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Lecture 26

Most of this lecture
was a condensed

exposition of Are basic

theory of

right
derived functions

, following
Section 7.2

of
my

"

Derived Function
"

notes
.

I

say
winded

,

because the

theory
is

parallel
to what we did for left denied function .

These notes contain the material on Ext which I

explained
,

but is not contained

in the

"

Derived Functos

"

notes
.

Let R

bearing

and M
an R

-

module

,

and consider the functor

T
=

Homr ( M
,

-

) :

Rtlod →
AI

.

This is a left exact function
,

so we have
R°T±T

.

Torn > 0
are denote the

right
derived function of T

by

Extnr ( M

,

-

)
:  =

R

"  

T
:

Rtlod →

Ats
.

i. e . Extnr ( M

,

N )
= Hh ( Homr ( M

,

I
N

)
)

where IN is
an

injective
resolution of N

.

If
of

: M → M

'

is an
R

-

linear

map

it

gives
a natural transformation

¢*
:

Homr ( M

'

,

-

)
→

Homr ( M

,

-

) ( F)
n

( a
)

=

a. of
.

!
Y

T

'

T

and hence a natural
transformation

Rn¢*

Extend
Ml

,

-

)
= Rn

 

T

'

- Rn T

-

Ext KIM
,

-

)

and for an R
-

module N we set Extfl ¢
,

N

)
:  = ( Rn$*)µ

.
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EXI
Check that this defines abifunctor

Extra
-

st :( RildtpxRtkd
- AI

( MN ) it
Ext KIM

,

N )

( ¢
:  

Mt M

'

,

a

'

-

N
'

N

'

) l→ Ext ,kl$
,

N

'

)
o

Extf (
M 's d)

=

Extnr ( M

,

2)
°

Extnr ( $
,

N )

Remade
If 0

→ M

'

±
'M

I
M

"

→ 0 is exact then the

sequence
of natural

transformations

¢*

Homr ( M 's
-

)

¥
Homr

( M

,

-

) → Home ( M

,

'

'

)

is exact
on

injective
( see the Denied Function hole

,

Definition 12 ) and thus

by
Proposition 45 there we have a

long
exact

sequence
for

any

R
-

module N

0 → Homr IMYN ) - Homr ( M
,

N ) → Homr ( MN )

(
EXHEIMYN )

→

Exttlm
,

N ) → Extklm 's}
.

-

M E

In
particular if a

module M has
a

projective presentation

0
→

R →
P

 

→ M → 0

we
have

an exact

sequence

0
→

Homplm
,

N )
→

Homr ( BN )
#Homr I R ,N )

→ Extflm
,

N ) → 0

and thus
an isomorphism

EXHECM
,

N )
±

Extffm,Nj

"

,
where the RHS is

Gkevµ*,

our

original
definition of

Ext
.
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EXI
We made Extfef

,

- TH
into a bifunctor .

Prove that the isomorphism of

the

previous
remark is natural in both variables

,

i. e.
a natural iv. of b) function

EXHEI
-

it )
±

Ext Et ,

told
.


