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Lecture 12

In this lecture we define singular homology
and cohomology of topological

spaces
.

Recall the
simplex category

111
,

the
category ofsimphzialseb

s±=[
DIP

,
set ]

andthefunotor s :T¥→SseI .

Dee Letcbeacategouy .

Then [ HIIG ] is the
category ofsimplicial

objects in 8 ( e.g. simplicialabeliangwups ,

or R
- modules )

.

theorem Asimplicialobjectin
8 is a family { Cq }qao of  objects of 8

together
with two families ofmorphisms

di
:

Cq
-

Cq
- 1 si

:

Cq
-

Cq+ ,
i=O

,

. . .

,q

with
gpointhecaseofdi ,

which
satisfy

didj
-

djadi i<j ( 1.1 )

sisj
-

sjtisi iej
( 1.2 )

disj
 =

Sj
. idi icj

( 1.3 )

a

;g=µI
"

¥'s
,ori=j+i

" '

4

sjdi
-

i
i

>jtl

Andamorphismf
:C ' C

'

of such simplicial objects is a family

ofmorphisms { fq
:C

qtclq }p,o
sit

.

difqtfgidi
and

sifgfqitsi

for  all
q

and
Oeicq

.
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Root Given a simplicial object
F : HIP → 8 set

Cq
=

Flat ) and

~
in 1/1

di
 

= F ( ei : [ q
- it - [ at )

si

 

= F ( 7i :

[ qti ] - [ at )
.

The relations (1.11-11.4) follow from the relations for EM checked in

Ex 2 of Lecture 4 .

A morph ism F
 → F

'

is
by def

N
a family fq

:

G
'

Cg

'

making the appropriate diagrams
commute

, including
the required

identities with di
,

si .

Conversely
, given

the data { Cq
,

si
,

di }q>,o
, oeieq satisfying (1.11-11.4)

we can define a simple ial object
F : do

's
→ C by F ( [ at )

: -

Cq on objects

and on

µ
:[ gl

- lp ]
using

the
unique presentation

µ

=
Eli .

.
.

E

is

Zj
'

-
. .

ZJT
it > . . > is

, j ,
< . :<

jt

from the theorem of Lecture 5
, by defining

Ffu )
:  =

Sje
-

-
-

Sj ,

4
is

' ' . di
, .

To see F is afunctor
say

O : [
p ] → I r ] with O

= ET . . . Es ZJ
'

. .2¥

again
with T

,
>

. - -7 is
,

J ,

<
.

'
' <

JE . Then
Oµ may

be put into the

' '

e
's after Z 's

"

form
using

the commutation rules of Ex 2 of Lecture 4
,

and since by hypothesis the same rules
apply

to si
,

di we see

FC On ) = FCO ) F(µ )
,

as claimed
. D
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Lemm=
Let C

beasimplicial abelian
group

( Cq ,
si

,

di as above )
.

Then with

Jq
:

Cq
-

Cq
.

,
,

2 : - €oC
- hide

we have

Zq
- i°2q=0 for all

q ,

i.e.
( Cid ) is a chain complex .

Pw¥ We have

22
= ( [ ithidi ) ( Ejthidj )

= %
jthitddidj

= 2
;

g-
c- Ditiaidj

+ [
c. >

,

,

.
t

- hit did
,

-

= E
;<

j
C-

'

Itjdj . ,
di t [

; > , ;

C
- HY

'

didj

=

[
i<k+ ,

C- Ditktldkdi + [
i >

, ;
thitdidj

= [
is ,

C
.

i ) itktldkdi + [
.

.

>
, ;

thitididj

= O
.

D

EI The construction CHKZ ) extends to a functor comp
:[ HIP

' AH → Ch ( 2 )
,

i.e.

comp
( { Cq

,

si
,

di } )
- ( C

,
2

=

Eithidi ) and from f : C→ C
'

we obtain a morphism of complexes with
fqicq

'

Ct in
degree of

.
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Let V :

Set →A± be the free abelian
gwupfunctorfom

Lecture 2
.

Pastwm position with V defines a functor ( see

p
. Q Lecture 6)

Vo
-

:

Sset
= [ am set ] - [ BY AH

.

