denote

the category of oriented graphs by ample .

Lemmt There is a functor U : Lat → GMPI defined by

V (8) = ( ob (8)
, IQAB )

,
source

, target )
A

, Beoble )

and in the obvious way on function .

{ call this the undetyinggraph off
.

Pw¥ Clear . D
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Pupation There isafunctor P : Graphs - Cat together with abjection
for every oriented graph Gandsmall category 8

Tea .
: Hom#( PG ,8)→Homam#( a

.ve
)

which is natural in 6,8 .

that is
, foreueuymoophismof graphs

f :G→G' and functor F :8→8' the following diagrams
commute

Tea ,e

Homc#( Pa
, 8) - Homam±( G

,
UG )

Fo - | | Ufo - ( 2.1 )
× "

Hom#( PG ,
8 ' ) - Homam#(GiU8 ' )toIqe

Hom#( PG
, 8) - Homam#( G ,U8 )

^ n

- opf | / - of (2-2)

Hom⇐( Pa
'

, 8) - Homam#( 6508 )
Ease

Pw¥ Let G=( YE
,

sit ) beagraph . Thepalhcategow PG has objects
ob ( PG ) - V. Given yy 'eV and no

wedefinepathsofkngthnfwmvtov'

in Globe sequences

Pathnlyv ' ) : - { ( ey . . ,en)EEh/s( a )=v , Hen )=v '

and Hei )=s( ein ) for Kian - 1 }
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We define separately pathsoflengthuw :

Path
.
( xx

' ) = {
¢ ' ' * '

' 1 no paths )

{ 4 } x=v ' ( ovdpaththeemptypalh )

Given m ,n70 and link "eV wehaveawncaknationmap

C : Path .m( " tv
" )×Pathn(Y× ' ) ->Pathm+n( v.v

" ) 13 .
' )

(( fi
,

. .
. ,fm ) , ( ei ,

. . .

,
en )) 1- ( ei

,
. . .

, en ,f , ,
. . . ,fm )

Themorphimsninpcaveallpaths

"

Hompalviv ' ) -IPathn( v.v
' ) ( 3.4

n7/0

with composition defined by the concatenation functions cof ( 3.1 ) .

Composition is clearly associative
,

with identity ATVEV being the empty path
ich,

- { $ }E Patholxn )
.

Sopaisa small category .

Functoly

leth
:G→G' beamophismofgraphs,

andante

hfovbothhv
,hr= .

Wedefineafunctor Ph :PG→PG' onobjecbby (

Ph)lv)=h(v
) and

onmorphismsby 1Phksol} ) - { $ } foveach { d }EHompa( yv ) and

( Ph)( a
,

. . . ,en ) = (hlei)
,

. . .,h(en ) )

y=yInz±s. ..→vn±Nn+i=v '

foreach ( ei
,

. . ,en)EPathnk ,
' '

' ) Etlompalhx ' )
.

this isafunctorsinu



�4�

( Ph ) ( ( f , . . .

,
fm ) ° ( ey . . .

,
en ) ) = ( Ph ) ( ( ey . .

, en ,
fi

, . . ,

,
fm ) )

= ( h lei )
,

. . .

,
h ( en )

,
hff , )

,
.

.
.

,
hlfm ) )

= ( Ph ) ( f
, . . .

, fm ) ° ( Ph ) ( ey . .

,
en )

.

Sumrty We have constructed afunctor P
,

Unit : there is am orphism ofgraphs Za : a → UPG natural in a
,

defined

by sending v ->V and an edge e in a to the moyohism / edge

Ma ( e : v→v
' ) = (e) C- Path 11 ' '

,
' '

' )
.

( 4.1 )

This is clearly am orphism of graphs ,
and it is natural in G since if h : a → a

'

isomorphism of graphs ,
the diagram
Za

a - UP a

h|
,

|
,

UP h ( 4.2 )

a '
- UPG

'

Ya '

commutes
,

since on vertices

Uph (
Zak

) ) = OPH ( x ) = hlv ) = 7A , ( had )

and on an edge ex → ×
'

in G
,

U Ph ( 7 a (e) ) = UPH ( (e) )
= Ph ( (e) ) = ( hkl )

= Mai ( h (e) ) .
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Thefu=tI Given 6,8 we now define

Tear " Hom#( PG 8) → Homam±( 6
,

08 )

Ia ,o( F ) : = UF . Za 1 5.1 )

i.e. at upat us

" sit Ginside PG as paths of length 1
,

evaluate F
"

We need to show this is abijection .
The natural ity (2.1312-2) wekave As

exercises . We pwvebijectintyasa consequence of the following

Claim Mais the universal morphism of graphs from 6 into the

underlying graph of a category .

