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MAST 90068 - Lecture 5 11416

In the previous lecture we introduced the simplex category 111
,

and in today 's

lecture we prove the fundamental theorem about it
.

theorem Any morphism µ :[ oh → ( PJ in A can be written uniquely as

µ=
Ei '

- - - Eis zil . . .

z÷
split mono split epic

with p7i , > iz > . - . > is 70 and oej , < - . . < jt < q and

q
- tts =p . The identity µ= l corresponds to s=t=0

.

N± [ q ] -2>[9-1]Is. . .  →7[ q
-t]l ( q - ti D → . . .l>[q++s =p ]

.

responsible for " kernel "ofµ

Root Let the elements j of [ 9 ] with mljkmljtl ) be

oe j ,
< . . . < jt < q

Observe that µ maybe written as µ=µ
' 25T for µ

'

:[ 9 - if → [ P ]

where µ
' (a) =µla ) for all Otacjt and µ

' ( a )=µlaH ) for a >jt
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Note For a=jt +1 lhe second def
"

µ
' ( a - I ) =µ (a)

Chet For Oeaejt we have

µ
' Yt (a) =p

' (a) = Ma )

while for a = jtt 1

{
by hypothesis !

µ
'

Zitljtti
) =µ' ( jt ) =µljt ) =

µ ( jtti )

and for a >

jt254 a) =µ( a- i ) = µ a )

Cta the list of j in G- if with µ
' ljkiiljh ) is j ,

< . . . < jt . ,
.

Pwofofdai÷ If Oej a jt with siljl - M
'

ljt ' ) Yhenyljl =µCjH ) so je{ ji ,
. . ,j← , }

.

If jajt and µ
' lj ) an

' ljtl ) then mljt ) = mljttz ) implies
mljth ) = mljt +2 ) contradicting that the original jt war maxima .

If jsjt then µ
' ljtviljt ' ) again contradicts maximally ofjt .
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Applying the same argument oh above to ml : [9-1] - [ p ] we

may continue writing µ
'

-

µ
" Zit ' ' and soon

,
until we have eventually

µ=jN
'

'
. . . rit y injective

Notice that two injective mophims in A- with the same image are equal ,

and for any sequence is > ' - - > is in { 9. . , P } the map

Ei '
.

. . Eis : [ p - s ] → ( P ]

has image { 0
,

.
. , P }\{ '

'

y . .

, is } by construction ( the later  e 's don't mess

with earlier ones because I, > . . > is )
.

Hence
,

if we take i , > . . . > is

in { 0
, . " ,p} such that { 0

,
. . ,PH{ is

,
. .

,
is } = IMIM ) = Im lei ) then

it = Eli . .
. Eis

.
Hence

µ=
Ei'

. . . EBZ '
'

'
' . . 25£ as claimed .

If we have ( for I, j
'

ordered as above )

Eli .
. . E

is zj '
.

. . net = E
ii.

. e
is "zji , . . zit

'

'

Then since both sides have the same image ,
s=s

'
and is-Ib for Kbes

.

Then E : - E
'

'

'
. - - cis is mono and EZ '

'

'
. . . net  

= EZK -
.

. 2 *
implies

z
'

'
. . . z

' 't  
= zii . . . X 't

'
'

.

But the ordered set { vii. .
.

 sjt ) is recovered

from 2=25 '
. :X 't

as the indices j st
. 747=29-+11 ,

so t.tl and jbajb all

,}
¥ Pwvelhat every epi in a is split,

and every mono is split

E± Is Homa (G)
,

[ B) finite ? If so
,

how many element does it contain ?
If not

, why not ?
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DE Let 6 be a category .

The opposing 89
'

has

• ob ( Cip ) = ob ( 8 )
• 8° Pla , B) : = 8 ( B

,
A )

• 89
'

has the same identities as b
• Gop : 89

' ( B
, c) x8°P( A , B) → 8°PCA , C) is defined by

Coop (9) f) = Ce ( f , 9), where ce :C ( B
, A) x C ( C

,
B )→8 ( GA )

is the composition in 8.

"

t÷¥÷±H*±÷
Examp= Let 6 be a category and Aeob ( b ) . Then there is atunctor

ha : 89
'

→ set

. ha (B) - Home ( B
,

A )

• for f :B → 13
'

in 8
,

so f :B '→B in 893

half ) : ha ( B ' ) → ha ( B ) is ha ( f ) ( x ) = xof ( in 8)
.

Lemme If Fi8→8 isafunctor,
the same data defines a function

Fop : 89
'

- 8°P,
with ( idq ) 9 '

- idzop
, ( a of )°P=G°PoF°P .
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Deft Asimplicialsetnisafanctor DIP → Let
.

Exampk_ For n70 define the standardising to be the topological space

In
= { x=Cx° ,

.
. ,xn ) epi

"
I Eixi = 1

, xiao }

and for any mophism f : [ 9 ] → [ P ] in B define the cts mapDt
:

11
→

ap
o  1 . . .  .

. q
°

, e .

If = !
; ( f ) : R ' "→RP

"

|g← restricted to A '

p

7
matrix has liij ) entry

equal to 8 i
, flj )

EI Check that for (9) Is[ P ] -9' H in A- we have Boost = It
,

re . that the above defines afanctor A- → To#, by [ D H D and

f I Df
. Denote this functor by D•

.

