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Lecture 29

In this final lecture
we sketch the proof of our main

application of the homological algebra

that has been developed over the course of the semester :

theorem
( Serve ) Let ( A

,
M

,

k ) be
a nuethenian local

ring .

Then A is
regular

lie . non
-

singular) if and
only

if gl
. dim A < oo

,

and in this case

gl
. dim A

 =

dim A

the part left to
prove

is that A is

regular
←→

gl
- dim (A) < A

. We
begin with a

reminder on regularly
:

Theorem / Definition ( See
Aliyah

& MacDonald
' '

Introduction to Commutative Algebra

"

11.22 )

Let Him
,

k ) be a Noetheniah local
ring.

then A is
regular if the following equivalent

conditions are satisfied
,

with D=  dim (A)
,

li ) Gm (A)
:  = Ahn a

"

YMZQ
-

'

'

is
isomorphic as a graded

k -

algebra
to k[ xy

.  
.

.

,
xD ]

.

lii ) dimk ( mlmz ) =D

liii ) m can be
generated by

d elements as an ideal
.

Remavk_
If X

= 2 ( f
,

... ,fp ) EKM where fie k[ xy
. .

.

 Mm ] and PEX
,

A
 

=

Ox
,

p

then
regularly of A is equivalent ( for kalg .

 closed ) to the Jacobian ( 242g.

)

having
rank

m
- dim X at P

,

i.  e. the usual notion of  non singularity
in

geometry
.
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Example
A

 = kkx
's

.  .  
'

AND is local of dimension n
,

and

mlmz
 

=

( "  
"

 '  '

'

' '

%
,

...

, any

 ⇐kx
,

a
.  .

-

a kxn

so dimklmlmz ) th and A is

regular .

Non-examp1=
A

 =

kkui
'D/u\

,

man .

-

' "
"

Kum  -

( off
,

III.Ii )

, µ ...

a
Ky 20

. .

= kuokv

So dimklmlnp)
=

2 # 1
= dim A

,
so A  is not regular . Geometrically

,

( MlmY*

is he
tangent space

to the
origin ,

and A is the completion of the
came

Uv
= 0 in At

at the
origin ,

i.e.

×

×

In

*

*#*\
A

 =

Ox
,

x

and the basis uYv* of the tangent space corresponds
to the two local tangents

at 0
.

Remain Geometrically
,

A
occurs as the completion of the local

ring of a nodal came

×
n

µ
A

 
± Oxo

ytxzlxti )
= 0
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We
proved

last lecture that  if A is
regular, gldima

= dim A
,

so  
it

only
remains to show

of
. dim (A) < a ⇒ A

regular .

For
any

Noetherian local
ring

we have dim (A) edimklmlmz )
so the strategy is

,

assuming gl
. dim At < a

,

to
prove

two
inequalities

dimk ( mlmz ) E gl
. dim (A) E dim (A)

�1� �2�

the second is a
consequence

of the Auslander - Buchsbaum formula
,

which
says

for any fg .

A - module M with
pwj

. dim ( M ) < N we have

pwj
.

dim I M ) t depth IM ) =

depth (A) e dim (A)
,

and

g.
 dim (A)

=

pwj
. dim ( k ) from last lecture

.
We will focus our

attention instead

on the
proof of

�1�
.

It will follow from

theorem _A Lets = dimklmlmr )
.

Then

dimktoret ( k
,

k ) > ( I ) oeies
.

We will sketch the
proof in a moment

.

But first
let

as see how it
implies the claim

Pwof of sends Theorem As
we have discussed

,

it D

enough
to

pwve
s

egl
. dim (A)

.

But recall
gtdim

(A) en # Toriti ( k
,

k
) = 0

,
hence Toro

. ( k
,

KHO ⇒ gldimlapi .

But

dink Tors I k
,

k ) > (
's ) = 1

so

gl
.

dim (A) > s
. D
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Remand One of the first applications of Serve 's

homological
characterisation of

regularity
was to

prove
that if A is

regular then so is Ap for any Prime p
.

This is not obvious from the definition
,

but is

easy
once

you
think in terms

of global
dimensions ( as Ap is flat over A )

.

Roof of Theorem A ( sketch ) The
pwof plays off two

complexes .

the first is a

minimal free resolution
,

which is a projective
resolution

22 2
,

E

. .
. → L

,

-

↳
- K → 0

in which all Li are f.
g.

free and the
map

E
: ↳ → K and Li

 

→ IMF
i

are minimal for is 1

.
Am orphism a : M → N of f.

g.
A- modules is minimal

if  it induces an isomorphism
MQAK

→± NOAK
.

Since

2 it  i

Lin
-

Li
 

→ Imai

is zew
,

we deduce that the Matias Ji for  i > I all have entries in th

,

i. e. Tri QAK
=

0
,

and
consequently

Torp ( k
,

k )
-

Hi(
-

- - °→Lioak -°'↳ oak )

E

Li QAK

which
implies

dim KTWIA ( k
,

k ) = free - rank
A

( Li )
.

Minimal free resolutions exist :

if MMM has basis UT
,

...

,
Ta for UIEM then A

0  a

→
M with

components ni

is minimal
,

so we can build
up

minimal resolutions in the usual
way

.
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The second
complex

is the
Koszuliomplex of a set of generators

of M .

Since

dimkmlnp
=

s

we

may generate
th by

elements ay
.

.y9s ( not
necessarily

a

regular sequence
! ) and we define a complex

K
by

Ki
- Ni ( Aaa

.  .
.

a AO . )

2.
 = ( EE,

a :O it ) s C- )

( contraction

1. e .

i

e- \

di ( Oj ,

^
.  -

.

^

On.

) =

[ H ) aje Oj
,

^
. .  . ×

Ojen
.  . ^

On.

e= 1

This complex ends in

2

.  . .
. .

 

→ K
,

-
Ko

11 U
h

AO
,

o
. . .

a A Os - A

( a ,  

-

-

-

as )

so Hok
= Akai

,

. .

,

as )

=

Ahn = k
. By one of our early

results
,

there is
a

chain

map
f

: K -7 L
lifting

the
identity

on
Hok

± K 't
k± Ho L

.

Some technical

work ( using
the fact that are understand the Koszul

complex very
well ) leads in to

conclude each fi
:

Ki
 → Li is a split mono

.

Hence

( I )
=

free . rank ( Ai C Aa
,

a
.  

. .

a A Os ) )

= free
- rank ( Ki )

a free . rank ( Li ) = dimk Tori ( k
,

k ) . D


