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Lecture 27

In the last week we develop one of the first and most impressive applications of

homological algebra to algebraic geometry :  dimension .

Our aim is

to prove a theorem of Seine which characterises non - singularity of  a point x

an algebraic variety X in terms of the

bifunctorsExtrft
,

- ) : ( RtddfpxRtod- AI

where R = Ox
,x is the ring of germs of regular functions on X at x

.
we

begin with the basic theory of homological dimensions
.

Detn Let R be a ring and M a nonzero left R - module
.

Let DM be the set of
all integers n > 0 for which there exists an exact sequence

0 → Pn → Pn
. ,

→ . . .  → P
,

→ Po → M → 0 11.1 )

with all Pi projective . We call this a projective resolution of Length . We define

the projective dimension of M to be the length of the shortest such resolution
,

if one exists
,

and A otherwise :

Pwjdimr ( M ) :  = {
• Dm = $

in FDM otherwise
.

Renaults 1 1 ) We set pwj . dimr ( o ) =
- 1

(2) If MFO then pwjdimr ( M ) = 0 # M is projective
(3) If he Dm then NHEDM as we can make from 11.1 ) an exact sequence

O → P → Po Pn → Pn - it -  -  . for any projective P.

( to ) ( 0 On )
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Lemma_ ( Dimension shifting ) Given R - modules M
,

N and an exact sequence

0 → K → P → M → 0

with P projective ,
we have for all n > I

Extklk
,

N ) = Extnr" ( M ,
N ) ( 2. 1)

Root From the long exact sequence for Ext we have for n > I a piece

- . . → E
.xtklP

,
N ) - Ext,IK,

N ) )
( Extn 'E' ( M

,
N ) → Extnr

'

( P
,

N ) → . . .

Since Extnr ( BN ) =O for n > 0 we deduce ( 2 1)
. D

Examine Let R be a PID .
As submodules of projective are projective for PIDS

, every

R . module M has a projective resolution of length 1. Hence pwj .
dim RME 1

for all M
,

and

,

Pwjdimrm = { jt
if 14=0

if M is projective = free

1 otherwise
.

Example Let R= kk ]bc2
,

and consider the projective resolution of K = R/xR
,

X )  c

- - . =] R - R - R - K → O
.

( 2. 1)

We claim this module k has he finite projective resolution
,

so pwj.dim.pe ( k ) = a
.

How tojustify this ? Suppose to the contrary that K did have a finite projective resolution
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O → Pn - .  . .  → P
,

→ P
.

→ K  → 0 ( 3. 1)

Define Ri = Ker ( 2.  '

 - Pi → Pi - I ) with Risk
, so that we have exact sequences

0 → Ro -7 Po  → K - 0

0 - R ,
→ P, → R

.
→ 0

'

:

0 → Rn
. ,

→ Pn . ,
-

Rnz
→ 0

By dimension shifting we have for any module N and m > I

0 =

Extm( Rni
,

N ) ( Rn . eh ., is projective )
± Extm

" ( Rn .↳N )
± .  . .

=

Extmtn
'

( Ro
,

N ) to

±

extmtn
( k

,
N )

Thus Extilk , N ) - 0 for all I > n and R - modules N
.

But now consider (2-1)
,

which is made up of shoot exact sequences of the form

0 → K

-9>12
→ K - 0 where YC 1) =xeR

.

From which we deduce , again by dimension shifting ,
that Extm ( k

, N ) ± Extm "
( KN )

for any m7l
. But then we are led to a contradiction

,
since this would imply in particular,

Exttlk ,N)y±Ext4k,N}±. .  .  ÷Extn
"

( k
,

N )

=p
0

/ from *0
dimension  shift

which implies k is projective ( which is false , for  instance 0 → k → Rtkto a bone is

not  split ! ) .

This contradiction proves pwjdimrk =D
.
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What we have done above in # didn't depend on k
,

so actually we have pwren

one direction in

Lemma_ The following are equivalent for an R . module M and n > 0

lilpwjdimrlm) en

lii ) Ext 's ( M
,

- ) = 0 for i > n

liii ) EXHI
'

( M
,

-1=0

nt I

Pwof We have done lit ⇒ Iii )
. Suppose Extr ( M

,
N ) = 0 for every R - module N

,

and let 0 → K → Pm ,
→ . . .  → Po  → M → 0 be  an exact sequence with

Pi projective and R arbitrary . Then by dimension shiftingExtrtlk
,

- ) ± Extnrt
'
( M

,
- ) = 0

as function ,
so K is projective and pwj . dimr ( M ) en

. D

Upshot We have for MFO
,

pwjdimr ( M ) = in f{ n / exists a projective resolution of M of length n }
= in f{ n I Extnr"

( M ,
- ) = 0 }

The Ext - characterisation of dimension is mud easier to use :

E¥ Use Exttzlmo Ml
,

N ) ± Extflm ,
N ) a Extkln 's N ) to prove that

pwjdimr ( Mon ' ) = sup { pwj . dim M
, pwj . dim M

' }
.
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Det The globaldimension_ofan.mg R
,

denoted gldim ( R )
,

is

gl .  dim I R ) = sup { pwj . dimrm I M is an R - module } e IN UH }
( s .

, ,

Ext Pwue that gl . dim ( R ) = in Hn > - 1
1 EXTYIG -1=0 } where the infimum

of the empty set is a
.

FI Prove that gl . dim I R ) = sup { Pwj . dimrtl IN is afinilelygeneraled R . module }
.

Examples (1) If R is a PID then gldim ( R ) = 1 ( e.g. k[x]
,

k a field )
(2) If K is a field then gl . dim ( R ) - 0

.

(3) gl . dim ( k[ " I 1×2) = a
.

An important theorem that we willnot have time to prove is

theorem ( Hilbert 's Syzygy Theorem ) If k is  a field
, gl .

dimklxy .  . . ,xn] = n
.

this says that  if you start constructing a projective resolution of any kky .  . ixit - module
. . .  → P,

→ Po → M → 0 then the kernel of Pn
- ,

→ Pn
. z  is always projective !

The above examples suggest that at least for  smooth things ( identify k[ × ,
. .

, xn ]

with Ak ) the global
dimension

recovers the geometric dimension from just
the category 121701 .

This doesn't work for 4×7×2 ,
which is singular .

Indeed
,

a beautiful theorem of Seine pwves that this is the case

theorem ( Serve ) Let ( A
, M

,
k ) beanoethenian local ring .

Then A is regular
lie . non - singular) if and only if gl . dim A < oo

,
and in this case

gl . dim A  = dim A


