
nEFlNll loN Lcl S h ^ crq<l?d nq qnd lel Y be a qrade<l t '^mod e, H= Odez l. l.t wdehnt
lhe thect( dsocoled'b Y o" PnJ s t Aeia[ed.b,/ lt, 6nfilows . tat eath F( ?'bjst k] n(F)' be ke q,w4-ta-ttryenbTd"X".b 'i'li" totqtBihot t- 't4, wht'' -7 ', &u itliflna*m ' Ttkn
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th.en itql vteai'J u,a 5 t..at -,vno,.tab n'ttu oburcu, t aq 6r "rl "r, 

i!!li[, ff#i:# -""r,
illiLllAff,y';;!"!,,X';ft;;":,,,"y^;l *,:,'il:rt ilii\trf*^a';o asr-t an,i r( 5
ol  w tamo ' , ) iqk i , 'uch fua t ' fa \  e ' !  e r14  lLv . * t ,o* -+e i  and i1q) -n lpe f l t r t  \ f  . t  , ,
e<^nvl h rheck 1li"t fr " a sneal ol1'-yt,- *'lh llp obutow ttttlithnn mapt fhen fr tt a- Ot'vho'lute
(x -?* js \  vLa-  U s ) (P . ) - ' v (p )  ) (V) .

r R v P 2 t n o N  5 l l  L e f  5 b " a yrt"d nry , o,l fl a gtaled S'hodqle . Lcl x: r ni 5: fueft

(^) tu'a"Y VeX, +r'"e thlh f,r = I'ltrt
(b) kr antl horltoqet'tot feS+, wxhaw Hloft = F-61 u,o +tn

"oa$'yhun" ol D+ 6) u,'/h fVec !1r1, *r"n 4ttt 4"ipla lhe
laup "( elevaenls "f delee zen n NP

&) fr aa auoni-nhenyf Ox-wodule. Il S,rnuAh"non ahd n rr l,flkt!
S"nurofed, +hrn i E whclenl :

PR00F Dehne Y Hp -----> t11p1 b1 9N,4:'fu).'ine fuolfha! | ranuomouphttn follwt ca h
(2.9)o-.1+ $eatq +o Lhpclz+fu| J,laprlfuqthon4 0+p h llw achn"' ol 50)il ctt t\4
tompaliblewtF 0x,7 ---; stt\. th|tsonoryhsn 4V+ r1,t1 ts ratt,al tn 1J

(b) ff D ilil= f )hr r lnuul, ,o,,w nay unne f u nol nilpol<n\. Re*llfh" ,,o,norph,3n DrE)-> specslel
tt definecl b'1

'J, Dt[f) + sPec S1a1
JLf)- psat1 s1a1

YT(s)f?) - "frhlrilt )
whew !v :  (Sct)y61 > S(c)

+r(%",b/r^) = "{^/w

1o J,eftnton sofltovyhtsnl ot'.rheaw ol' OrPetc)'mt)dtlla y*frlo.,tt) - i; *" fi# "1"/'n' lo"peD+IF)

vv ' 0-1ei141 --> I1w)
wherc.1119.1 t /h, ,1o"upo/ degnz o elenenbn f17,,krch beamu an szt -vnoclub n lfu obvprn o" dg'
wd,hna 

yv(./+., b/r.) : *
l ' b

t t  c leq f  =e>o lnen deqd -  / \  ' deg f ,  ae t4
" te3 t " :  *  -deg l ,  be  S o 'o l  b$  P

to he carchl, choote a rep,<cnhhe par (mtr) ht a,/t elemenl "l Ir lk])!@) thew n\enG)911f
i"'1"" *,'-i"ini "t il ';h'; @'tF\ w'!h+.t? lhlat P'ole' hn,.6' doe' !' ,sq 1,sl' .!+'Jfu)
04e"he.i . t the dehnthon ol\"p r nclependonf of bDth (nctLu 1.+ tt  dto edolo ctte(Kanat I f  t ta'

i;;;:;;':; J's;;i o^d-+hql lor qe (nu')\rt'd anc\'te (s a)'ttr)'

Y.p (r-'n ) -- talrl 'ty(n)

Ov\e thowt lhal 
-4t r an vomovphtsn ao m LL 6)'



