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Tutorials : Spaces of paths 1019119
updated 9/9/20

Inthe lectures we have started to develop the theory of functionpace
and in this tutorial we aim to add to our intuition aboutthese spaces
with an extended study of the example of thespaced paths in a
topological space Y.

A path in Y is a continuous function f : Lo, D→ Y
.
Such paths

form a set Cts ( (o, D , Y) . For the purposes of this tutorial we take
as given that there is a topology on this space ( the cempactopen topology)
such that for all x E lo , I] the evaluation function

ex
,

i Cts l lo , D
,
Y)→ Y

e v.. ( f ) = f- (x)

is continuous .
Thuspaths are the points of the space Cts (Lo, D , Y) .

What are the open sets ? Well , in particular for VEY open the subset

evj
'

(v ) = { f : (o , if→ Y cts I ffo ) EV }

is open in the space of paths .

So any particular path starting in V
has an open neighborhood consisting ofall the paths starting in V

.
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②

We can form smaller open neighborhoods off by imposing more constraint,
e.g. if WEY is open and f-(1) EW then evi

' ( x ) NevI' ( W ) is a
smaller neighborhood off in Cts ( lo , D , Y ) .

Cts ( laid , Y)

i i÷'

You generally , if
O ⇐ a , Laza

' - - can C- I then the continuous

unctions { evai : Cts ( lo , 7,7 ) → Y HI , induce a continuous map

Io : Ctr Clan
,
Y )→ IT

.

-I
, Y

Io ( f ) = ( Hai )
,

.
. .

, flan ) )

and for open sets Uy . . .

,
Un EY the pre image Io

- ' ( Ti -5 Ui ) is open .

y Cts Clo , D , Y)
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Now observe that if a path f starts in an open set U E Y and Y is a metric

space, there is some closed interval K
= [0, r] such that f ( K ) EU

( in words : if f starts in U there is some initial segment of f inside U . The point of
this exercise is to develop intuition ,

'

so do not get hung up on the assumption
Y is a metric space )

:#
(Bel fo)

this seems like a reasonable way of prescribing paths
"similar to f

"

which

general is es the above .

Ratherthanjust impose g lo ) EU ( i - e . g ( K) EU

for k a point ) we can impose g ( K) EU .

Let us write (with K = Co, r] as above )

Sl K , u ) = f g : lo , if→ Yet I g ( K ) EU }

"

"

"""""

This subset is in fact open in the topology on Cb l lo , D ,
Y ) as we will

"discover " from first principles in lectures .
More generally , if we

extend the earlier example by replacing the points { ai, - - - , an} by intervals
Ki
, .
. .

,
kn E [Oil] we can consider the open set

S ( ki
,
U , ) n - - - n s ( kn ,

Un ) E Cts ( lo , D ,
Y) (*)



④

y Seki , Vi )

f- or y
Cts ( Co , D. Y)

→ in
" K, ✓ 5114,02)

HK . ) slks.us)

,

14=10,67 , Kz=( bubs) , K, -_ ( by , 't]

Ifweallowthekitobe arbitrary compact fi - e. closed ) subsets of Cold
then the finite intersections of the form (t) area basis for the topology
on path space , so the above gives you a pretty good understanding cftheopenseb .

To make the adjunction properly work, you need more than just the set
SIK,U) for K finite , as the following shows :

IQII The collection Lexx : ctsllo.BY/-Y7xeco,D induces an

injective continuous function

Io :

ctslco.D.YI-T.ceco.pt/IoCH=(Hx)).ceEoiD
.

Is this a homeomorphism onto its image ? I - e - is CHICO , D. Y)
" the same as " aoubspaieof-Txeco.MY ?



⑤

Recall that a basis for the product topology on Tae Lo, is Y is given by open sets of
the form U = The Un where Ux E Y is open forall see lo, l ) and {KEXIU.. F Y )
is finite

.

Set

{ou, . . .

, an } = { x ex I Use # Y }.

Let us identify Theeco, is Y with Y
""? the set of functions f : lo, D→ Y (not

necessarily continuous ) . Then fE U iff fGci ) C- Ux, for IE I E n - That is
,

viewed as a subset UE Y
lo, D

U = ME
,
Lf I fGi ) E Voce. }

It follows that the subspace topology on Cts CEO, D, Y) E Y
""I

inherited

from the product topology has a sub - basis consisting of sets SCK, U) where
k is a point . Since having the adjunction property forces the SCK, u ) 's to
be open for all compact K ,

Q1 above combined with the above remarks

shows that the topology on Cts ( lo, D, Y) coming from viewing this as

a subspace of Y l" " = IT, ← go, p Y with the product topology doesnt

satisfy the adjunction property .



MI Let Q : = Im ( Io) , so that the question is, does to restrict
-

to a homeomorphism Cts ( lo , D, Y) = Q ? We show that

for any interval K E lo , D and open UE Y which is not a

connectedpoet of Y (that is
, for which there exists

point y C- YIU connected by a path to an element of U)
that Io ( S ( K, u ) ) EQ is not open , so the answer is NO .

Note Sl kN ) is nonempty : the constant function ( tristis!FYIand a path from
f- '

- Lo , D → Y sending everything to any chosen fixed UE V u to y .

lies in Sl K, U ) . Supposing Io ( S ( K, O ) ) were open we could

find an open neighborhood Tin Theeco,BY such that

Elf ) E Th Q E Io ( S ( K, u ) )

f- E E
- ' (T ) E S ( K, u )

""""

S(ki)

We may assume T is taken from the standard basis, i.e . there is

Je lo ,
D finite and open sets Usc EY for all x Eco, D such that

Ux = Y unless XEJ, and T- IIe co , is Ux . Write J = lay . -

, an }

so that we have

Io
- ' ( T ) = { g : Co , if→ Y continuous / g (ai ) E Vai for Kien }

Note that f E Io - ' (T) so u e U n Ua ,
n - - - n Van .
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Now Io
- ' (T) E S ( K, U ) means that whenever g : Co , D→ Y is

continuous and satisfies g (ai) C- Vai for l E ie n (as shown ) it

must follow that g ( K ) EU.

Let y E Y l U be connected to u EV by a path h , and let h' be the
inverse path ( i.e . h

' (7) = h l l -X ) ) . Let g : Co , D→ Y be the path
described informally as follows : pick a sub interval Z E K l { all . -

is an } not

containing any ai, and let g be constant at u for x # 2 , and on Z
it traverses h and then hi

'

(so it makes an
"
excursion " to y in between

the ay . - - , an ) .
Then g (ai ) = u E Vai so GE Io

- ' ( T ) but clearly

g ( K ) 4 U since g (z)
= y for some z e Z .

This contradiction

shows Io ( sCK , u) ) is not open in Q - D


