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MAST 90068 - Lecture 10

In this lecture we ( finally ) discuss

adjunctions

,
which have secretly been

playing an important role since he beginning of the wane .

Dee Let F : A → 13 and G :B → it be function .

An adjunction
with G on the left and F on the right is a family of bijections

OAB : Horny ( GB
,

A )±→ Hump ( B
,

FA )
,

Aeobltl
,

Beob (B)

which is natural in A , B by which we mean that for every mouphism

f. A → A
'

in it the diagram

OAB

Homa ( GB
, A) - Hong ( B

,
FA )

( 1.1 )
fo - F ( f ) ° -

Honsha
. A ' ) - Homa

PB
.

Fa 's
OA '

B

commutes
,

and for every morphing :B → 13
'

in )3 the diagram

OAB
Home ( GB

, A) - Homp ( B
, FA )

- oag | | - og
( l . 2)

Home ( GB
'

,
A ) - Homp ( B

'

,
FA )

OAB '

commutes .

If such an adjunction exists we say Giefthayentto F
,

that F

isnghtadynttoG
,

and while a -1 F. we call ( Fia ) an adjoint



@

Note Aswewillshow , here is essentially atmostone adjunction Ge . family ofd 's )
between a pair Fsa and the night top . left ) adjointofafunctoris essentially

unique fit exists
.

Examples ( l ) ( Lecture 2
, p.IO ) Theveisanadjointpair

×

-et - AI F= forgetful ,
V - free akgrp .

F

Hom±( VS
,

B )±Hom#( s
,

FB ) so V -1 F

(2) ( Lecture 2
,

Exll ) there isanadjointpair

= >

M± - ping F- forgetful ,
V - fneenngonamonoid

F

Homrngl VG
,

R )±Homm±( G.FR ) so V -1 F

(3) ( Lecture 7
, p .2 ) There isanadjointpair

P

-rapt - Cat Uaundevlying ,
P= path cat .

U

Hom#( PG,8)±Homam#(Give) so P - U

U#ot : fneeisleftadjointto forgetful !
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(4) Suppose Gis an oriented graph, and 8 a category in which diagrams
of shape 6 have a limit

.
Then by Lecture 9 p . 7 we have an adjunction

I

-
8 [ PG

,
8 ] I= wnstant diagram lime limit

÷ m

Homage ,
( ICR ) ± Homo ( C

,
lima ) so I - lim

(5) G
,

8 as above
,

and every diagram of shape G admitting admit .

I

-
< -

[ PG ,8 ]
wlim

Home ( wlimd
, C) ± Homa , a ,e ] ( GIC ) so colin -1 I.

theorem Consider function F :t→)3 and a :B → A .
TFAE

( l ) there is an adjunction O with a on the left and For the right .

(2) There exist natural transformations Z : 1,3 → FOG and

E : Go F → 1A such that for all Aeobkt ) and Beob (D)

FA  ¥ FAFA F¥ FA  = Fail FA

( 3.1 )
His ) EAB id

GB -7 AFGB -> AB = GB - GB
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(3) there exists a natural transformation Z : 1,3 → FOG such that

for every Btobl B ) Hremouphism ZB :B → FGB is

Yat among
mophismsfwm B to objects of the form FA

.

that is
, for any morph im

b : B → FA there is a unique mouphism a : AB → A such that

ZB

B - FGB

:
Fa ( 4.1 )# ' '

a

commutes
.

(4) there exists a natural transformation E " Go F  → Is such that

for every Aeobkt ) them orphism EA : GFA - A is universal

among morph isms from objects of the form GB to A
.

that is
, for any

m orphism a : a B - A Have B a unique morph ism b : B→ FA st
.

EA

AFA - A

% | a 14.2 )
ab

'

-

,
.

GB

commutes
.

Root We pwve ( l )

#
( 3) and leave (2) ←→( Do (4) as an exercise

.

