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MAST 90068 - Lecture 1 2417116

the subjects of this course are

• Categories and functors
• Homological algebra ( inc. group cohomology )
• Non commutative algebra

You are assumed to have a working knowledge of linear algebra ,

group theory and rings / modules
.

we begin with an introduction to

ate#ey
,

and he purpose of this first lecture is twofold :

on the one hand to give the basic definitions
,

and on the other

hand to explain wty category theory is useful .

As Arthur C
.

Clarke said :

"

Any sufficiently advanced technology
[ for  abstraction

is indistinguishable fromM¥9"ategoy
theory

Fennel Let XY ,
Z be topological spaces and suppose

t
,

O are continuous :

÷ ( 1.1 )

Y +
The fiberpitt of X

,
Y over 2 ( via Till )

,
denoted X×zY

, is

Xxzy ÷ { ( x ,y)eXxY \ TK ) = 019 ) } ( 1.2 )

with the subspace topology .

There are obvious maps ( the projections )

px : X×zY→X , py : X×zY→Y ( 1.3 )
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which make the following diagram commute (meaning : tpx - Opx )

Px

Xxzy - X

PY | |
,

I
( 2.1 )

; =
For instance if Z= { • } then X×zY=X×Y

,
if Z= [ on ] and we unite

Xt : - TEYH
,

Yt=O
' ' H ) for the fiber over Oetsl then ( assets )

×=o¥e'×t s

'

Kott
,

' 't X×zY=ol±,×tx
' 't

Xt

KG
( 2.2 )

:

:
1

tt §€. - . . . . . .ft. '

I
,

so2

So X×zY is the
"

fiber - wise
"

pwductof XY over Z
.

Not Suppose we have p
: V→Y another continuous map ,

and form

Vxy ( X×zY )
, as in the diagram ,

with pwjections qxy , qv
9×4 Px

V×t(XxzY) - Xxzy - X

9x f
, IN | T' ( 2.3 )

Y -pY- E
o
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Lemmas There is a homomorphism

f : Vxy (

XXZY
) -±>V×zX ( 3.11

with the second fiber product using ( I
, Op )

.

Root Re

:
xy ( Xxzy ) = { ( v

,
u )eVx( Xxil ) ) p×H - pk ) }

= { ( v ,x,y)eV×X×Y | py ( x ,y ) =p ( v )
,

Tux ) - Oly ) }
= { ( yx ,y)eVxX×Y I y =p Iv )

,
tcx )=O( Y ) }

^

' ' ' ' ¥
,

"

|
,

)
' "¥

" "

in )
( yx ) ( x ,x )

Vxzx - { ( xx )eV×X ) TH - Opa ) }
. D

Exampl= Let X
,

Y
,

Z be abelian groups and suppose 550 are group homomorphism

¥ ( 3.3 )

Y +
The fiberpitct of X

,
Y over 2 ( via 7,0 )

,
denoted X×zY

, is

Xxzy : = { ( x ,y)eX×Y / TK ) = 019 ) } .

( 3.4 )

This is a subgroup, therefore an abelian group ,
and the projections

px , Py are homomorphism s
.
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You can check that there is an isomorphism of groups , given another

homomorphism p
: V ' Y

,
as before :

-
iso of groups

f. . Vxy ( X×zY ) € VXZX ( 4.1 )

flu , xm ) = ( v , x )
.

theft :

This
is tedious

.
The same definition leads to the same lemma

for topological spaces ,
abelia Tgwups,

modules over arinofsheaves ,
. . .

in

fact this lemma is alwaystme ( for the ' ' right
' '

notion of fiber product )
.

But we do not want to prove it again and again .

Eraman Let AEBIE Bz be abelian groups .

Then recall Noelhev 's

second isomorphism theorem :

B#
Bya

± BYB
,

14.2 )

Recall the pwof.
We define Li BYA  → 134A by 4I)=I and check that

(a) L is injective and (b) the map t : BYA  → 13413
, ,

*lJ ) -5 is sujective
and has kernel Im ( l ) so (c) by No ether 's first isomorphism theorem

,

Imt ) ± (BYA ) / Kert ) and we 're done
.

Examine Let X be a topological space and A EB
,

E Bz sheaves of
abelian groups on X

.
Then it is the Hnat

Tande : a preheat J of abelian

jz / & groups on X is an abelian group

f.
± &↳

,

JIU ) for every open UEX and

homomorphism J( u ) → JIV ) for

all pain VEU
, satisfying an obvious

compatibility



SO

butwhilethepwofiskmora1lyHresameasforabeliangwups.itisnotlileraHythlsame.becauseforsheavesswjectinty6nsections7makessensebutisthe4unngnnotionofepimorphism.andl34skhtkHttlojHDsotheargumentdoesnotnaivelyveduutothecaseofabeliangwups.Thep_ntithereanema_nytheoremsaboutabeliangwupsClikeNoetherlsisomophismtheonemsjwhicharealsotmeforshearesofabeliangwupSCvesp.R-modulesandsheavesofmoduleDandwewantafovmalismthatwillal1owustopwuethesetheouemsonu_and4reuseithem.Thatfoma1imiscate@wg.InouHine1q.abeliangud4abdiangwGMMcrctc.ca

,

7 dlabdidh

§skatg*µ*
cats

Cologne

.name?artnkg9noIehg...n.en#%feaT.ot.abign&

f
)

ftp.o.cl#
•

Noethejsisomophismtheovemshdd .

inahyabeliancategoy .

