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In the previous lecture we explored one reason why we mustdevelop
notions of space more abstract than metric spaces : our besttheory of
(physical ) space and time is formulated using apair of such abstractions,
namely quadratics and topologically . The role of theformer
is hopefully clear : from the symmetries of a particular quadratic space
(Minkowski space ) we obtain the transformation relating the measurements

of two observers undergoing constant relative linearmotion .

The purpose

of introducing topological spaces is more subtle , and is required to make
sense of the idea of the metric tensor as a dynamical quantity in a R .

We will return to thispoint briefly later, but ourchief motivations for
introducing topological spaces will be the following :

(1) the concept of continuity is more fundamental than thatof distance
(even though when we learn about e, S the two seem inseparable,
theymay be separated : liberating continuity from distance is
the whole point of topological spaces )

(2) topological spaces are a more convenient " category
"

( ie . it is more convenient to build new spaces outof old ones ,
via quotients, products , gluing . . . )

(3) there are natural examples of topological spaces (e.g .
Zariski

space in algebraic geometry) that do not arise from metric spaces

As we have already mentioned , topological spaces (and the theory of sheaves )
make precise the notion of a locallydefined-guantity.cn a very powerfulway.

Daniel Murfet
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DEI A topological space is a pair ( X, T) where X is aset and T is

a set of subsets of X, such that

( Tl ) 0, X both belong to J,
(T2) if U, V E J then U n V EJ,
IT3) if {Vi } ieI is any indexed set with V.c-EJ for all ie I,

then U ieIVi E J.

We call such a set Ja topology on X and say that the sets VET are

opens in the topology . A set C E X isdoted in the topology if
there exists U EJwith C = X l U .

Lemma Let ( X, d ) be a metric space , and define

Td = { U E X l Voce U F e > 0 Be (x) EU }

where Be (x) = { y EX lol (x,y) s E )
.

is the ball of radius e in X .

Then ( X, Td ) is atopological space .

Pwd (Tl ) For 0=0 the predicate is vacuous, so clearly of C- Jd .

For U = X
,
take E = I (or anything else ) and Be (x) E X .

(T2) If U,V E Jd and see U N V say Be , (x ) EU and

Be
.
(x) EV

.

Set E = min { Er , Ez 's .

Then

Be (x) E Be , ( x ) n Be . (x) E U nV

since if d ( x, y)CE then d ( x, y) CE, and d (x, y) C Es .
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(B) If Vic Jd for all IEI and XE U ie±Vi then there exists some
ioEI with xEVio . By hypothesis then there exists E > 0 with

Be (×) E Vii , and thus Belx) E Ui Vi . D

erase to-1 If ( X, J) is a topological space and YEX is a subset, then

Y is a topological space with the induced topology

Jly := { UNY I UEJ } .

In the following when we speak of IR
"

or intervals [a is] , ( a ,
b]
,
[ a , b) , (a , b)

as topological spaces we will always mean in the first case the topology
associated to ( Rn

, dz) and in the second case the subspace topology
inherited from R .

Remade (1) Some sets are both open and closed (do pen ! ) e. g . 0, X .

But for example { 0 ) ER is closed but not open , and its

complement is therefore open but notdosed .

(2) It is notnecessarily true that arbitrary intersections of open
sets are open , since e.g. in IR we have

ME
,
ttnnt ) = { 0} .

(3) By induction any finite intersection of open sets is open .

Exercise LG - 2 Prove that ( SF da ) , ( SF dz) are not isometric,
but that Jda = Jdz i. e. in the associated topologies on S

1

thesame sets are declared open .
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DEI Atopological space (X,J ) is Metrisable it there exists a metric d
on X with J = Jd .

y
not all points {×} are
closed sets !

Exercise LG -3 Rove that X = { on} with J - { $, X, { 1 } } is a

topological space .
this is called the Sieminski space and

is usually denoted E .
Pwve E is not Mets'sable .

So not every topological space is Metrisable, and moreover those that are

may have their topology induced by more than one metric .

Exercise Lb - 4 Classify all the topologies on the set X = { 0,1 } .

D# The one. point space is X = { *} with its unique topology .

DEI Given two topologies Ji,I on X we say J, is finer than I if J, 2 I

( i. e. more sets are open in F ) .

The discrete topology on X declares every
setto be open , while the indiscrete topology is { 0, X } i. e. only 0, X
are open . Clearly the discrete topology is finer than any topology ,
and any topology is finer than the indiscrete topology .

DEI Let ( X , J ) , ( Y, S ) be topological spaces . A continuous map
f : IX.T)→ (Y, S ) is a function f :X→ Y with the property that

HVEY ( yes ⇒ f- ' (V) EJ )
T
i. e. {XEX If ( x) EV }

we denote by Cts ( ( XT ), ( Y, s ) ) (orjust Cts (XY) it the topologies are clear)
the setof all continuous functions (× , J) → ( Y, s) .
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Exercise Lb -5 The identity function is continuous, and the composite
of continuous functions is continuous (we say that

topological spaces form a category )

Exercise LG - 6 There is abjection Cts ( {*'s
,
X )→ X sending

a function f :{ *) → X to fl*)eX .

