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Nokon Assignment 3

Here is a partial solution ( just the hard bits) of Lecture 18 Exercise 5.8 ( from

Hilton & stammbachp .
106 ) .

Throughout A is an abelian group ( not necessarily f. g.) and MEZ > o .

We write

MA  = { malaea )
MA  = { a C- Alma - 0 }
Am = Alma

.

the easy part is to produce exact sequences

0 → EXHMA , 74 → EXHA , 2) → Ext ( ma
, 2) → 0 �7�

0 → Homla , 2) → Horn 1mA , 2) → EXHAM
, 74 → EXHAZ ) @

¥t ( MA
, 2) → 0

and an iso HOMIA , 2) = Horn 1mA ,
7L )

.

( i ) MA = 0 # Ext ( A ,7L)m= 0

Roof If  mA=0 then A  →mA is mono and thus

0 → AIA → Am → 0

is exact
.

The long exact Ext sequel 'll includes

g- extz always zero as

- -  . → EXHA , 2) Is EXHA , 2) → Exp ( Am ,z ) gldimik = 1
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But this says MEXHAZ ) = EXHARL ) so EXHA , 2) me 0
.

For the convene suppose EXHAIZ )m= 0 but m At 0
,

that is
,

that there

exists OF a EA with Ma = 0 . Let BEA be the cyclic subgroup generated
by this a

,
i.  e. B = < a >

. Clearly B ±Zn for some nlm . From

0 → B

Is
A  → AIB → 0

we deduce along exact sequence

g-
. - - → EXHAIB, 74 → EXHA , 2) → EXHB , 2) → 0

⇐ EXMAIB
,
2) )

Now for any abelian gwup C
,

we have Cm ± CQ >< 74mL
.

The point of this

observation is simply that the functor Hm ± A 0274mL is right exact .

Hence we have a sujection

EXHA , 2) m
→ Ext 113,7L ) m

,

but by hypothesis EXHA , 2) m=O
,

whence EXHB ,K)m= 0 . But now , observe

yuse
presentation

Ext 113,2 ) ± Ext ( 2
,

7L ) 257<+74 → 0

= Coker ( Ho "m(2,2 )t Horn 17474 )
= In

and therefore Eat I B
, 2) m

± ( Zn ) m
= Zn

.
This contradiction shows

m A  = 0 as claimed .
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Iii ) Am = 0 ⇒ next IA
, 2) = 0 .

We can do this directly : choose a projective presentation of A
,

0 →Rip→ a  → 0

so that

y*

EXHA
,
21 = Coker ( Horn ( 132 ) → Horn I R

, 2) )
.

Suppose Am = 0
.

Then from the exact sequence

Rm -7 Pm → Am → 0

we deduce that Rm → Pm is sujective .

thus
,

for every PEP we may ante

p  = mp
'

t r p
' EP

,
re R

.
 k* )

Now let YEMEXHADL ) be given, really [ Y ] where T : R -72
.

Then m[ Y ] = 0

means that there is 4 : P → 2 and a commutative diagram
L

R - P

msl
, µ

2

We claim [ Y ]=O ,
that is

,
that we may find Y

'

:P → 2 with Y
'

ol = Y
.
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We define
, using @

,

f coming up with this

Y
'

( p ) =
. Y ( p

, ) + y ( r )
is the fun part

To check this is well - defined , suppose

mpitr , =p = MPs + rz

Then m (Pz'
- p,

' ) = r
,

-KER,
so

4( mp:)- Ylmp ,

' ) = Y (mlpzip,

' ) )
= Y ( r

,
- r

. )
= @9) ( r

,
-rdHence

m[ ( - Hp ,

' ) Hk ) ) - ( - xlpi )

+91k
) ) ]

= Y( m ( Pi - Pi ) ) + my ( r
,

- rz )

= 0

But 7L is torsion - free ,
so this implies the term inside the brackets is zero

,

and thus that Y
'

is well-defined . It is easy to check it is a homomoiphism
and Y

'

ol =P
,

which shows ( 91=0 and thus

m EXHA , 74=0 .



SO

liii ) if  next IA
, 74=0 = HOMIAML ) then Am=O .

We know Qtk is an injective generator for AI
,

so

Am=O # Horn ( Am
,

Qlz ) -0 .

But applying HOMIAM
,

QK ) to the sequence 0 → ZTQTQKTO

yields an exact sequence

Homl Am
,

Q 1 → Homlam
,

Qlz ) → EXHAM , 2) + Extttm ,Q )
"

"

o
o

( Amis torsion ) ( Q is infective )

We infer that Homttm ,
Qtk ) ± EXHAMPL )

.

Now using the long exact

sequence # ) and HOMIA,
74=0 we have exact

0 → Homlma , 2) → EXHAM
, 2) → EXHA , 2)

Then
,

as mt ) is left exact ( it is Homtdm
,

- ) ) we have exact

0 → mHom( MA
, 2) → MEXHAM

, 2) → MEXHA , 2)
.

Now
, two observations :

• Am -m>Am is zew
,

hence so is EXHAM , 2) IEXHAM ,Z )
,

i.e.ME#Amik)=ExHAm,7 )
.

• MHOMIMA ,7L ) ± MHOMIAZ )
.
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so we actually have an exact sequence

0 → mttoml A , 2) → EXHAM , 2) → MEXHA , 2)

By hypothesis the fnt and third terms are zew . Hence EXH Am
,

Z ) -0

and we have already agreed this forces Am = 0
.


