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Lecture 28

Our aim in today 's lecture is to pwve one half of the theorem of Seine quoted

at the end of last lecture
. Specifically ,

we aim to
phone

theorem
.

Let ( Aim ,
k ) be a Noetherian local ring .

Then gl . dim (A) = pwjdimalk )
.

Some reminders : in this lecture all rings are commutative
,

a local ring is a ring with a

unique maximal ideal
,

a ring R is Noethenan_ if every chain of ideals . . E an E anti E - -  -

satisfies an = anti torn > 70 . When we

say
"

let 1 Aim ,
k ) be a Noethevian local ring

"

we mean MEA  is the
unique maximal ideal and k - Ahn

.

The dimension dim (A)

is the length d of the longest chain pocp ,
c- . .

Cpd of prime ideals in A
.

If A = Oxx

is the ring of germs of regular functions at x on an algebraic variety X then dim (A) matches

the geometric notion of dimension of X at x
.

Remaik Most of what follows is from Matsumura 's book on Commutative Algebra ,

and
my

holes on his book from the rising sea .

org
.

From now on let ( Aim ,
k ) be a Noethevian local ring .

The strategy to
prove

Theorem I is

express .gl .
dim A in terms of Tor against ,

then compute invariant of k
.

theorem Let M be a finitely generated A - module .
then M is flat .

 IH
.

 it is projective iff . it is free .

Rod Let m= dimk ( MMM ) . By Nakayama 's lemma we can find generators uy . .

, um

for M as an A- module ( i

map to ak - basis of 111mm )
.

Let e : A
on

→ M have

ith component A  → M
,

1-7 Ui so that we have an exact
sequence

o → K → A 0msM - 0 11
.

1)
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Now suppose M is flat ( in fact Tom ( M
,

k ) = 0 is enough ) .

Then we have

exactness of the first row of

0 → Kaak - A
•

Moak - Mark → 0

112 112 H L

o → Klink - Kam - Mhnm → 0

n

By construction
µ

in this diagram is an isomorphism
,

so Klink = 0 and hence

by Nakayama 1<=0
,

so M ± AOM is free . D

Proposition If M is a f. g.
A- module then for n > 0

pwjdima Men # Torntt
,

( M
,

- ) = 0
.

Pwot By dimension shifting if 0 + K → F  → M → 0 is exact with F flat then

Tori + , ( k
,

N ) ⇐
 

Tori ( M
,

N ) for  i > I
,

and since projective are flat we

can conclude ( ⇒ ) holds by arguments similar to those in Lecture 27
.

For k⇒ suppose
Toman ( M

, -1=0 and that 0 → K → Pn
. ,

→ . .  → Po → M→O

is exact with Pi projective and f. g. By Are familiar arguments K is flat
,

hence

projective ,
so pwj . dim AMEN - D

¥1 gl . dim IA ) = mf{ n > - l 1 Tornanf ,
- to }.
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Gwllauf If M is a f. g.
A- module then for n > 0

( see lemma 123 of  my
Matsumura holes )

pwjdima Men # Torntt
,

( M
,

k ) = 0
. @

Root We prove by induction onn
,

the statement Pn : V f. g.
M # holds

.
The base

cone Po was our theorem earlier
,

so it remains to
prove the inductive step .

Let

M be a f. g. module with Torntz ( M
,

D= 0 and suppose Pn holds
.

From the

long exact Ext
sequence of 11.1 ) we have Exti

"

( k
,

- ) ± Extilm
,

- ) for izl and

pwj .

dim M E pwj .

dimkt 1
.

*@

For the same dimension shift reasons
,

Tornh ( M
,

k ) ⇐ Torn ( k
,

k )
.

Hence if Pn holds
,

since ( ⇒ ) in @ is already proven , topwve Pnti we need

only show Torn +2 ( M ,k)=O⇒

pwj.dimMEnt2.ButitTormzCM.kj-OthenTorntilKikkOandsobyPnfovK.pwj.dimKEntbwhenubyx@pwj.dimMEnt2andweavedone.D
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theorem gl . dim A  =

pwj . dima ( k )
.

Roof We
prove first that for n7O

gl .dimA< n <⇒ Torn ,
( k

,
k ) = 0

.