Ne clehne ̂ . ffct ---+ Jrftlnrpl b1

u,' ilrt(v) ----------+ &(Y-'v)
t 'ou1'B)-- Yr( '(Y("d)))

A s n ( z . s ) , l r c l e a r l h q l t ^ ) t \ e f r 1 ' ' V ) , a n c l t h a l w t ) t a m o ( P h u m o [ - 1 n u 7 - d c a \ g t t t
U a miwhum ol! Jheavel ol abehan qrcuP, qncl tr m facl an U,vnotPhtJm tiu Y'|o tr aA ttomotlly'Ottm
V?e D;- 6). and lhe hllou'tng dnirah ammukz

fftn sypl ----------------> fllyp o
] l l f

( flra)Y61 -- ;"-"""+ !1fi)' I p

, o ut y rc n a mr tb th o w *h a t cn'  " 

::,::';r',_t;' : ;,,," 1? 

e ut n t g e', " 5 "' (v ) rh e w

- 'y.F(rllot). YpU(d)
- '  YIv l@\ '  aY(r t ( f )
= (.r. cur (r ) l f t)

(c\ JtnctlhcDt(f) .;,vev eo1s, +fu fatl-lhaf fi u qaur-oohercrt $llou's f'om (b). a+ 5 u no<thenqn
ancl Yl kuk\ ynealeci Th+n1 ; '. . r:. '

No-rE Lel S kq qnded anq, X = l,qt, I'l o q.aded !'module. ht ltS be honoqenau elentrth 4 S -[ mpechve- 
deqr'(, d,t=.1. Ttrtii 6 4 b;ir7+ren nit4 fr(D.(f)) achnitt b! 'nqP"Ptn3 n/f" tD ?t--)mlf"enG\
(Simila'lq np'l + fr[oi(s)D.7here rs a rno'phutn .cl qmups f , Ilut ----,+ fltat, d.hned bt
.11-1j^j- S^ -/GA^ t+ ts ear;lj chuVecl lhol r thllowtY dograna annuk't'

fr(o'@\ €'-:

IJ
fitDltfs)) +

tlGl

I
l vJ

H ree)n
l-/t



At this point you should consult our typed notes “Modules over Projective Schemes”.
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,EFttvlTioN Lel 5 he a qraded rrng, X= ?,ojs- ftr an! neZ w 'le$ne lh" thal Or(nl'l"b' S0), wherc
sln) rr +he ivacled s -modvle

J

5(r)A - Sor4

J" the 5 -modulz u 5 ,Lelf, Ntlattha modrhtlqvacltnq u:e GII Ax!) +nz *u: hng s.he{ "[
tem. i" qnq thea{ "l 0r-hodu16 7, we ,lenol+"b,t F(i) tlte4wt led tupol '7 6[ O'(h)
TF / ,7- - jT '  , ,amoqohtm of  l ! .x  -moy' ,u lu,  Q'e\  aenofe^ /a0 ' t " ) : ' f - (n l - ' -? ' (h)

PRIPo5finYtlz 14] S be a qral4d tnq o,nd X- PniS. Astuw< lhqf s,s gcnealed fo t, a an So- qlgeb'a
v ..1

O\ 'fW sheq( 0*(n) r on ,nnethbl< 5l'1sa"t "n X' naV'
(b) FDt atg lmdecl 9 -vnodule H, fib) = ( nl.])-. xn potlqlla1

0r(n) A Orfm) = d)x (n+ rr).
G) Let T be ano?her qade(l rnq, qenewled b1 T' a a -1"- alqeb4, snd lzl

y s -) T bu othononotil'i- p'ercw'hg deS.ree'c,-anA laf 'Us Y = P'oiT
ar'd f O ---> /. be 1fi2 moryhttm defP'mtnect bl 9 (Ex 2)\\ -rnerL

Jk(aK. . " \ \  ' s  pv( " ) lu  an{  fn (  r9v(n) lu )  ?  ( ' f+  duXn) '

PKooF (q) Lel {€.St and ,ottrdor tla ptnclyn A.xU) l otGl CA +lte Pveuuh/t Pr0por|'ton ihrr ts tsovltowht<
* il'ri;;;'""^' iitrsn, r' *'t thow thar)h" *iiion i' hu'"t int"'t iI :'^ft"u l': show thlal

,ririu'Et tn, * s'et -"toctula D'hn"

