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This
 is Lemma L9I

,

IQI (a) A metric
space

( X
,

d) is
sequentially compact if

every sequence
in X

" O )

has a convergent subsequence
.

-

②

,

②

(b) Given E 7 O

suppose
no such finite cover of E

- balls existed
.

Choose

sorry

②

x
,

EX .

Then Belal ) t X so we

may
choose xz

EXL Be Gu )
.

Since

Bela ) u Beck ) # X we

may
choose

xz
¢ Xl Be Gulu Belk ) and

in this
way

construct ( xn ) F. o
with d Gen

,

am ) > E whenever ntm .

②

ByhypoHn=o

contains a convergent subsequence ,

but this

construction

of  a  sequence subsequence clearly cannot be Cauchy and so we have a contradiction -

( even
w

-

°

I

observing complete argument

DX
E

)

②
Elza is Ex .

Lll - H Ci )
,

fwm  assignment # 3
,

IQI (a) Suppose
X is Hausdorff and C x

, Y ) EID
,

i.e . xty .

let V.V be
open

( 20 )

disjoint
sets with KEV

, yell .

Then C x
, y ) EU XV

and UNE Dc
,

so A
'

is

open
and hence Disclosed

.

-

⑤

If Disclosed and xty
then C x. y ) C- A

'

has an
open neighborhood

of the form Ux V and so see U
, yell and Ux VA D= Of implies

YV are

disjoint
so

X is Hausdorff .

- ⑤

(b) Consider the continuous
map

( s =p ,
,×

, )

'

'

This  is lemma
47-2

,

✓

②

s fxg

X
- Xxx

- YXY ②

I

since Y is Hausdorff the diagonal D= L ( Y
,

y ) I yet ) EYXY is closed
,

and its
pre image

under the above
map

{ XE XI f ( x )
=

g ( x ) ) is

closed

in X .
Hence if A EX is dense and FIA

=

g IA then

②
A E { x

I f-Cx)
=

glx ) } and therefore { x1 fix )
=

91×13
= X

. D

\

②
l②



②

"

This
was Ex

.

42
-

ILL
,

IQI For X
locally compact Hausdorff the evaluation

map

( w )
evx

, -1

X x Cts ( X
,

Y ) → Y ④ for
proving

the function

is continuous

⑥ for proving
it

 is  a

is

continuous

,

and hence if f : Y → 2
is continuous so is

homeomorphism

eilx
, -1

Xx Cts I X
,

y ) → y
t

, z

and so
by

the
adjunction properly

f- o C
-

)

⑤

Cts I x
,

Y )
- Cts ( x

,

z )

I

iis continuous
.

It therefore follows from the universal
properly of the

product

that the
given map

in the
question

is continuous
.

It suffices to
produce

a

continuous inverse
,

which corresponds under the
adjunction property

to

Xx Cts C X
,

Y ) x Cfs C X
,

2 )

!
sxi

Xxxx Cts I X ,
Y ) x Cts l X

,
2)

112
ex

×
,

y

x ell
x

,

2

Xx Cts I x
,

Y ) x Xx Cb IX. 2) - Y x 2
.

This

map
is continuous by

construction
,

and sends Gc
,

Thx of
,

Tho f ) to

t f x )
,

so  it
corresponds under the I

map
of lectures to

an inverse for

Cts Lx
,

Yxz )
→ Cts I X

,

Y ) x Cb I X
,

z )
.
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1042
.

(a) The reverse triangle inequality says

I

1h11
- Hull Is Hu

-

WH

( W )

so

given
E > O if d ( Vi

w ) LE then d ( 1h11
,

KWH ) CE hence

It
-

It is

uniformly
continuous

.

This  is Lemma 48-3
,

-

⑤

( bl
,

K ) We
prove first that t

 
'

 
- V x V → V

is continuous at Cvo
,

Wo )
,

by

calculating
Tlb )

,

Cc )
are Ex . 48 -

II
,

Ht( vi.
wi )

-

tho
,

Wo ) It =It y
- Vo t w

,

-wolf

E Ily
-

Voll t Hwi
-

Woll

with respect to the product metric on
Vx V this is

= day ( ( Vi
,

wi )
,

Ivo
,

Wo ) )

/
⑤

so continuity is dear
. Similarly for scalar multiplication

H X
,

v
,

- To Vo It
=

It I
,

Vi
- Tov

,

t Toy
- Xoxo It

= It ( A
,

- to ) v
,

t To ( Vi
- Vo ) It

E H I X
,

- to ) vill t H2o ( v
.

