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MAST 90068 - Lecture 11

Now we know category theory and it is time to turn to

homologies( our main application )
,

where the categories of interest are categories of modules

over rings and more generally abelian categories .

The subject is primarily
concerned with complete and their cohort ,

and we will take the following

as our main motivations :

�1� The theory of homology Hilx ) and cohomology Hi ( X )

of a topological space
X

,
defined as cohomology of certain

complexes associated functionally to X
.

�2� The Auslander - Buchsbaum - Serre theorem
,

which characterises

regularity of local noetnenan rings ( re . smoothness of points on

algebraic varieties ) as finiteness of global dimension ( an invariant

belonging to homological algebra )

,
and Hilbert 's

syzygy
theorem

which shows the global dimension of 14 xy . . .

,
xn ] for k a field

is equal
to n .

These examples show the fundamental role homological algebra plays in

algebraictopology vesp . algebraic geometry .

Conventions All rings are associative and united
, ring morph isms preserve

units
.

Recall if Risa ling ,
a left R - module is an abelian

group
M with ring Morphis m

Lu : R → Endz ( M )
,

where End >< ( M ) denotes morph isms of abelian
groups

M → M
. We usually wife r . m or rm for Ym ( r ) ( m )

.

A Morphis of

left R - modules 0 : M → N is am orphism of abelian
groups

s . t
. for all re R

,

MEM we have 4 ( r . m ) = r . an )
.

A night R - module is a left R9
'

- module
,
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where R°P is the abelian
group

R with multiplication r*s - sr
.

The category of left R - modules is denoted R - Mod and the category of right
R - modules is denoted Mod - R

.

We write for left R - modules M
, N

HOMRIM
,

N ) ÷ Hominid ( M
,

N )

and similarly for right modules
.

N± 2- Mod =A±

,
Mod - R = Rot

'

- Mod
.

( so we need only stale something once )

Nod We will assume basic familiarity with the theory of modules
,

for a

refresher see e.g.
Hilton & Stamm back

.

F± In R - Mod
,

mono =

injective and epi - sujective .

DII In a category T a zewobjectn is an object 0 which is both

an initial and terminal object ,
i.e. for all Ceob ( b ) we have

both Home ( 0 )
C ) and Home ( C

,
0 ) singletons .

We denote these

morph isms also by 0 or Oc : 0 → C
,

Oc : C → 0 and for any

A
,

Beob ( 8) unite OAB for the morphism A  → 0 → B
.

D# Recall that for a morph ism of R - modules Y : M → N
,

Kern ) = { men 1 Yanko } c- M

Im (4) = { 4C m ) I me M } IN 12.1 )

Coker (4) = MIMIY )
.

are all R - modules
.
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D# Let 8 be a category with zew object ,
and f : C → C

'

a mophism .

The kernel of f ( if it exists ) is the pullback of

0

m
 

¥-

The wkend off lit it exist ) is the push out of

f

÷ ( 3.2 )

:

That is
,

the kernel is a pair ( Ker H )
,

u ) consisting of an object Kera )

and morph ism hiker (f) → C s .
t

. f ° U= 0 and for any other

v :X → C with fov = 0 there is a unique
h : X → Ker (F) making

the diagram

*x,

T
C € C

'
( 3.3 )

Kerf T

commute
.

If kernels ( mp
. co kernels ) exist for all Morphis ms we

say

8 hastened ( rap . basat )
.

EOI Write down a similar explicit form of the universal properly of the co kernel .

FI Check that in R . mod
,

for any X : M → N
,

the inclusion Kev (4) - M

is the kernel and the quotient N → Coker (4) is the co kernel .
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Dee Let 8 be a category .

A subobject of an object C is a mono ni s → C
.

We
say u precedes another sub object u

'
: s

'
→ C if there is a factorisation

of a through us ie . there exists w : s → S
'

with a low =U
,

and we mile

new or by abuse of notation s e s
'

.

Dee let 6 be a category ,
and f : C→C

'
a mophirm .

The image of f is the smallest

sub object of C
'

through which f factors ,
that is

,

it is a sub object ui I → C
'

through which f- factors ( not this factorisation f
'

: C - ' I with f=u of is unique )

which precedes any
other sub object of C

'
with this property .

If the image of

f exists it is unique up to unique isomorphism and we denote it EMH )
.

If
every

m orphism in if has an image we say it hugs .

Ex4_ Suppose he has equalises ,
then the factorisation f

'

off through its image

is always epi .

Deft We
say

a category 8 is balanced if epit mono ⇒ is o
.

¥5 If C is balanced and f :C → C
'

has a factorisation CHIH C
'

with

h mono and
g epi then h is the image of f ( assume f hat an image )

.

End In R - Mod
,

the inclusion IMH ) → N is the image of 4 : M → N
.

Dee A cortex of R - modules is a collection of R - modules { C

"

} nez and R - linear

maps
{ 2

"

:C
"

→ Cnt
'

}n←z such that On
"

OJ
"

= 0 for all nek
,

re .

zn
- 1

y
n

. . .

- (
n

'

- a - et
'

→ . . . Jo J = 0
.

We lend to write ( C
,

2) or just C to stand for this data
,

and call 2

the differential of the complex .
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# This is called whomo1og=ig .

An equivalent def
"

but with homological

indexing

{ Cn }nez with { On : Cn ' Cn - Rnez st .
2h - i° 25-0 for all nt7

,

Ontl On
.

. . - Cnn - Cn - Cn - ,
→ . . .