! .  5  7e1 -a s0)1a1

9(/r') -' fnn/f^ rnsug Ynekc)t[vt f'auni {fl(g

Il s eanu h chtc|lhci ah6 6 qwelt-cl<hned, tni6.hue noyll4u tt1 ul 56- noArle't 1orcz lhal 'l s s,'njecl"r'
latklf ,4 be4twft,  toh€ Sm+tt -1he^ Rl+1+ie 541.ani( maot to lzl t 'a) at vectutwd stvt@:> ts'&ni//xa 

b,1's, ooan s,- atlqni,o, y tiatnd al )he "peni.Eotit)1",4e's,.tlenu ooll, u
i ; ; ; ; ; ; i ' ( t + 7 z t , n . f r i s r " ' n t i i y l e s + ' u a p o t y t n s : t w t h o e f t ' n s - I n " c o n l a n t k ' m r t n q
a e X l  >  o ) .

(r|,) r-e+ t1 be a amded J -noAul<. Then ht Ae Z '!he,e ts an obvrout tsjmt)tlh$m (,'1o, s('))+ n('C
"! I'nodLtbt, ",l,lrch.naq,a,tili1 pet k b" an uomo"phtsm ol imded t'vnodulu flen@

fr(") - f iee,&rb) - f rae"GJ
Z ffr,51--1"1 = ;d

st,ttt by aosunphon S.x gepenl<l btl s,. tns $D,'notqnlt^. o na lurol 'n fl, 'n ifu rcnre)hal (

4,n--11 u a movpttr:i 'o/ 3^a2,1 5 -rvloclulutz trI H(')---n'@ M'tt^arl bg F)7herL'ffu hlloulnq .ommqlea:
ft1") -+ Fd

T o L  I  @
ft'f") =_->;?f

Thts ldlwt {wn }!u nalurahly J fi-eq, S.a- 1p e-Nf '! H. Tn ?a.rhculor qx @.- lhaY
gx(n) o qx, ' . , l  = o x(m-+n),vo f i teGi=+ 6" i6t+Ta.;d.

3) 1n h&cedo no| ptdlt, uastm e .Tt< genemhcl bg T,.1w,no'ryhttm 5(4) @sT---- T(n))
s @ b ,--) f ls)t /t an uomo'ph/ti "f- qa.lecl T-moduk'2, Jo

f  r (gxtn))  = l ' (  G) > (  sr io ' r )- lu
= 16 I,J - Pt (n) lv-

tut ltelatl claim Ne do not swn wlutre I'hal 5 begenerdo-A W st Then



f i ( a t@ l ' ) I " )  =  J * ( i d l " )
= (,V ot))*
= ((" r)r^) )-
= (,t)-F)
= !+(1 l " ) ( " \
- |+ (oo)(r)

6lo reqwttd 61

A*vtma stt lqte(Al3d by 51 cran g" -algcbtq.
'th" lwt<hnq' ope,chon ollows wrk clehni o qndrcl S-moc)ule a'crcaafetl hav'q 'hea( 4 woc[ula on

X: P,oi5. 5'111 lnl we ne erJ k Propetlvt undtnland lhe t5smorlsht m &r (nl 6t p^ldl) = (9 i< U+ h) .) ntm eZ .

T '  A*b)  8 gx(m) + Ox(n+nt)

s?it e it7i' iGif \\ ,----_z
5(o)e j (n )

5 na Jh)rrt, .s(m)61 ancl s(n+/t1)t?) an all..subjanr ol T-'s (r=hom ells ntl v,. 'F), '; ' te anbrne ou'
PrEvtoM wo/hh]a J.e lhal ht U 9 x and tse u

'nG)W\- tia,;(i l1;ry)
5,1"fi : (v, 2; a; ab;)

q; e G(u), b' e fr(v)