- to ) H

=

17 ,

-

to l Hui It t Hot Hy
-

Voll

/

⑤

= hi
-

Xo I MY
-

to t Voll tho I Hv ,  

-

Voll

⇐

IT ,

-

lol Ily
-

toll t IX .

- to 111%11

t Hot HY
-

to It

Given 270 choose 8 E min { Fs
,

31¥11
s

31%1

}

Then if d
# xx

( ( to
,

Yo )
,

Hi
,

Vi ) ) s 8
we have

I Xo
- X

,

I t Hvo
- Vill a f



④

and hence 170
-

tile f
,

tho
-

Vi lls t and so

HX
,

x
,

- Xoxo It E Ili
-

701114 -

toll the .

- to 111%11

t Hot HY
-

Voll

< S

'

t 811 volt t Hot 8

E 43 t 4
,

t 43
=

E

I

⑤

as required .

+

This is Ex
. 49-2

,

IQI (a) Let ( Tn ) F-
 o be

given .

We claim for  well that ( Tnk ) )nFo
is Cauchy in IF

.

( w ) Let E > o be
given

and choose NS.t.fora/ln7N/lTm
-

Tull L E
.

Then

H Tm Iv ) -

Tn Cx ) 11=11 C Tm - Tn ) ( x ) H E H Tm
-

Tull
-

Hull EE Hull

It follows that ( Tn H1 ) F- o

is
Cauchy

and thus
converges

in F. We set

Tlv ) Linn Tnk )
.

- ⑤

(b) Tlvtw )
= limn

 ,  •

Tn ( v t w )

= limn
 → a ( Tnk ) t Tn l wt )

= limn
,  a Tnk ) t limn

- so
Tn I w )

= Tlv ) t Tfw )



⑤

Tl Xv ) = limn
- in

Tn I Xx )

= limns ( 7 Tnk ) )

= X limn
 → a Tnk )

=
X Tlv )

.

- ⑤

(c) we need to estimate

I Tlv ) I = I limn
 →

Tnk ) I

= limn
- so

I Tnk ) I

Now we would like to
say

this is less than
limn - in

It Tell
.

Hull but we

must tint
argue

that limn
- in

It Tull exists
.

But It - H : V → IF
is

uniformly continuous so ( A Tn It ) F-
o is

Cauchy
and hence

converges
.

So

s limn
-

soo

It Tull . 1h11

= ( limn
 

→  all Tn It ) . It " H
.

This shows T is bounded and moreover
H THE limn

- so
H Tn H

.

'

⑤



⑥

(d) We need to show HT
- Tn It → O

as n  
→ a

.

Note that  with mine
IN

and ve V with Hulk I

I Tm Iv )
- Tnk ) I E It Tm

-

Tull

Let N be
sufficiently large that this is < E.

Taken
- soo to  obtain

I Tm I v )
-

Tlv ) I EE m > N
.

Henk

-
⑤

It Tm
- TH =

sup f I Tmnt
- THI I Hillel ) E E

.

as claimed .

TM atonal covered in lectures ,

Ca ) Ka ,

b > Is Hall
.

llbll -

⑤

(b) Let fl a)
= La

,
h )

.

Then if h
-

-

O f
 

= O
is continuous

.

If k¥0
,

Ifla )
-

f- (b) I =

Isa ,

h >
- L b

,

h > I

= Isa - b
,

h > I

E Ha
- b It

- 11h11
.

To
pwvef

 is continuous at b
,

let E ? O be
given

and set d
= 411

htt .

Then

It a
- b Ha 8

implies
I flat

-

fcb ) Ic SHHH
= E

.

-

⑤



⑦

(c)
Suppose

Lui
,

f 7=0 for  all i E I
.

Since C-
I

h > is linear and continuous

I htt is a closed vector
subspace .

If  it contains lui } ie
 

I then it contains U

and thus I = H so h
-

- O
.

- ⑤

(d) Set U
=

Spano
( le

in

Ynez )
so

O
=

H
. We set an

= FIT eino
and

N

f
 

'

= finna I Lf
,

un > an

h  
=

-

N

Then

L um

,
f -

f

'

>
= Lum

, f )
- Lum

,
f

'

>

N

= Lum
,

f >
-

whiff I L um
,

Lf
,

un > un >

n  
=

- N

= Lum
,

f >
-

nlihf• Lun
,

f > Lum
,

un >

= Lum
, f >

- Lum
,

t > =

O

Hence f= f !
-

⑤