First
, ( i ) ⇒ (3) . Suppose we have natural bijections

OAB : Home ( GB
,

A )±→ Hump ( B
,

FA )
,
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and obsewelhat taking A=GB gives

Oap,B
: Home ( GBKB)±→Hump ( B

,FGB )
,

and wedefi

:
B

:= Oats,B( laps ) : B -7 FGB
.

We need to check this is (a) natural and ( b ) universal
.

For naturally ,

suppose f : B→B
'

is given . By natural ity of O
, both squares in

Homslab ,aB ) ¥3 Hom,3( B
,

FGB )
hfo - |

,

| FGH )o -

v

Homa ( GB ,aB
' ) - Homp ( BFGB

' )
( 5. , )

~
0GB :B

- oaf f - of|

Horn ,}( B '

,
FGB

' )Home ( GB
'

, GB ' ) =31,13
'

commute .

Thetoponesay
(f) . OAB ,B(la , } ) = OABSB ( Gfo 1/3 )

i.e. FGHIOZB - OqBsB( GF )
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while the bottom one says

OABSB ( laps . GF ) = Claps ;B ' ( lam ) of

re . Gass , } ( Gf ) = ZB ,  of

We conclude FGH )°7B= ZB ' of so Y is a natural transformation
1

,
→ FOG

.

It remains to prove the universal property,
but we will

derive this easily from the following observation : given any a :aB→A

1 that is
, something to which OA , B may be applied ) we may apply

naturally of O to deduce commutating of

Homs ( AB
, AB ) ¥3 Horn

,
(

By
FAB )

ao - § Fca ) . - ( 6.1 )
4

Homa ( GB
,

A ) - Homp ( B
,

FA )
.

0GB
,

A

But this says in particular

Claps
, a (a) - OABA ( a ° la B )

16.2 )
= FC a ) ° OAB

,
B ( laps )

= F (a) 0%3
.

Thus Oi_detevminedbyZ_ , just as 7isdetevmihedbyf.TO see why
this implies (3)

,
let b : B→FA be given . Considering 16.1 ) and the fact that

Oisabijection ,
there must be a unique a

'

- ABTA with Oats
,

A (a) = b
.

But this is the same ( by ( 6.2 ) ) as to say there is a unique a with

b = Fta ) ° ZB
,

which is what we wanted to show
.

Hence ( l ) ⇒ (3)
.
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Eor(D⇒(

DsuppuewehaveZi.1ptFoGwiththeunivenalpwper1yanddefinethefunctioa.BiHomslGBiAI-HomyCBiFA1Oa.BCa1-FCajo2pskDi.e.BL3faB-9fATheunivena1pwpev1yof7sayspvecirelythatOA.Bisabijection.ItremainstochecknaturalilyofQGivenfiAtAandgiB-B1wehahetocheckwmmutativilyofOAiBHomsfGB.A1-HomplBsFAa-FCaMBFf-toitn.mkintI1@tHomslGBsAtl-FHoCFCaMpdOAlBal1-FlfaTlBOABHomslaBA7-Hom3lBiFAlaga5-FlaogD7B-oagfJ-ogFlaIFakD2pue2isnaturalHomjCGBsAI-HomplBiFAlaFtaMBigOAB1TLyflaMpiSothisshowsH-7lD.D
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FI Complete the pwof of the theorem by proving ( Do (2) and ( l ) # (4)
.

Dee In an adjunction the natural transformation 7:13 ' FOG

is called the unit and E : Go F- It the count .

F# Write down the unit and co unit transformations in the examples
( l ) - (5) on p . 20,30 . Here you will use the explicit 0 's defined

in earlier lectures
.

EI Prove that  if a functor F : t→)3 has a right Crespi left ) adjoint ,

it is unique up to isomorphism ( and in fact up to unique isomorphism

if we add a natural constraint involving either the unit or co unit
.

What is the right constraint ? )
.

Ex4_ Given a pair of function F
,

G as above
,

to what extent is an

adjunction O between them unique l if  it exists ) ?


