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Tutorial 1 solutions

QY A permutation bonnlelten is abjection 8 :{ b. . ,n}→{ b. .

,
n }

.

Associated to an ordered sequence ay . . .

, akin { 1

,
... ,n ) of length 12 > 1

with aitaj for  itj is a permutation 8 defined by

92 if ×=a\

of ( x ) =

az if X = 92He'itth¥Ek
we denote this by ( 91 - - . Ak )

.

Such a permutation is called a cycles .

A transposition is a cycle ( a , az ) of length two
.

claim Any permutation can be written as a product of cycles .

# Suppose not
,

for a contradiction
, and let n > 2 be the smallest integer

such that 8ESn exists which is not a product of cycles

considerthe sequence

I
,

6 ( I )
,

32 ( I )
,

.  . .

, 8141 ) Osteen - I

where K is the least value such that 812+411=1 .

set of = { 1
,

. . ,n}\{ 1,6 ( i )
,

.  . .

,
841 ) } then Zlr is abjection  on R

and so by minimally of 8 it  is a product of cycles , hence also

6 = 61 r( I 6 ( i ) . . . 6141 ) )

is
a product of cycles ,

which

is .acontradiction
.

This proves the claim . D
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Claim Every permutation is a product of transpositions .

Root In light of the above
,

it suffices to prove every cycle ( a ,
... ak ) is

a product of transpositions . Butwecanjmt exhibit this directly :

( a ,
.

. . ak ) = ( al Az ) - - . ( ahah )( akar . I ) # )

as claimed .D

To understand ( * ) fintobseweitis enough to understand ( I 2. . . K )
,

and

1 2 3 - .  - - . . K - 1 k

I I I I X
1 2 3 k - 1 K

X l

k - z k - 1

.

:

I 2 3 . .
.  . K

X I I

I z 3 - -
. k

does the trick
.
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IQD 1 iii )
,

Cix) are easy so we omit them
.

( i ) (In ) ,j= Sj so

detl In )=§t ' )
" l

( In ) , a , ,
. . . ( In ) nun )

= [ still "
f. a , ,

' ' . Shun )

the only permutation contributing to this sum is 6=id
,

so

= 8
, ,

.  - - fnn = 1
.

C ii ) DEHXY ) = § C- ' t "

( ×Y )
,u , ,

... ( xD .nu ,

= § C- 1)
1 "

§× ii.Tiga)
- - -§ ×ninYidCn)

=

,,§n { ( ' ' I "×ii
, xziz - . - xnin

.

Yip ( i )
.

. ' Yinoocn )

Observe that  if  i=Ciy . .  . in ) has a repeated index
, say ia - ib with

as b
,

then with J= 8 ( a b)

Xii
,

. . . Xaia -  '  . Xbib - ' . Xn  in

" Yi ,

-  -  '

Yiaz (a)
-  '  . Yib6( b)

-  '  . Ying )

= Xii
,

. . . Xaib - -  '

Xbia - -  ' Xnin

-

Yi ,6( ij' '

Yibbca )
. - '

Yia8( b)
-  '  . Yin 8 Ch )

= Xli
,

- . . Xaib - . . Xbia -
- - Khin

-

Yi , JCI )
' '

'

Yibs ( b )
-  '  . Y iaT( a )

. . ' Yin JG )
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But with I as above this shows

§ C- 1)
" 1

Xii
, kziz - - - Xnin .

Yip ( , )
.

. . Y in a Cn )

is zao
,

because we can divide Sn into pain by the equivalence relation 8 ~ J

if 8 = stab ) ( equivalently 6 ( a b) .

- J ) and each of these pain add to

no in the sum since 1 6 ( a b) 1=161+1 , so they have opposite sign .

So
,

we have shown that in the sum we may restrict to sequences I with

no repetitions .
But such a sequence is a permutation of { 4 .  . .

,
n } so

DEHXY ) = §n Ent ' )
" '

×
ious

-  '  ' xnocn )

Ya ( it ( i )
.

. . Ya ( n ) b Cn )

Notice that

Ya ( i ) 3 ( 1 )
- '  ' Yo ( n ) 3 ( n )

= Y ) 60
-  ' ( 1 )

. - ' Yn zo
-  ' ( n )

so this is

detlxy ) =§g§nt 's
" lxioa

,
... xnacn )

- Y 160
'  '

( i )
- '  - Y n 80

-  ' ( n )

But  if we fix O and sum overall 2
,

then { 60
" }6esn just enumerates

all permutations ,
so we may as well just replace Ez by an enumeration

of these permutations ( say a - 60
-  ' ) directly

,
and replace 181 by Idol )

=§gl - 1)
' " " 01

xiou )
. '  ' Xnacn ) Yi au )

. . ' Ynacn )

= detlx ) de HY )
. D
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lQ3] li ) we need to prove that

~ is reflexive p~p since [ Idd § = In and det ( In ) = 1 > 0

~ is symmetric if p if then

detl [ Idd ! ) = det ( [ Idv ]§ )
"

> 0

since det I [IDDY) > 0
.

Hence 843 .

~ is transitive suppose D ~ 8 and E - 8
. Then det ( [ Idd } ) > 0

and det ( [ Idv ]°e ) > 0
. Hence

detl [ Idd } ) =deH [ Idx ] } [ 1dm
,} )

= det ( [ Idife ) deH [ 1dg } ) > 0

which shows D ~ 8 .

C ii ) choose an arbitrary ordered basis § = ( b- y . .

,
b- n ) and let

§
'

= ( b- 2
,

b- , ,
b- 3 ,

.  . . ,
b-

n ) .
We claim

Fh = { [ 3) ]
,

[ 3)
'

] }
.

clearly detl [ Id " ]§
'

) = - 1 so P X 13 ! Now let E be any
ordered basis .

We have to show )3~8 or P
'

~ 6
. Suppose B X 8

,
so

det ( [ Idv ] } ) < 0
. Then

detl [ Idiot ) = det ( [ Idv ]{ [ Idd } ) = - det I tidy } ) > 0

so 13
'

~ 8
,

completing the proof . D