Tf G u a fueaf "[ @v - ptoclule.,r on \ lhen lhere ran rorltovphlsn ol ox- modnlot

r l  .  "F(n)(d):  F(4aaxd):  (Ta onf i )o (9xU)
= F. @ rc) d 6ArU)\

= T a Ar1r-dl
' -- Fb+<])

lehnedbt
K"(")(?) - zrj(vTw, cslynry o Tvow ( d,1),1a, 6 a,pr1\

when s(7)= ( ! r2;qiaL;)  cI ;e (F-eox(r))( \ / ) ,L,  e 37i i (v)
a ; ( ? \ :  ( w , 2 i  c 1 1  o d 4 )  c i e T (  ,  d i e  6 f u )

rf setd) +e J4 lhtn lhere arc <qnonral Slobal rcJwnr i e T(x,9*(a)\, I er L*' a'te)\ 'Jeh*tr by
iY6"5/ '  Theru 

rx(a i i \  -  s ' t

Atto( tJsN ancl aeOx(n)[u), be Ax?) fla2n rv:lQx (n)e dx{o))fu) =+ Or{')ld) nay a&b )" b a
6,s  r^p l@tha l  K . f (deb* ,@\- -a  F(n)  maPr  v r 'b le+Eb 'm.  rs i f i t {  v r  + -ag . t



NOTF We .!6bor^le a lllh on (s.lz^).l) stunc s B ynenled by , atan fo 'db.bro' r, thorll lhat
( f es, +hen Ox (.) lo+trt -- 9xlo+6) t'4 mDdula'

we dehnecl aA tlomovphrn Y, itn -a 5,-)@ o!-:!a -modutu, g,unl j , Otp"rsta ---a Qi/a -
89 (r.rlb) I htye tan romotphrsm !*6x(nl = 5t4m. L.L l={' . ihen apjtgtnl f+ 1" rh. ampost<
y\utc+t Z 3,0r$lwc obtata gxlotQ Z !* 9ryzrqa =- g77h\lD+s'|. r'D/ V € D+(fl w. ho.r

Ayh)(v) -+ frl+)'-,(gtvt) ------+ A+rrsa(e(v))----9 ortv)

rf se 4x(n)/V) lhen lbe awe:pondmq s'g 6ta1V) tt dehncc.l h4 t 'kF\-'Ly( s(p)J culrere
"ty , s(u,)qt - ,lq), : ::T":y,I'- *hod by .v7(qh) - dfr"r. s" +he iomorphttmt

a^Dtsrn itn\ethbihA ol vxln ) .

4P' Ox(n)le;61 -=4 0x l611nc1

(<r)vG)t'p) - 'vs $@))



!a
NOTE Twrslng " E,,a,l hhil,,V ry l*b futhulo ltot)

Let S be a g,adednng fnenkd bt 5, .o r" - a$ebra..lrJ e clainu that ,l X- P-JS *he'. $'neV

- 6o* or(n) ' O{t14 --"-t Ox'APA

t' an exa.l h)nL+nr. L"l o ----; q L9 J"- x --n O be an exac+ )equrnu ol ar. - moclulu Stno
S r pne,akl b1 51 4!e D+ (il, fe st oer X atd 'to Jho\.^r o-> TGI J13 b) '-".Defu) ----t o s
exa& 'l tlhvJk rhow lhaf

o -----+ (F o o^t">)lwi (g a9rb\lorn, ------- (oee ord)loa+t-i o

u q^.t^c+ teqwka o( 9rlwrt'modulet. B,at +tv htlo"'ttng |ngran tnmnalen

ct "--n (Fe Ox("))lpta) 1-----------+ ($ o 9{i\loa11 -> (K e &x(''t)lrr*) -ro

o '-t (Tloret) & Ox(n)lproc) -; UIo*) 6 9r(a\lotqt -----t (d le,c1) o gxl"')l pru, _,u

5o I ruLhtoo'lo shoat -JhaI +lw b"kft' ww rt etacl .
tel Y.Dr&) -----) Spec5l+t be'fhe cqvtonkal iotnot[ihsm ol s"hene't.1len un hdw a Lor\AnLrlqhttz

dnSram

o ---- fu ( vlr,,r, e &rh)lnl11t) ---+ J*(f lwct e s,d,nlo<a) ---i-lr( x lsrn, a 6ytntlx,6t) --+ o
i l r l r lv u l ,

o-> f+(lrlotra)@ 66 -----+l*(Jlotr)6 i;-G) --)\ta(lr,r))@ $fi--o

s,r, !* | ;7;, 1or,,t ) 7 i6i,, 5o w< han ,eduud lo tlnwt\q mat Qiit s ' flal osPe'sto -nodule
B"f u,t hive alrcadu rhoun lial S@= s(6)tr) da t ct- midtl. . (tueda S')1so'lhtt ts obvtDuDl sttl@
+s'lto,n3 *tfk gsfe.gpl : li r Lalurally ejuvakn+ 1- )ha doA+j.



