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Tutorial # 3

Cartesian product Given sets X
,

Y
you

know

Xxy
= { ( x

, y ) I xex
, ye

Y }
.

But what is an ordered pair
( ×

, y ) ? It isn't some axiom of set theory

that these things exist ( it is usually an axiom in type theory
,

but this is

a different story ) . the ordered pair is defined from  more primitive elements
.

Usually we use the Kuratowski pair

( x
, y ) :  = { { x }

,
{ x

, y } }
.

IQI Pwue ( x
, y ) = ( a

,
b ) # ( x=a^y=b )

.

Not that sets are equal

TH
. they have the same elements .

well what about 11×4×2 ? Should we invent a

"

Kuratowski triple
"

? No
.

Let as make a general definition :

suppose
we have a collection of sets ( Xi }ie±

Indexed by a set I
.

We want elements of Feet Xi to be I - indexed

families of elements xi E Xi
,

one for each ie I. That is

Tiet Xi
 = { ( x : )

# ±
I xie Xi for all ie I }

But what does ( x i ) ie  
I really mean

? what set is it ?

Let as do an
easy

case : I
= { 1,213 } .

Then an element of III.  I
Xi is

just an ordered triple
( ×

4×2
,

> (3) with Xie Xi . this we

may
realise as

( xi
,

xz
,

x
} ) :  = { ( Ipa )

,
( 2

,
xD

,
( 3

,
a 3 ) }
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then more generally ,

( x i ) i ←
 I

= { ( i
,

xD I ie I } ( z . I )

IQI Rove ( x i ) i ←
 

I
= ( Yi ) ice

# xi
 

=

yi for all IEI .

Then Tie  I Xi is the set of all sets like ( 2. 1) above
,

i. e.
sets S where

( I ) every element  is a pair ,
the first entry of which lies in I

Cii ) for each ie I there is a unique pair
in S

beginning
with i

.

( iii ) if ( i
,

x ) E S then xe Xi
.

We call this set the Cartesian product .

IQI Pwue that Tieu
, ⇒

Xi is bijective to X
,

×Xz ( defined by
Kuratowshi

pain)
.

Are these literally the same set ?

Disjoint union How do I form a set S which contains two copies of

a given set
, say

the interval

X.
= [ oil ] ? well

XUY = { x I xe X or x EY }

so [ 0
, if U [ 01 D= [ oil ]

. The ordinary union won't work
.

idea we can
' '

colour
"

one copy of X in some arbitrary way
,

+ e . X
'

:  = { ( o
,

x ) IXEX }
.

This is bijectiveto ,
but distinct from,

X
.

Then S :  = X U X
'

contains two distinct copies of X
.
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We call S the disjointunion of two
copies of X and write s = XIX .

More generally

X it Y :-({ 0 } x X ) u ( { is x Y )

More generally , given
a collection { Xi }ieI we

"

colour
"

Xi by i in order

to separate each Xi from Xj ,
event assets Xi

 

=Xj
,

to form the disjoint union

¥±×i 

:  =

Ui←li3× Xi

= { ( i
,

x ) I IEI and xeXi }
.

a- Give
injective functions gi

'

- Xi
 → Hit Xi s . t

.

•

itj ⇒ gilxi ) ngjlxjj = $

• Viet 9i ( Xi ) = Hi⇐Xi .

QSO l i ) Identity /Tie±Xi with a sublet of the set of functions

I - Hiet Xi
.

( Ii ) Rove that

Yn !±xi
 -

!±lxnxi ) .

liii ) Rove that
given

subsets Uiili of Xi
, (!¥Ui ) n ( .¥±Vi

)

is
equal to

f¥(
Uimli ) as subsets of the disjoint union of the Xi

.
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IQI Let X be a set
.

Rove that it Ei E X×X
is an equivalence relation

then so is Nic I Ei
.

Given Q e Xx X
any

set
,

let

E
= A { Ye Xx XI Y is an equiv .

rel
"

& YZQ }

this is the equivalence relation generated by Q
.

IQI What is the equivalence relation on
{ 4213 ,

4 } generated by the
pain

Q
= { ( 1,2 )

,
( 4,3 ) }

Lipchitz equivalence Two metrics d
,

,
ok on X are Lipchitz equivalent

if there exist h
,

K > 0 such that for any
x

, y EX

hdz ( x
, y ) E d.( x

, y ) E kdz ( x
, y )

.

IQI Check this is an equivalence relation on metrics

,

let as write di ~ dz
.

IQI Pwve that if d
,

ndz then the induced topologies are the same
,

he
.

Jd
,

=

Joh
.

10171-0 Recall the metrics di
,

do on
1132

ditty ) =

£
I ,

lxi -

y i I

do ( ±
,

1)
=  max{ lxi -

yil I kien }

Pwue that d
,

,

dz
,

do are all Lipchitz equivalent ,
so

( R
'

,
Jai )

= ( R
'

,
Jd

.

) =

( R
'

,
Jd

.

)
.

( Hint : 4
,
( xiy ) > dz ( x , y ) 7 do ( xiy ) 7h

. "
2

dz ( x , y ) 7 n

- '
d

,
( xiy ) )