•
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Regarding our first example ,
tnerelevant abstraction is a category with pullbacks

( a pullback is the axiomiksed / abstract version of a fiber product )

specialtytopdogica1sp@cagtegouywithpullbacks_au.a.n.angwg-IEfth0fFhbadn.l

|×y( Xxil )±V×zX
•

holds here ;

It's time for definitions .

We assume given some set . theoretic foundation in which

it makes sense totakofsts and classes ( every set is a class but not vice . vena )
such that there is a c#Hsd .

See AI ( means appendix 1)
.

Dee A category bwnsistsof

(1) Adassobt ) whose elements are called objects of the category

(2) For each pair of objects A ,B a set 84,13 ) whose elements

are called morphing tomato Band are Willen f :A→B
.

( also called among tomato B)
.

(3) For every triple of objects IAIBC ) a function

Caac : 843,4×84,13 ) - ya , C)

called composition and written g of  = Caac ( Sf )
.
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(4) For each object A
,

a morph Ism la E 81A
, A) called the identityon A .

satisfying the following axioms :

(1) Associating For any tuple ( A , 13,4 D) of objects and morph isms

as indicated in the diagram

AtBest D

we have

ho ( g of ) = ( hog ) ° f

H Units For any mophism f : A  → B we have

1ps of  = f  = fo / A
.

D# A diagram of
Morphis

- € B

9
' f#

 ' D
f

1

in a category 8 is said to commute if g of  = flog !

Note often gof is abbreviated to gf .



�8�

Above Example 11ExampleZsuggesledthattheconaptofafbenpudccould be usefully abstracted
,

while Example 31 Example 4 suggestive abstract

( among possibly other things ) Hnewnaptof qetbwp.ae do the

first abstraction immediately :

D# Givenapairofmouphismsina category 6

; I ( 8.1 )

=L
O

atmple ( U
, Pxipx ) consisting of an object Uandmorphisms

pxiU→X , Py :U→Y is called a pike of 18.1 ) if

• the diagram f-×g ,

commutes
,

' . e . Tp×=Opy .

y

y -72

• for any pair of mouphisms dx :V→X
, dx :V→Y with

n Tkx = Odytheveisa unique

( Pxx - xx and p ,,#y.M°Phism×'
' ' ' →U such that

Lxwecallthisthe

Y=
" universal properly

"
i

,

ofthe pullback
& "

→ u - X
Px

( 8.2 )d⇐m¥
Y - 2

o
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Lemond A pullback ,
if it exists

,
is unique up to unique isomorphism

Roof Next time
. D

So we may speak of " the " pullback , property understood
.

Dee Let Jpl denote the category whose objects are topological spaces ,

and whose Morphis ms are continuous maps .

Lemma= If 18.1 ) is a diagram in Top ,
the pullback is the fiber product

( X×zY , Px , Py )
.

Pwot What we mean is that px , py have the universal property. Suppose V
, Lady

are given with Idx - OLY
,

and

define
> Xxz Y

a ( v ) = ( xxcv )
,

Lxlv ) )

The fact that Ttdxk ) - 02×1 'D means this  is well - defined
,

and it is

clearly continuous
,

and satisfies pxd - dx
, pxd = dy

.

But is a

unique with these properties ? Yes
,

because if a
'

were another morph ism

with pxd '=dx
, py2±Ly then for all v

,
by

deft since dYv)eX×zY
a '(v ) = ( P× de )

, pxayv ) ) m

= ( dxlv )
, dylv ) ) =L ( x ) X×Y

.

Hence D= d
'

. D



@

This shows that pullbacks give an abstract notion of fiber products .

It remains

to argue that the lemmas about fiber products,
which we observed to be the

in top and the category of abelian groups ,
is the shadow of a theorem about

pullbacks :

theorem Let 8 be a category and consider a commutative diagram
^

× - y - z

(
means both squares

commute separately

at±!±±
In which I is a pullback .

Then I is a pullback if and only if the outer

square ( ×
,

2
,

A
, C) is a pullback .

We will prove this next time
. But observe that as a special case in top ,

Yxx ( X×zY )

±
pullback of X×zY - X

/ t 1.
,

lemma 2 y - y - 2

~

by the Thm
- X

= pullback of

*
z

Lemma 2=Y xz X

as claimed .



Appendixeven as to notes on my website the rising sea .org are often by
acronyms ( e.g. FCT )

.

IAD See
my ( FCT ) notes and the introduction to Borceaux

" Handbook of categorical algebra
"


