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MAST 90068 - Lecture 3 281>116

In this lecture we continue with examples of function ,
and introduce the

notion of a representing object for certain function
.

ExampI Let 6 beacategoy and A an object of 8
.

There isafunctor

A
ht : G - Let

x± B
'

• hA( B) = 8C A ,
B ) f

• forf :B -7131 , half ) :f( A ,B)→KAiB
' )

is defined by half )(x)=fo

: the sense of p . Oof Lecture 2

ie . z(M×N ) : = VCMXN ) there
E# Check

hAisafunctor.yExamp1e_LetMiNbeabdiangwupsandueca1lthattheirlensovpwduIxMQNisdefinedtobethequotientofthefneeabeliangwupZlMxMgenera4dbytheselxfmitmz.rD-lmnMtMzinBmymzeM.neNUffm.nitnzj-lmnD-lminzBmeM.nymeNLetmdeno1ethewmposileCLasinLecture4lMxN-7LlMxM-7lMxNKry-iM@N.i.e

. man : - µ ( mm )
.

This is a definition by
"

construction "
. Arguably more natural is the

following style of definition " universal properly texislenupwof
"
.

The point is that µ is the universal bilinear form on Mxn .
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Example Consider the

function
± - set

• FCT ) = { x :M×N→T / d is bilinear
, i.e.

d( Mitman ) =L ( myn ) + XC mz
,
n ) and

a ( MM , the ) =L ( m ,
n , ) +2 ( m ,

nz ) for

All Mi , Mz
,
MEM and ni

,
nz

,
he N }

• ftp..TT ' ) : FCT ) - F ( T ' ) is defined by
sending a :M×N→T to pod : MXN → T

'

.

Lemmas There is for every abelian group T abjection

It : Homn±( MON ,T ) → FCT ) ( 2.1 )

defined by Eto ) = T°µ . Moreover this bijectionis
natural ,

re
. for any mouphism p :T→T' the following

diagram commutes
TQT

Homabl MONT ) - Ft ) ( 2 . ⇒

| p° - | Flp )
× x

HomA±( MAN ,
T

' ) - F ( T
' )

Bp ,

Pwof_ Bywnstuctionm : M×N → MON is bilinear
.

we claim it is

until ,
i.e. that if d :MxN→T is some other bilinear form

then there is a unique K : MON →T such that

Tmopbisminab



Mx

Nt
Man

fhek£:7LlMxN)→Tisth⇒

m orphism determined by a according

( 3.1 ) \
,
¥ to lemma on p -8 of lecture 2, so

Ao L = a and I is unique with this
x

property ]

wmmnuks

The existence of d- is dear : bi linearity of a means

£
( R) -0

,

so L factors via

2(M×NY<R>.=

MAN
,
and we call this factorisation I

.

By construction I on =L
,
and I is unique making 13.1 ) commute ( why ? ) .

We conclude that

It
'

( a ) = I

defines a two - sided inverse to IT
, completing the proof (naturally is

an easy exercise ) . D

Notes We can rewrite ( 2 .

1 ) as a natural bijection

hmon ( T ) ±> FLT )
.

we say there is a naturalisomouphismoffunctoif hM•N± F
,

and say that ( MON
, µ ) is the solution of a univenalpwblem ,

namely : what is the universal bilinear form on M×N ? This

universal problem is encoded by F.

Note We would like to make the connection between a family of bijections
( 2.1 ) which is natural (2-2) and the notion of a

" universal bilinear

form on Mx N
'
?
Suppose to this end that we had never heard of the

tensor product , but suppose we were given an abelian group P and

a family of bijections , one for each TEAI



0It :Homa±( P, T ) t Ft ) ( 4.1 )

which are natural in the sense that the diagrams ( 2.2 ) commute for all B
with Pinplauof MON . Applying 14.1 ) to

IP
we have

Homn±( P,
P ) ¥ FCP )

:
.

µ
: = Ep ( IP ) is some bilinear form µ :MxN → P

.

Now observe that if d :M×N→T is any bilinear form
,
XEFCT )

,
so

IOTK ) isomorphism P→T to which naturally 12.2 ) may be

applied .
that is

, with p= ETK )
,

Homa±( BP ) ¥ > FCP )

po - | | FCP ) ( 4.2 )
×

v

Homes ( P, T ) - FCT )
TQT

commutes
.
But this means

a = ETC It 'k ) ) a

= QTCETK ) . lp )
M×N - T

= ET ( p . - Xlp ) r\,p%. Eita )

by commutating
-

= FCP )Ep( Ip )
of ( 4.2 ) =p °µ .

That is
,
d factors through µ . Moreover , this factorisation is unique :
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If P
'
: P→T were another morph ism with p 'oµ - a then by

naturally for ¢
zp

Home ( P, P ) - Fl

Pa , ,

FIP
' )

x

Homa ( P, T ) ¥ FCT )

commutes
,
and

Flp ' )Ep( Ip ) =p 'oµ - a - €
, ( p )

11

Et ( Plo - ) ( ip )
11

It ( p
' )

so we conclude p =p !

Upshot The bilinear form µ : Mx N → P isunit among bilinear

forms on Mx N
,
in the precise sense that any other bilinear

form a : MXN → T factor uniquely through µ .

EI Deduce in the above situation a unique iso Mo N ¥ P such

that the diagram

Mo N ->

tu '

n

MXN

commutes .


