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Lecture 21
.

We now know that A Mod has enough infective . Building on this one proves that

any Gwthendieck abelian category has enough injective ( e.g. quasi - coherent

sheaves on a scheme )
.

This is of fundamental importance because while projective

may seem move
" natural

"

to us
,

in practice ( at least in algebraic geometry ) it is

the injecting that one ends up using to define derived function like Ext , for the

very simple reason that while every awthendieck abelian category A has

enough injective,
A may

filthgkptojctis:Ed( Hard ) Prove that a quasi - coherent sheaf on IP
' ( c ) is projective

in Qwh ( IP
' ) if and only if it is zew .

This is typical of non . affine schemes
.

With this in mind
,

the aim of today 's lecture

is to better understand injective modules over commutative Noethenan rings .

we begin
however with some general theory of injed#p, following Mitchell

"

theory
of categories

" IT
.

2
.

E± Pwvelhat EXHQ , 2) ± R as abelian gwups .

Let A bearing

,
8 = A Mod

.

Def An essentialness of a A module A
'

is a monomouphwm
u : A

'
→ A such that for any nonzew sub module B of A we have BAA 't 0 .

Equivalently , for every Ot a EA there is XEA with Tae A ! Rat O
.

Apwtr extension is u : AHA which is mono but not an isomorphism .
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Lemma1_ A mono a : A '→A is an essential extension if and only if every

morph ism f : A  → B such that fu is mono
,

f itself is mono .

Root f not mono ⇒ Ker HHO
, so  if a is essential

,
Kerlf In A 't 0

,
hence

fu is not mono .

If his not essential
,

let Cea be a sub module with C na
'

- 0
, ( to

,

and let f :b e A  5Ak
.

Then A
'

→ A  → Ak is mono but f is not . D

Lemmj
Q is injective Hand only if it admits no proper essential extension

.

Boot If Q is injective and u : Q → A essential then u is split mono , say A  ± QEQ !

But then Q ' n Q = 0 implies Q± 0 so u is not proper .

Suppose every essential extension of Q is an Do .
Since A Mod has enough

injecting ,
let QtI be mono with I injective .

We show L is split,

from which we get Q injective .

Let 8 be the set of submodules MEI with MAQ 0
. Then is a puet,

and if { Mi }ieI is a chain then Vi Mi - Q Mi satisfies

( Vitti )nQ - Ui ( Min Q ) - 0

so every chain in 8 has an upper bound
. By Zorn 's Lemma there is a

I

maximal element IT
.

Now
,

since ITAQ = 0 the map Q → I ' Ttt is mono
,

but not epi ( if  it is
,

Q →I is split and we are done already ) hence by hypothesis

not an essential extension .

But if Ot BE FIT satisfies DNQ = O then

B : - It B) a sub module of I with B 3. IT and BAQ = 0 in I
, contradicting

maximally of IT
. D
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Def A dirHfamilyofsubmodu= { Mi }ieI of a A module M is a family
of submodules Mi  E M st

. for every pair i
, je I Have is KEI with

both Mi E Mk and Mj  e Mk
.

Lemm=3
If every element of a direct family of submodules { Mi }ieI of M

is an essential extension of some fixed AEM then Ui Mi - Ei Mi

is also an essential extension of A .

Lemma4_ If u : A  → 13 and v :B → C are mono
,

then vu is an essential

extension iff .
both a and v are essential extensions

.

EOI Prove Lemma 3 and Lemma 4 .

D# An injectiveenvelope for a A module M is an essential extension M → I

with I injective .

Examp1= 2 - Q is an injective envelope in AI
.

Ex4_ For p a prime let Zpa EQK denote the subgroup of assets ¥ ] with Aek

and SDI . Pwve that Zpoo is an injective envelope of Zp - tlpk in AI
.

LentIf ul : M → Ii and uz : M ' Is are injective envelopes then there

is an isomorphism 0 : I
,

→ Is with 0 ° U ,
= 42 ( O is not unique ! )

.

Root Since Iz is injective ,
there is 0 with Oou ,

= Uz
.

Now
,

O is mono by
Lemma 1

,
and an essential extension by Lemma 4 ,

hence an Iso by Lemma 2
. D

Even though injective envelopes are only unique up to nonunion iso
,

we sometimes abuse

notation and say
" the " injective envelope .
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theorem Every A- module M has an injective envelope ,
denoted ECM )

.

Root Let M → I be mono with I injective ,
and 8 the poet of all submodules AEI

which are essential extensions of M . Any chain in 8 is a direct family ,
so the

union is by Lemma 3 again an essential extension ,
so by Zorn 8 has a maximal

element At
.

We claim At is injective .

It suffices by Lemma 2 to show At admits no

proper essential extension . Suppose for a contradiction u
'

. At → T were such

an extension
. By injecting there is f making

A- - I
T
Note this also shows that

in it MEI with I injective ,
then

T
, gif MEEHDEI

,

properly understood

commute
. By Lemma 1

, f is mono . But then by Lemma 4
,

M - At → T

is an essential extension bigger than 5
,

a contradiction . D

TEM( Mattis ) Suppose R is a commutative Noethenan ring .

then every injective
R - module is awpwductof injective R - modules of the form ECRIP ) ,

as p varies overall prime ideals PER .

¥5 Prove directly lie . without the Theorem ) that QK ± Gp prime Zpaof Of ECZP )
.

As we already know Q - E ( k )
, we have essentially accounted for all the injective

f- divisible ) abelian groups .

Observe that 0 →Z→Q→Q1Z→O can be

written now

:
→ 2 → ECZ ) → Of Etkp ) → O

.

this is actually typical : the injective resolution of a ( nice ) ring R puts the ECRIP) 's

in order according to the dimension of RIP .
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Examp= since R - EKT is a PID
, injective - divisible

. Clearly the field

of fractions EGD is divisible
, as is ¢M/e[x]

,
whence both are injective .

The prime ideals are 10 ) and ( x - X ) for XEQ and with Exit ¢kY( x-D

Eick ] ) - ccx )Elex
) - { gets. I akteetp ,

sa } eektlck ]
.

By Mattis
, any injective is a wpwduct of copies of these . In particular,

¢KY¢[x] ± ¥€E( Ex )
.

Observe that in the exact sequence

0 - ¢[ x ] - E ( x ) ¥ax ) /¢[ ⇒ → O ,

a rational function F  =P "
Yqlx) is sent to components tlfhe Elex )

with TLF )x=0 ←→ Fis defined at 7
,

and otherwise if AIF )x=a%c . As

in lowest common denominator,
s is the order of the pole of Fat 7

.


