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MAST 90068 - Lecture 6

Recall that last lecture we defined a functor from topological spaces to simplicial set

S : top ->S±t ( 1.1 )

on objects by defining SX to be the functor SX : - hx . ( BJP
,

as in

DIP Ik top " ¥ Let ( l . 2)

where S• : D → top was the standards implies [NJHAERHH. Given

continuous Y :X → Y we defined a natural transformation ST " SX → SY
"

by hand " and in today's lecture were . examine this more abstractly via 44
.

Lemont Let 8,8 , ,
K be categories with 8 small and let Q : A - K be a

functor .
then there is an induced functov

A
a

" [ 8,8 , ] → [ 8
,

A ]Aa
( F ) = Q of

Aa ( d : F  → F
' ) : Q of  → Q of

'

{ Aak ) c
= Qkc )

Root First we need to check Aak )
, as defined

,
is a natural transformation

QOF  → QOF ! So let f : C 'd be a morph ism in 8
. Wehave to

check that

Aak ) (

( QOFXC ) - ( QOF '

:\ ° F ) ( f )" "

§!⇒u
-

catena
Aakk ,
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commutes . But this is the image under Q of the diagram

FC # FK

Ff f
,

§F' f

FC
'

- F
'

C
'

Xc '

which commutes by naturally of d
,

so we 've done : Aak ) is a natural transformation
QOF → QOF

'

and thus am orphism in [ C
, 8 . ]

.

So we have defined a mapping Aa on objects and morph isms
,

it remains to check

that it is functional : Aa ( id : F - F) (
= Q ( idc ) =  idac so Aa ( id ) - id

, and

Aa ( go f) c

= Q ( ( gof ) c ) (def " Aa )

= Q ( go . fc ) ( def "
composition of hat . trans )

= Q ( go )°QCfc ) ( Q is afunctor )

= Aa (g) (
° Aa ( f )

c

= [ AAG )°Aa( f) ]c

Hence Aa ( got ) = Aa G) ° AAH ) and we 've done
. D

Lemmas Let G
,

Cz
,

8 be categories with 8,9 small and let Q " 8
,

' Q

beafunctor . Then there is an induced functor Ba :[ 82,8 ] ' [ 58 ]

defined by Ba IF ) = Fo Q
,

Ba ( d : F ' F ' ) c
= Lac

.

EI Rove theLemma
.
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Examplt From D : 11 → top we get a fundor 1 AM
'

: HIP - T¥°P and thus

[ top "
,

set ] - [ III set ] = Stet

F - Foo ( D•)°P

( modulo T¥ not being small
.

Either ignore this or use a small , full subcategory
8 Etop including all the Sh 's )

.

The next step is to construct a fun ctor

as marked by the dotted line in :

T# - - - -
- → [ topop,

Let ] - [ HIP
,

Let ] asset

× - hx - hx . ( ATP = : SX

Lemmas Let 8 be a small category .

There is afunctur he , :C → [ 893 set ]
defined on objects by XH hx and on morph isms f : X → X

'

by
the natural transformation

ht : hx - 4×1

( htk : hxk ) - hxi ( C )
" "

Home ( GX ) Home ( C
,

X )

( hf ) ( ( x ) : -

fo÷, fox

== ' X
t
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Pw¥ 0 hfisanatural transformation of function hx
,

hx ' :8°P→£t

/ /

Suppose t :C ' C
'

in C
,

thus C - C in 89 ? Weneedtoshow

wmmutativily of the outer square in

hxlt )

hxk ) - hxk ' )
"

- of
G

1

qk,X ) -8(4X )

(hf)( µ. - f
→ £Ito

-°| ( hflcl

819×1 ) - Ek ',X=
 \ x

h×( c) - hxik ' )
hxilt1Buta11themavkedsquaveswmmu1ebydefYsoitisenoughtoshowthlinnersquanecommutes.whichistmesince7uisx-f.CxoHandLisx-CfoxJotwhichareequa1byassociatiuity@hctisfunctonal_i.e

.

hid =  id
, hgof - hgohf .

( hick )c( x ) = idxox - x :
. ( hidx ) .

-  idhxcd
.

'

- hideidhx

( hgof ) .
( x ) - ( gof )°x

=

go ( fox )
= ( hg )f ( htklx ) ) i hgof = hgohf

=[( hg )c° Chita ]( x ) as natural transformations .

= [ hgohifck )
D



SO

E¥ ( Yoneda Lemma ) Let 6 be a category ,
and F : 84 '

→ set

a function
.

Writing

at ( E F ' ) :  = { natural transformations F→F ' }

prove that the map

F- gf
: Nat ( ha

,
F) - FK )

,
Ioc

,
FK ) = decide )

is a bijection with the following properties

(a) Ioc
, . is natural in C : for any mophismf :( → C '

in Co there

is a commutative diagram

Tec
, F

NAH he
, F) - FCC )

n

- hg | f FH )

Natl ha
,

F) - FCC ' )
Ted

,
F

(b) Ioc
, F is natural in F : for any natural transformation di F  → F

'

there is a commutative

diagram
F

Nat ( he
, F) - FCC )

xo - l
,

t.tn
Natlhc ,

F ' ) - Ftc )
Ec

,
F

'

(c) Is there a unique family { Ioc,F}c , F of bijections satisfying the

naturally in (al
,

(b) ? Discuss .
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Corollary Let 8 be a small category .
Then thefunctor

he . ,
: 8 - [ e.

, set ]

is fully faithful .

It is called the Yonedaembetdg.

Roof Given A
, BE obl? ) consider F=hB in the above

,
and the maps

f- hf

-A , B) ± Nat ( ha
,t

Et
, h ,}

i.e. LHKAXIDA )

These are mutually inverse since

( hsta Cida ) - foida = f

and we already know by Ex 2 that EAHBB abijection . D

Conclusion Let top
'

be a small subcategory of T# containing { A
" }n% leg . finite

CW .complexes ) .

Then we have a composite functor

top
'

a-
top '°P

,
set

]=>[
Dot

,
set ]=J# ( 6. , )

Yoneda from D→T¥
'

which sends XETOI
'

to the simplkial set SX defined earlier
,

ie .

( 6.1 )

recovers ( more abstractly ) the functoronp .Q of Lecture 5.


