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Tutorial : Integration empty intervals .

I
✓

The following is taken from T.
Tao's "Analysis

"
Vol . I Ch .

11
.
A subset IE IR

is an interval if there exist as b with I equal to one of the following sets :

[ a , b ]
,
(a , b ] , La , b) , (a , b) .

In all cases we define the length of I to be I I / '

-

= b -a ( possibly zero ) .

A partition of an interval I will meana finite set Pwhose elements are pairwise

disjoint intervals contained in I, whose union isall of I .

Examine P,
= { Cos 'b)

,
C '

13
,
I] }
,
R = I [0,

'
k )
,
C 'k
,
D } are partitions of [o, D .

Given partitions R, 13 of I we write P, E R (net E) if for every x E P,
there exists y E Ps with x

E Y .

This is a partial order on thesetof partitionsofI,
and move over given partitions 13

,
Pz

P
,
a Pa i. = { JnK I JE Pi

,
KE R and JnKt 4 }

is another partition of I with the property that P, n RE Pi for ie L 421 and

if Q is another partitionwith Q E Pi , Q E K then Q E P, a Pa

The Rove E is a partial order
"

on the set of partitions of I .

IQI
.
Given a partition 7 of I prove that III

=Ex e p k l . (Hint : argue
the statement forall pairs (I, P) by induction on the size ofP ) .



②

DEI Given an interval I with partition 7, a function f : I→ IR is

piecewisewnstantwith#pttP itforall JEP, the function
f- I y

'

- J→ IR is a constant function .
A function f -

-
I→ IR

ispiecewise if it is piecewise constantwith respect to some

partition P of I .

Prove if f : I→ IR is piecewise constant with respect to partitions 7,13 then

I as IT I = [ bKI KI Ck )

JEP
,

KEK

where for JET, we have fly = as and for KEK, ftK = bk for

constants aJ
,
bk E IR . This common value H ) which is independent

of the partition we denote by p .
c.SIF

.
(Hint : use kik to reduce

to the case 7, E K ) .

DEI Let f : I→ IR be a bounded function on an interval I .
The uppersRiemann

ing is the real number

JI f : = inftp.c.FI g / g is piecewise constant on I and
forall xEI

,
we have gCx) Z f(x ) }

while the lowerkiemannintegral is the real number

¥ f := sup { p . c.SI g I g is piecewise constanton I and
for all x c-I

,
we have g (x)E f(x ) }

.

If Jef = If we say f is Riemannintegrable and define

ft f : - JI f = LI f .



③

theorem Any continuous function f : [a , b)→R is Riemann integrable .

1042 Prove the theorem
+

Long hint : aim to show that for any E > O (with I - Gib) )

Je f - ¥ f E E ( b - a) .

To do this
, produce a partition . -

-

, Jn of [a , b) (whose elements and length both

depend on E) and constants pi, . . . , pn , 91, . - in such that

Jef E Iii , Pil Ji l
,
II f > E-Ii 9 it Til

so that Jef - If E Iii , ( pi - g) I Jil .

Then use that a continuous function for [ai BT isany continuous,
i. e .

He> OF 8 > OHx ,y Ela , b] ( Ix - y 1st ⇒ I f x - f-y l C E). This is an

easy consequence of compactness -j

IQI Prove that if f : Ca , b)→ R is continuous and as cab then

Ica , by f = I [ a, g f t See , by f .

DEI A continuous function f : X→ IR is wmpactlysuppoted if there is
KE X compact- such that if x¢K then floc ) = 0 .

The Bove that if f : IR→ R is compactly supported, and [ai b ] is such that

f- is zero outside Laib), then Sca
, by
f is independent of a, b , and we call

this invariant quantity the tiemannite .



Tutorialssolutions

IQI
,
Given an interval I

, partition 7of I and f : I→ IR piece
-wise

constant with respect to P, we write

p - C -ft
,
p f '

- = IT 9J ITI f b- = as-

Suppose for B E 13 with f piece -wise constant air. t - K (hence alsoB) we could

prove that

pic . ftp.f = p- c.ft , z f .

H )

Then for any pair 7,13 we know 17×12 is a partition and
P
,
a Pz E Pi for ie l l, 23 so

p - C . I I
,
p
,

f = p- c - ftp.azf = p - C -JI
,
Kf .

So it suffices to prove It ) . Given JEZ let 7
,

T
= { KEP, l K E J} .

This is a partition of the interval J, andmoreoversince KET we have
f- Ik = AT for all K E T,

J

(whereas is the constant value of f- on J) .

Hence
, writing bk for the constant value off on any KEK ,

pic - ft
,
p f = I balk I = I bklkl
"

KE P
JE IZ

I

KEPT

= a' '" = Egas ( E⇒ , Kl )
P
,

T
2

"E' ¥
,

as IT I =p . c. ft
, z
f

.



1041 since f is uniformly continuous ( see Ex .
16 -O and its solution ) wemay

given E > 0 find 870 such that Ix
- yKS ⇒ lfx - fy ICE - Choose

N an integer with N > b and divide I = Cai b) into N equally
sized sub intervals Jy . - -

,
TN so that if my C- Ji for some i then

I x - y l s I Ji I = b e g
Thole that the Ji are

not all closed since we

need to avoid overlaps,
so e -g . take

so I fx - fy Is E - we set
[a, at TI ),

pi
= sup f foe / seeJi } (at YI, at 2b )

,
. .
.

qi = inft ga / x C-Ji} ( b - (
'II
,
b ]
j

and let g be the piece-wise constantfunction taking the values pi on Ji

and h the function taking the values go on Ji . Then f Eg and he f so

If E [I
,
Pil Jil

, f.If > Sit ,
ceil Jil

.

i
. Jef - f.If E E .

?
,
( pi - qi )b

Now wewant to argue pi
- gi E E .

It is tempting ( butwrong ) to say :

well pi
= fx for some x C-Ji and go

- = fy forsome y C- Ji so since Ix- y k t

we have I pi - 9 it = Ifx - Fy K E
. This is wrong because Ji is not necessarily

compact, so we cannot apply the Extreme ValueTheorem .
But it's okwe

can argue directly : for any a, y C-Ji we have Ifx
- fy Ice so

fxc f-y t E

pi = sup fx ⇐ fy t E for any y c-Ji
XEJi

-

'

- Pi Eyinffyt E
= 9 i TE .

.



Hence pi
- 9 i E E and so

Jef - If E Sit ,
E - b = e. Cb - a )

which completes the proof - D


