
Solution to Q2 The empty set does not contain a and is open in X so 4 E JI .

The set I contains but I =  4
'

I { a } and 4 is compact I told
you

we would have to care about this )
. Suppose I U i3 ie  I is an indexed family

of open
sets in I

,
then let F- { ie I I a E Ui ) and write ( J

'
-

- It J )

Ui ee
Ui  = Uj et Uj  u U

je
 ya Vj

For je J let Kj E X be compact with Uj
 =

Kj
'

I { a )
. Then

, observing
that Uj is

open in X for j ETS ( we may assume Jt 4 ,
otherwise it is dear )

Uj Uj u Ujey . Uj
= Uj ⇒

Kj
'

v to } u Uj ⇒
. Uj

= ( Uj at Kj
'

u Uj ⇒
a Uj ) u { a )

= ( Ajc Kj n Nj ⇐
a Uj

'

)
'

u ( a )
.

But each Kj E X is compact hence closed
,

so Nj ET Kj n Ajc- J
- Uj

'

is a closed subspace of a compact space kjo ( pick joe J
,

and note that

if F- of there is nothing to prove ) hence compact ,
so we are done i

Uj -

ET Uj is open .

If U
,

V E I are open there are four cases :

I i ) U
,

VEX are open ,
then U n V is open .

Cii ) U = K
'

I { 03
,

VEX is open ,
Uh V = Kch V E X is  

open .

Ciii ) U E X
,

V = K
'

I to ] same as Cii )
.

Civ ) V -
- K

' I Lao 3
,

V =L
'

it Lao } with K
,

L compact ,
then

U All = ( KVLY It La } with Ku L compact .

which shows UAV is open in I
,

hence Ty is a topology . D



Solution to 03 Let { Ui } ie I he an open cover of I
,

and suppose E Vio .

Then Vio = K
'

H I a ) for some compact K E X
.

The open

sets { Ui } ie  I cover K
,

so let JE I be finite with
-

K E tf -

Es Uj .

Then we have

I = X u { a )

= K u K
'

U L a 3

= K U U do

a- (Uj ⇐ Uj ) u Vio

so Julio } is a finite sub cover
.

To
prove I is Hausdorff

,
it

suffices to consider x E X
,

and observe that since X is locally

compact there exists x EU E K with U open ,
K compact ,

but then see U and D E K
'

I to ) are disjoint open

neighbourhoods of x
,

D in I
. D

f
Solution to Q 4 The map X → I is clearly continuous

,
since it K E X is

compact then K is closed hence K
'

is open .

It  is a bijection
onto its image ,

and a homeomorphism since if VEX is
open then f I U ) is

open by definition . D

Solution to Q 4 Let f :X → IR continuous be given .

The data of F is just some

real number X :  = F Coo )
,

and the fact that F is continuous

is equivalent to the constraint that for all E > O the set

F-
 '

Be (7) E I

is
open .

But this is equivalent to compactness of the set

{ x E X I I fix ) - X 17 E }
.

So we have our characterisation :



a continuous function f : X → IR extends to I if and only if there exists

X EIR such that f - X vanishes at infinity , by which we mean that

for all E > O the set txt X I I fly - X I 3 E } is compact .

graph of f : IRL , µ
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ex I If I > E }

is compact .