More precisely :  FE is a category
and x : a → UC a morphism of graphs,

there is a unique

functora : Pa → 8 ( the factorisation ) such that

at

: T

H,upgiua
' 5 "

commutes in GMPI .

Roof that Eaie is abjection , supposing the Claim sujectinly is dear : given d : a→Ub

we have I st . Qaida ) =L
,

as Iaie ( I ) = Uk °7a by definition .

For

injecting it suffices to hole that if there were A
'

with Tea,e( I
'

) = Tea . ( I ) =L

then by the uniqueness part of the claim
,

FIF
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Pwofofaaim Let d : G→ 08 be given .

We wish to  define afunctor F : Pad

such that 15.2 ) commutes . This

fire
for vauevlex of a

( 6.11 I( v ) = dlv ) ( since we need UIo7ak ) - xlv ) )

and for an edge e :v→x' of a

( 6.2 ) I( (e) ) - ke ) ( since we need UE°7a( e) - ale ) )
y

pathofwngthlinpa

Tobeafunctordmuhtsend an empty path atveoblpchtolheidentilyat
xlv ) eoblb )

,
and for a path of length n > ltobeafunctor I must

satisfy

I ( ey . . yen ) = I ( ( en )° . . . .°( e , ) )
=

I(¢nD°
. . .  o

Ike
, ))

= xlen )° . . .  °x( ei ) ( by 6.2 )

Soweadoptthisasouvdetnofd.

Toshowtiisafanctor it is enough to check

that on a pair of sequences

I( ( f , ,
. . . .fm ) ° ( ey . . yen ) ) = A ( el

,
. . yen ,

fi
,

. . . ,fm )

= dlfm )° . . . °d( f , )°2( en )° . -
. X(e , )

= ( Llfm )° . .
.  02 ( f , ) )o ( LC en )o . .

. odle , ) )
= I ( f , ,

. .
.

,
fm ) o Eley . . . ,en )

.

By construction UF°%=X and bytheaboveweteed is unique ,

completing the pwofoflhedaimandlhe Pwposition . D
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EI Pwvecommutalivity of diagrams ( 2.1 ) and 12.2 )
.

Dee Let a bean oriented graph and 8 a category .

A diagram in 8 of shape a
a

isomorphism ofgraphs a → UG
, or what is the same

• for every vedexv in G an object Lk ) of 6

• for every edge e :v→v
'

in a amophism ales '

- duh NY ' ) in 8
.

Examp= a = •¥• a diagram in AI of this shape is
Z3→K

2 ↳
( 7.1 )

2
!• 5 :<

By the Pwposition we may freely identify such a diagram with afanctor PG → 8
.

But this furnishes as automatically with a good notion of morphing of diagrams ,

namely ,
natural transformations of the associated function .

Lemmas With 6,8 as above let disk diagrams in 8 of shape a
.

A family of mouphisms { Ox : QK ) ' 221 " ) }vev( a ) defines a

natural transformation 0 : A ' Ie of function E : Pat 8

it and only if for every edge ei V→v
'

in a
,

a ,

2
, ( v ) -

22k¥ & (e) ( 2
. 2)m

v
' ) -7 dzlv ' )

Tv '

commutes
.
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EI Prove the Lemma
.

Dee With G
,

8 as above
,

a morphine of diagrams d
,

→ 22 in 8 of shape 6 is

a natural transformation di → Fz ,
i.e. a collection of A , as in the Lemma

,

making 17.2 ) commute for every edge e
.

Examplt Let Q be the diagram in ( 7 .

'

) and let Lz be

3

z - 2

3

&
L

2 ±
o

Then an example of a Morphis m R - dz is

÷±, -5 ,>÷¥I#et%H
z z

.

Dee Thecalegoyiddiagmmnsof shape a in 8 is [ PG
,

8 ]
.

The question we next occupy ourselves with is : when can a diagram G→U8

be approximated
' 'universally

"

by an object of 8 ? this is precisely how limit
and wlimits are defined .