Dee The simplicialsi=mx of a topological space X is the

simplicial set SX : HIP → It defined by
- maps th X are called

( SX ) ( [ n ] ) = Hom ,#( In
,

X ) singularsimplies

( SXXF : Cp) → [ a
, ] ) : Homtop ( DP

,
X ) ->Homt¥( II

,
X )

/ y - to If
this is a morph ism in Dp

,
so really

f  is [ q ) → [PJ in ID
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Note We can while SX as the composite functor

aimstopper set

Next we want to make a category SSEI of simple ial sets and promote X 1→ SX

to afunctor top → Sset . Fovlhis we need the notion of a natural

transformation
.

Dd Let Fa : 8 → 8 be function .

A naturaltransfovmation_diF.sc
is the following data :

( l ) for every Ceob (8) a morph ism the : FC → GC in 8

subject to Hre axiom

(2) for every m orphism f : C→ C
'

in 8 he diagram

Lc

FC - ac

FHI / |
,

al f)

÷ '

an
(

1

commutes .

Remand If : F  → F defined by ( IF )c= IFK) is always a

natural transformation ( the identity natural transformation )
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Ex4_ If Fi
,

E
,

Fs : C → 8 are function and d : F
,

→ E and

B : E → E are natural transformations then so is pod : Fi → E

defined by ( pod )c= pcodc .

EXI Given fun don Fi :C → 8 for ie 4,434 } and natural transformations

x p r

IT - E - E - E
,

we have To ( pod ) - ( Top ) od
.

Further
,

if x : F
,

→ E

is a natural transformation

Its ° a = d = do If
,

as natural transformations .

These exercises prove that the next definition makes sense .

Dee Let E
,

8 be categories with C small .
There is a category [ 8,8 ] whose

objects are function Fi 8 → 8 and where mouphisms F  → Flare

natural transformations
,

with the composition defined above
.

Dec The categoyofsimplicialsebn is Eet = [ DIP
,

set ]
.

Examplt Given a topological space X let LK ) denote the poet whose elements

are open subsets of X with UEV if U is a subset of V
. Then LCX )

is a preorder, and we view it as a category .
The category of

ifa on X is simply [ 4×303 Att ]
.
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Lemmas The singular simplicial complex construction XHSX

is pavtofafunctor S : top → Eet
.

Boot We have defined Son objects .
Let 9 :X - X

'

beats map .

Then we have a function ,
denoted 9 . of

, for any n70

You
: Horn -#(Dn

,
X ) → Homey ( DX )

y ->gotWe claim these fit into a natural transformationSly) : SX - s×i L both aretundm ap→€

SCYley: ( SXXKJ ) - ( SX
' ) ( H )

" "

Homt#( DYX ) Homtopl DYX
' )

That is
,

we set Sl

Yknj
÷ Y ° E)

.
We need to check naturally ,

le .

that for any f :[ 9J → [ PT in 111 ( thus [ p ) → [ 9) in DIP )
the diagram

SH )[p]

( SX )( [p] ) - ( sx ' )( [ D )

( sxxt ) | / Csx ' )H ) ( 7.2 )i
X )( [ 9 ] ) - ( SX ) ( [ D)

S (9) [ q ]

commutes
.

But ( 7.2 ) is just
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To -

Homtop ( at
'

× ) - Homage ( IIX ' )

- off  - osf ( 8.1 )
Hom¥ld9

, # Horn.at#x't

where recall Sf : De → IP
.

But it is dear that 18.1 ) commutes
, e.g. for 8 : IP → X we have

2 - Toy

⇒ tae
yosf - yofoosf I

so we conclude SH ) is natural
. Clearly S( Ix ) = lsx and

s ( go f) - 519 ) os ( f )
,

so Sisafunctor . D

Note This model of spaces in simplicial sets is the starting point of

homologicalEY
If V : Set → AI denotes lhefreegwupfunctorfom

Lecture Z,
then the functor

at ¥ set "- AI

is the data from which ones defines the lintegral ) singularly Htk )
,

the principal algebraic invariant of a topological space X
.

( we will see this

construction in detail later )
.

The functionality of Sue have just shown leads

to linear maps H*X→H*Y for any FX→Y
,

which are fundamental .
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Examp1= Consider E9EiE ?[ it → [ 2] and the induced

some
's

'¥ ,
second - It:{H:D - axons

s
" ( xo ,x , ) - ( xo ,o ,

xi )

st ( scope , ) - ( xoixi ,
0 )

:•

He
"

.ae#EIein
@

&

-
11

' 6
Im ( se

'

)

Let X be a topological space .
Then

( s×X[ D) - Hom⇐( S
'

,
X ) = line segments in X

* )l4 (
( sx )( [ a )=Homt¥( six ) - triangles in X

denotes the image of

-
maps :s2→×

iEE*##IE¥D÷÷a:a¥¥¥.
( sx )(e°)( 5 ) :D '→X ( s×)(e°)( Dlxopa ) - ( oosokxaxi )

= Ho ,x°,x , )


