
①

Tutorial 6 : Spaces of paths 1019119

In the lectures we have started to develop the theory of function spaces
and in this tutorial we aim to add to our intuition about these spaces

with an extended study of the example of the space of paths in a

topological space Y
.

A path in Y is a continuous function f : Lo , D → Y
.

Such paths
form a set Cts ( C0

,
D

,
Y )

.

For the purposes of this tutorial we take

as given that there is a topology on this space C the compact - open topology )
such that for all x E Co ,

I ] the evaluation function

ex
.

: Cts I Lo , D
,

Y ) → Y

e v
. .

( f ) = f C x )

is continuous .
Thus paths in Y are the points of the space Cts ( Lo , D

,
Y )

.

What are the open sets ? well
,

in particular for VEY open the subset

evj
'

( v ) = { f : Co , if → Y cts I f fo ) EV }

is open in the space of paths .

So any particular path starting in V

has an open neighborhood consisting of all the paths starting in V
.
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We can form smaller open neighborhoods off by imposing more constraint
,

e. g.  if WEY is open and f- (1) EW then evi
' ( v ) hell I' ( W ) is a

smaller neighborhood off  in Cts ( lo , D
,

Y )
.

Cts C laid ,
Y )

i i÷
Yoregenerally ,

if Osa , Laza . .  . can C- I then the continuous

unctions { evai : Cts l lo , 7,7 ) → Y II ,
induce a continuous map

Io : ch Clo . D. Y ) → IT
,

Y

Io ( f ) = ( Hail
,

.
. .

, flan ) )

and for open sets Uy . . .

,
Un EY the pre image Io

- '

( Ti -5 Ui ) is open .

y Cts Clo , D
,

Y )

t
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Now observe that if a path f starts in an open set U E Y and Y is a metric

space ,
there is some closed interval K = [ O

,
r ] such that f ( K ) EU

( in  words :  if f start in U there is some initial segment of f inside U
. The point of

this exerciseis to developintuition ,

'

so do not get hung up on the assumption
Y is a metric space )

I;
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-

\
Be I fo )

This seems like a reasonable way of prescribing paths
" similar to f

"

which

general is es the above
.

Rather than just impose g to ) EU ( re . g CK ) EU

for K a point ) we can impose g I K ) EU
.

Let us write ( with K = Co
,

r ] as above )

Sl K
,

u ) = I g : Co , D → Ycts I g ( K ) EU }

y

,

" " "

" " " " "

This subset is in fact open in the topology on
Cts I lo , D

,
Y ) as we will

" discover "

from first principles in lectures
.

More generally ,
if we

extend the earlier example by replacing the points { ai
,

- . .

, an } by intervals

Ki
,

. .
.

,
kn E [ Oil ] we can consider the open set

S ( Ki
,

U , ) n - - - n S ( kn
,

Un ) E Cts ( lo , D
,

Y ) C * )
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Kilo , bit
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KEL bubs )
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If we allow the Ki to be arbitrary compact fi . e. closed ) subsets of COLD

then the finite intersections of the form C * ) area basis for the topology
on path space ,

so the above gives you a pretty good understanding of the openseb .

To make the adjunction properly work
, you need more than just the set

SIK ,U ) for K finite , as the following shows :

IQII The collection Lexx : Cts ( I 0,17
,

't ) → Y }xe[ on ] induces an

injective continuous function

Io : Cts I laid , 'D → tuco ,DY

TECH = ( Ha ) )
# Coin

.

Is this a homeomorphism onto its image ? i . e .
is Cts ( E 0117,4 )

" the same as
"

a subspace of Tlxeco .MY ?