Sometimes one says
' ' wchain complex

"

for a whomo logically indexed complex

and
' ' chain complex

"

for a homo logically indexed complex .

ac
Note Equivalently , a complex is a

2 -

graded R - module with a degree +1 R - linear

map 2 :C → C satisfying 02=0
.

Dee Let C
,

D be complexes of R - modules
.

A morphine d : C→ C
'

is a family
of morph isms of R - modules { an :C

"
→ Dn ]nez such that for all net

the diagram
on

(
h

- (

nt ,

ant
'

* - Duh
yn

commutes
.

With composition defined for p :C
'

→ C
"

by ( pox )
"

- pho in

and idc '

- C→c
given by lid c)

"
= idcn this defines

Hnecategfyof

complexesof R - modules Ch ( R )
.

D±( Cohomology ) Let Cc
,

2) be a complex of R - modules
,

then

2
"

( C ) :  = Kev ( 2h :C
"

→ Cnt
'

) E C
"

called oocytes

B
"

( C ) :  = Im ( On
' '

: Cn '→C
"

) E C
"

called wboundavies
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since 2h00
"

' '

= 0 we have Bnk ) c- 2
"

(c) and thenlhwhoiygy

of C is the quotient

Hnk ) := ZYCYBN (c)
.

( 6.1 )

Lemmt For each net there isafunctor HHH : Ch ( R )→R - Mod
,

defined

on objects by ( 6.1 )
.

Boot Let a :C - ' D beamophism .
Then there is a commutative diagram

zn

znk ) - [ - cent
'

1

znk )
i. an ] fat

' ( 6.2 )

ta
D) -)

D
"

- Dntl
zn

Since Ond
"

( x ) - dnt
'

2
"

( x ) = 0 for xe 2
"

( C )
,

a
"

restricts

to a
map

ZK ) : Znc ' ZD making the diagram commode
.

Moreover an On
- '

( Y ) = On
' '

Xn
'

'd ) so an also restricts to a map

Bnk ) : Bnc → BND
,

and he left hand square of

inc

Bnc

=)
znc → Hhc inc means

"
inclusion

"

1

Bnd | | 2nd : HK
( 6

.

} )
"

" ±

BND
c-

2ND -⇒ And

commutes
,

so there isaaniquemorphism Hhd on the quotients

making the night hand diagram commute
. Concretely

,
Axe 26 )

.

Hnk ) ( I ) =dYxT
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It is therefore clear H
"

H is atunctor since

H
"

( Ia ) ( I ) - 1¥ = I :
. HY 14=1 Hnc

HY pox ) (e) -

(p°x)Y⇒
pn ( ancx ) )

= Hyp ) ( anti )
=

Hnlp ) ( Hnk ) ( El )

= ( Hyp ) o Hnk ) ) ( I )
. D

Exampled (1) Let R = k[%2  = 1210 K - E for some field k
,

and let ( C
,

2) C- Ch ( 12 ) be C
"

= R for all

he
0

,
and all nonzero 7

"

be multiplication by

c.Rts R → o → o . .
.

@

Then for any inn( c ) - Kev ( t
Im ( Re , R )

= ke / ke
= 0

Hok ) - 16k¥ = 14k£
- K - 1

Im ( R E- R )

0 n to

clearly Hn ( C ) =0 for all n > 0
,

so HYC ) =

{ k n=o
,
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(2) Let R=k[ x
, Y ]

,

Ka field
,

and consider the complex

W ( xy )

C : 0 → R - R* - R - o ( 8.1 )

@

with degree aero as marked
.

ThenHok

) = Kerl R→o ) = Many ,
± K ( with x ,y acting

- as zero )
Im ( ( xiy ) )

#u=HDeR*l*t←°}/{
www.r }

FWM xf= -

yg we deduce g=
-

xk
for some h

,
but then xyh

- xf

implies f= yhso ( tg ) =Mln ) and henceFile) -0
.Htk

) - Ker ( Tc ) = 0
.

NOI The complexes C in ( i )
,

(2) are examples of pwjethleresolutions of k
.

By the Auslander - Buchsbaum - Serve theorem event projective resolution

of K over R = KKHEZ ( that is
,

a complex nonzero only in degrees NEO

with each degree a projective R . module and only cohomology K in deg .0 )

must be infinite . By Hilbert 's
syzygy

theorem
any projective resolution of

7

Kover KKID which is longer than 18.1 ) must be
"

trivial
"

past the

( second differential ( we will see details later )
.

because R is not a regular ring



�9�

FI Let 8 be a category with zew
,

which has kernels
,

co kernels
, images and equalisers .

This exercise will guide you through trying to define a cohomology fanctor

HHH : Ch (8) → 8
,

as we did for 8 = R - Mod
.

(a) Define ( co chain ) complexes { C
"

,

On :C
"

' on
"

}nez in 8 in the obvious

way ,
as well as their morph isms

,
and check these form a category Ch (8)

.

(b) Given a commutative diagram in 8

f

A - B

#is
g

show

that
) there is a unique w : Kerf  → Kerg making

kerf - A

w

am
rg

-
C

commute
.

liil there is a unique w : Gkerf  → Cokerg making

B - Cokerf

± w"

§
- wkerg

commute
.
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l iii ) by Ex 4 the factorisation

g

A f- B C -7 D

f 'T'  

Imf
% 9

'

}mgtj

have both fig
'

epi .
Consider the diagram

f
A - B

¥ '

Imf T

u
| TO "

.
@ | ×

a ↳Img'=
> D

.

g

Is it always true that there is Imf  →

Img making the two implicit

squares
TO commute ? Obscure that without this we cannot produce

an analogue of ( 6.3 ) and thus cannot define cohomology of

complexes in 8
.