Lemma Lb -2 Let (X ,J) beatopo logical space .

There is abjection
( E being the Sierpibski space )

Cts ( X , E)→ J # )

f- f-
' ( { is ) .

Roof Since { B is open the function given is well-defined . To define the
inverse

,
let VEX be open and take its characteristic function

Xu : X - { 0,1 }

xulx) - { 1 " eu

0 else
.

We claim this is continuous when we give { 0,1 } the Sievpinski topology .

We need to prove XJ
' (¢ )

,
Xi

'({ 0,17 ) and XJ'({ I} ) are open . But

theseset are 0, X , U respectively ,
so Xu is continuous , and as

Xi ' ( { D) =U this gives the desired two-sided inveneto (* I. D

Upshot : the purpose of a topology Jistolellyou which functions out of X
are continuous

.

If you know that, youcan recover the topology .
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LemmaL6 If ( X, d ) is ametric space and T the associated topology , then

( i ) Be (x) EJ for all xex
,
E20.

Cii ) every VET is a union of a set of such open balls .

Proof ( i ) Given ye Belk) we have to find 8 sit .

B s ly ) E Bek)
.

This is equivalent to finding S s . t . d ( z, y) Lf ⇒ d (Z , x) L E .

But we know for any z that

d ( Zi x ) s d Cz , y ) tally , x)

so taking S s E - d l"Y) will ensure that 13819)E BEM - D

Leinmatt Let ( X, d x ) and ( Y
,
dy ) be metric spaces and Jx,Ty

the associated topologies . A function f : X→ Y is

continuous if and only if

theEX V-E > OF 870 ( y C- Bs (x) ⇒ fly) C- Be (Stx)) ) ( 6. D

i. e . dx (x,y ) Cf ⇒ dy ( fx , f y ) C E

Root suppose 16.1 ) holds and let VEY openbe given .
To prove f-

' ( V) is open
we have to take a given KE f

- ' (V ) and produce a T > 0 with Bifx) Ef
- '

( V) .

But ffx) EV and V is open, so by def
" there is e > 0 with Beltx) E V.

But by ( 6. 1) therefore, we may find 8 > 0 with

B s (x) E f
- ' ( Be Cfa ) ) E f

- '

V
.

Taking 7=8 we are done .
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In the opposite direction, suppose f is continuous , and that xEX, E > O are

given . Now by the previous lemma Bel fx ) EJY and hence f-
' Be I foe) ETx .

Butthis means that there exists 8 > O s it .

B s Ix ) E f
- ' Bet foe)

or what is the same,

d Cz , x ) s 8 ⇒ d ( f -2 , fx ) a E . D

Now, you checked in kindergarten that various functions IR
"

→ IR

are continuous in the sense of 16 . 1) , which is the usual continuity of
(multi - variable) calculus .

We will freely use that these functions are ,
as a consequence of the lemma, also continuous in the newsense .

For

example, sin (say tt) describes a continuous map 1123→ IR .

To deal with continuity of functions IRI IRMwith multiple components,
it will be easier to introduce the product space Xx Y which we will do
next lecture

, along with quotient spaces and gluing , which are
all convenient ways of generating new spaces from known ones .

Exercise LG-7 Let X be a topological space, and see X a point .

Let

S × = { ( U, f ) I U is open , x
EU and f : U→ R is cts }

.

Prove that ~ defined by ( U, f) ~ IV, g) ⇒ I WE UN (W is open , xew and

f- Iw = glw ) is an equivalence relation on Soc
.

An equivalence class [ l U , t) I E by-
is called a germy of a real

-valued function at x .
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Lipschitzequiralenu Two metrics di , dz on X arelipschitzequ-iaentifthe.veexist h , k > 0 such that for any x, y EX

hdz (x, y ) E d , (x, y) E kdz (x, y ) .

Exercise check this is an equivalence relation on metrics, d ,
~ ok

.

Exercise to-9 Prove that if d ,
- dz then the induced topologies

-

are the same, I -e
.

Jd
,
= Jeh

FI Recall the metrics di, do on 1132

ditty ) = II , lxi -yi I
do ( E

,1) = max{ loci - yi l l is ien }

Prove that di
,
da

,
doo are all Lipschitz equivalent , so

( R2
,
Toh ) = ( R2, Jd . ) = ( R2, Ja. ) .

( Hint : d , ( x , y ) > dz (x, y) > da (Ky) > n
- " ' dzlxiy ) > n

- 'd , ( Ky ) )

Exercise LG - Il Consider the topological space ( X ,J) with X = [0 , B
-

and J= { 0, X, [ o , Ed ,
CE
,
D )

. Classify all the continuous

functions X→ IR
.

Exercised Given a set X with the discrete metric d ( see Ex -

L2 - l )
describe the associated topology Td .


