
Tutorialbroo

In this tutorial we are going to play with the concept of tomotopy as a way
of learning howto use the adjunction property in practice .

Let X, Y be

locally compact Hausdorff .

Deff continuous functions f,g : X→ Y are Komodopic if there is a path
T : (o , if → Cts (X, Y) with Ho) = f and H1) = g . In this case

we write f - g .

.

""

④ Prove that if X = 1*3 then ex* : Cts (1*3,4) → Y is a homeomorphism,
and making this identification notice that two points y , y ' EY are homo topic
(viewed as maps Lt) → Y ) iff . they are connected by apath in Y.

XD Prove that if X, Y, 2 are locally compact Hausdorff and f , g :X → Y
are homotopic then

( i ) if h : Y→2 is continuous h of = hog
Cii ) if h :X→ Y is continuous f- oh - go hi .



Note Ex 42 - IO relates the above definition of homotopy to the more
standard one .

1037 Prove that e is an equivalence relation on Cts (X, Y ) .

104J Prove that if Y E IR
"

is convex ( i.e . whenever x, y E Y then also

( t - the tty E Y for any te lo , D ) then any two continuous maps
f, g : X→ Y are homotopic .



Solutions

④ The evaluation map is a composite
ex

Cts (1*3,4) = Cts (2*3
,
Y) x {*3- Y

of continuous functions, hence continuous .

We have a continuous function

(the projection )

F

Y x 1*3- Y F ( y, * ) -y

and hence under K : Cts ( Yx 1*3 , Y)→ Cfs ( Y, Cts ( {*3, Y ) ) this

maps to continuous Hlf) : Y→ Cb ( 1*7
,
Y) defined by

Elf) ( y ) (*) = Fly, * ) =y

Since ex* and IIF) are both continuous and mutually inverse we are done .

102J Suppose f - g so there is T : [0, D→ Cts (X, Y) with Ho) = f

and Hl ) = g . Let hi- Y-72 be given . By Lemma 42- I the

following composite is continuous

Cts ( Y
, 2) x Cts ( X, Y)
c- Cts ( X, 2)

x

/ thx 8

1*3 x (o , D
112

[ 0 , D

where Ln : 1*3→ Ch ( Y, 2) is th H) = h . Since this composite
sends 0 to hof and 1 to hog we are done .



103J Reflexivity If f e Cts (x, Y) then T : lo, if → Cts (X, Y) defined by
H t ) = f for all te lo,D is continuous since it is a composite

[0, D→ 1*1 Cts ( x, y)

of continuous maps .

Symmetry If f - g then let 8 be a path from f- to g and define Tre
"

to be

[o, D Co, I F- Cts (x, Y)

this is continuous and sends Ot g , I to f so g = f .

Transitivity Suppose f- = g and g = h and suppose T is a path from
f- to g and p is a path fromg to h . So 8, p : (o, D→ Cts ( X, Y ) and

HD = g =p (o) . That is, the diagram

( I

1*3- Lo, D

↳ l l r
x x

lo , D -p Cts (x , Y)

commutes . By the universal property of the push out there is a continuous map

q : ( o , if I {⇒ Lo , D→ Cts ( x, Y)

restricting on the first factor to T and on the second factor to p .
Pre - composing q

with Co, if I {*y lo , D = lol D gives a continuous map [0,17→ CHI Xi Y)

sending 0 to 810 ) = f and I to p (1)
= h
,
so f e h .



104J Let f. g Ects (KY) be given .
The path 8 fwm f tog is

Ht) (x ) = ( l - t) floc) ttgcx)
.

Since Y is convex Ttt ) is a well-defined function X→ Y and clearly

Ho) - f
,
H1 ) - g , so it remains to show Nt) is continuous forall

team and that T:[Oil]→ Cts ( XN) is continuous . Observe that

xidx

Co,DxX(→ Co , if lo , Dx X

( tix) ( I -t't, " ) I idxidxffg )
-i

[0,13×0,1] x Yxy
( I-t, t,fx,gx ) 112

[oil]xY x (oil) x Y

u -t
,
fx
,
t
, 9×7 ! inclusion
(112×115)×(112×117)

↳ (scalar -mutt )'

(Cl - thx, tgx) IR
"

x IR"

I add
x

( t - t) fxttgx IR"

is continuous ( here we use that scalar multiplication and addition on IR'

are continuous , I -e. that IR
"

is a topological ) and hence by
the adjunction property

[ o , D- Cts (x , Y)
,
t↳ { x till - tlffxlttgcx )}

is continuous , which is what we needed to show .