Dee Let Chi ( R )
,

Ch
.

( R ) denote
respectively the

categories of co chain

complexes of R - modules and chain complexes .
Last lecture we

defined function H
"

H
: Ch

'

( R ) - R
-

Mod and similarly one

defines HNH
:

Choe ( R ) → R
-

Mod
,

where the nthhomgy

of a chain
complex

2n+i
Jn

-
. .

→ Cn
 + ,

- (
n

- (
n

-

,

-3 .
- .

is defined by

Zn ( C )

Hn ( c )
: -

a ,

=

K#n)

Im ( Znti )
.

Dd ( Homology
groups

of a topological space
) we define afunctor HNHZ )

to be the composite Hut
,

2) :

top
→ AI

given by

top
5-

asset
= ftp.s#nUIBAbHch.HtIab

.

that is
,

for a topological space
X

,

Hn ( X ,Z ) is the
homology of the

wchain complex with differential

11 ( ,€Hidi) : V( ( sx ) ( a ) ) - V( ( SX ) ( [ n
-

D ) )

" "
"

Zn Cn
Cn - 1
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Now by

deft
- V( ( SXND ) ) = V(Hom⇐( DYX ) ) = Of Zx

14 ,

, )

x :sn→×

in
top

Wecallsuchxsingukfsmpls

,

so Cn is the set of formal linear combinations

of n
.

simplices ,

called

Iain . By defn
,

V( di ) : Cn ' Cn -

i sends a generator

x
:D - X to dicx )

= ( SXX eikx )
= xos

"

where

So : I

' '

→ An is ( as
.

.

,
an ) -7 ( ao

,
. .

.

,
ah

,

0
,

ai
,

. .
-

,

an ) ( 4.2 )

1
this is the inclusion of the ith face of D

,
di is called

the ithfaamapofthesimplicial object
SX .

thus Jn
:

Cn - Cnt is more concretely

jn
:

0+2×-7+0
ZY ( 4.3 )

x :sn→×
y

:sm→X

n

24
-

§
asixosei

D# A
singular

n
- chain ( i.e. element of Otx :sn→×Zx ) in Kevan ) is

called
acute while a linear combination in Im ( Znti ) is called

a boundary .

So Hn ( X ,Z ) is the
group

of  cycles mud boundaries
.

Tree what this means
,

consider the
following example

:



SO

Exampl= Consider the inclusion l :D

'

- 1132
,

as

:
ei

: s°→D
'

= sell D= ( 0,1 )

s

'

÷€÷*
" " " "

Then 2
,
( l )

= Lost - lost
as a linear combination of O

-

simplices
in IR ?

But D= { Be R
'

is

just a point ,
so we may identity

o
-

simplices with points

in which case
2

,
( l ) = ( 0,1 )

- ( 1,0 ) ( not as vectors
,

this is a formal linear

sum of points in R
'

) .

Following standard convention we view the

signs

as
providing an orientation in he indicated direction

,

so in

summary

stay
.

)
-

at

.

.

Lemmas IFX is path connected
,

Ho ( KK ) ± 2
.

Pw¥ By deft Hol X
,
7L )

= Qc:ao→×Zx/Im( qp
.

Choose a

point
xoe X and define

maps

Ho ( X
,
2)

¥ Z ff Exexaxx )
-

E ,⇐×9x

z 9-Ho ( KZ ) g
( a )

= axo
.

Obsewef is well .

defined since for
apathy

:D → X
,

we have

f ( 2
, (g) ) = f ( yos

"

- yos

"

) = 1.1
 =

 0
,



�6�

Clearly fog
aid

,
and

given
Exexaxx mile it as Epa

,

aixi and let

Ti be
any path

in X from xi to no
,

viewed as a continuous
map

A :S 't X

( to be clear
,

4- ( ho )
=

ti
,

tilo
, D= Xo )

.

Then

Eikiaiti

is a 1 - chain in X
,

with

a ( Ei Oi )
=

Eid , ( a
.

)

"

info

=

Eilaiti
-

aixo )

= £ iaixi
-

( Eiai ) to

This shows that in Ho ( KR )
,

Eiaixi
 

± ( Eiai ) xo so

g
is sujective

and hence
abjection

.
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