The implication ⇒ follows from our earlier observations . Suppose Torntilkik ) - 0 .

then pwj . dim ( k ) < n by D . Computing Torn HIM
,

k ) using a projective

resolution of k of length < n we see that it vanishes for any
module M

,

and thus pwj .

dim I M ) En as well .
Hence gl . dim At has claimed

.

Since pwj .
dim ( k ) en ←→ Tornnlkik )=O it follows that gl .

dim A =

pwj . dimlk )
.

�1�

So at least we have reduced the calculation of gl . dim A to that of pwj .

dim I k )
,

for

Noethenan local rings ,
and it remains to show that this number pwjdimlk ) has

some geometric content
. Recall that XEA is regular or a non -

zew divisor

if the multiplication map
x : A  → A is injective . there is a generalisation to

sequences which we need
.

DEI Let M be an A - module and ay . .

,
an EA

.

We
say this is an

Mtegrsequenceif ( ay . .

,
an ) M # M and

• a
,

: M → M is injective

• for  all ki < n
,

the map

Mka
, . .

,aijM# Mca , ,
. . .

,
ai ) M

is injective .



@

Remand ( i ) If a
sequence ay .

. .

, an is A- regular lie . M= A) we simply say it is regular.

(2) If { a
,

. .

,
an } EM and M is f. g.

then ay . .

, an is M -

regular Tff
.

96N
,

... ,a6(n ) is M - regular for any permutation 8 ( this not obvious
,

see Matsumura for the proof )
.

(3) If ay . .

,
an is M -

regular so is a b. . .

,
am for MEN

.

Examine the variables xy .
. .

, an E KU xy .
. . ,xnD=A form a regular sequence ,

as do any powers xiai ,
. . .

,
xnah for a ;D I

.

Exampled Suppose A is regular ,
so that dimklmlm 2) = dim A  =D

.

Then
any

set of generators xy .
.

. ,xd forth as an ideal
gives a regular sequence

( for context see the statement about Gm (A) on p
. 0 of Lecture 28

and the material on quasi
-

regularity
in Matsumura )

.

Understanding the relationship between regular sequences and projective dimension

B the key to
proving Serve 's theorem

.

Note that projective dimension measures

hair a module is from being projective .

While k[ xy . . .,xn ] is obviously a projective

kfxy .
.

,
xn ) - module

,
k[ xi

,
. .

.

,
xn - if =k[ " '

s
. .  ixn ]/( xn )

is not
,

as it is torsion
.

Propositions Let M be a f. g .

A - module
.

If pwj .

dim M = r< a

and xeth is M - regular, pwjdim ( Mlxm ) = rtl
.

Root By p
.
�4� of Lecture 28 it suffices to

prove

To rr+z (141×14,12)=0 ,
and Torra ( M/xM

,
k ) FO

.

The long exact Tor
sequence associated to 0 → M IsM → Mlxm → 0

past Torr looks as follows
, using that

 

Tori ( M
,

k ) = 0 for is r
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0 0

" "

...  → Tora ,( M ,k ) # Torra ( M

,k)→Torr+i(
MXM

,

}=O(
Torrlmik ) "->Torr( Mir ) - .  . -

fwmuhichwededuulordtllxm ,k ) = Ofori > rtl
,

and Torndmlxmik )

isisomouphictotorrlm ,k)tO . D

Pwpositouniletmbeafg .

A- moduleanday . . ,asanM -

regular sequence .

If pwj .dimM=r< aothenpwj .dim( Mkay . . ,as)M ) = rts
.

Pwot By induction ons . D

Pwpositionli Suppose mcanbegenemkdbyavegularsequenuay .
. . ,ad .

Then

gl .dim( A) =D
.

Root We have K - Ahn = Akai
,

. . ,ad ) henabypwp # and the theorem

gldimtt ) = pwjdimalk )

=pwj.dima( Akai
,

... ,ad ) )

=pwj .

dimahttd

=D
.

D

Inthiscased --dim( A) sowehavemoveovershownlhatgldimtt ) computes the

geometnc
dimension

,
which is therefore an intrinsic homological invariant . of

the abelian categoryAtldthisisamotivatingexampleofthe paradigm

modules homalg .

Space - Category - Invariants

X Ox ,x- Mid EXFC - it ,Tor*C .

,

- )