NOTE fsr , faSon' fot  0x lensovrn3

let 0x be a theal ol nnqs, and h, Qx- ntoclulu 'F19,w let )ztd (ra1) otf ->,,f 6 ft aa<)
be lIutomorphttn -tabhfhid ea,t,orlhen'fo" Ax-modul, 26,?t,N- u'< clctitn lht hllowtnS da|'on
annulca '

( ( ras lo  x )ax
)a1,or  a l  /

/
\  

) ro l ' ^ ' 1

\

7y ,!t1haA-k r.t1ow nmnulahttr\ on s1ql[s. D"l- lor xel/-|fu ,{-lloung dugnn ,nmmulez { savt la *lu. nner
Pentqgoh )

(trreltatl-ox- :+ (1roi)t ea$) eX"

l \ tr*slow)'dl @ \
( r6  gh  o(?& a f  ' )

/ . \

(T e {ie,ae1)oy
" i ltr,s"d,x 

I'lt
T e(Gba€)ox) ---------- '

,  "  7g,^,*

eGax))'X], \tT -og;a(xex)]. -====:4 (6a9)a@sx)"

/ t ] | i ll i J l ' l l
l l l / l l

a(rsoae)ox)), + { 'Fe(9 e(oteX))!. -+ 'F,6t (!^o(aeaf).\

@ / \ a /

/  o  
. \ * (w* ; ' !# f f i k ,

( T @ 3 ) @ ( a t e X )

l[ n''u'^'r rN)
il

r  e  Q X  w " x ; )

h @ ( ft e ae) e x). -,=:=::=========-+ r-. e ( 3 @ rc( @ x)), Y;#.'W;;:;J1;
I dtoLtdry)

94uror'us n,fi- atd.TV,nmnu)ebl nq)uml'h4 .f lu 6n 1oa1q+u, -vt.'sllh'. (Pnrn eattren),9q*wes t,V

irm?:,n*W;!F:-t?:i*?;*;fii'iii,#i;W:'#hr*iff ""'



({,reg ) eat), et. -:1 (fo9)zex")o{,

\
\

(r @ (! aaeD,6 K, @ (nea)aa{') (T@5keb&eX, )@Xn

\
\ \\

\
A) \

7.7,6 !,)e (a( ex)r

ix
('F. 4X,:(r*o(f 'aar"))o1" ( ,F*@t")@(0r,6 'x.

l l ^ . l ll r  @ \ l@ l l  l \It l|
@x,\+ T, @ (G*da€,)ox,) + r,.o (g,s (oQ @ X))

8V@e),)

1iI.l|
e(@oN)'

0

\.9,,

?  TreB"a@ox)")
.7

54wr?r T)71 nnntie I ne'lhet4 aE chaqmyf)t qtren b! 4u lnrvot P,odta-rl * K".tal 'F-) w'll.,
*mnvrM,up ahaqrams (aotoctcldr on 4alhs).6)" am1slett Invallrl \D oonnulea dF P +ht Fn.m|o^ |
h" lle aatot ralr"r "[ 6t*,r -mdulat, lV,!-,n apethrc[t1 due:lo llv na+urdhfu -l' l?u. qodute asroactto'',"iiiJ,-*'*^a )ri ii,t "iiiu,",h"1 ;il; "linl'et*a R-vnodute': A,dr<,D )tu J"llov"a3 ammde

$ f t o a \ o c ) o >
/ \

(A a (Bac))e D (ho B)e(coD)

i l l lr r v
f t  e  (a ,Oet )  4  f t  e  (6e  (ceo) )

'F,e(G"x)eX),, -:,:==-=+ T, 6(q oh€a fl),

f ,e -4 f r ' f : 9 - - - -+e '
(/+eB)@c-+ kalBc.) (tes)4( =:=-4 he(Boc)

t t " t )"r  I  I  t " ,  ( t4tut ! ,"71' '1
lBrldac 4 At8(eo1\ (free')@. =-=') fta(Blecl

thu tomplele,t )h ynof lhal 0 aommula.

/ ' c-"-'t c'
(eoB)s(  ==-48 a(Bec" )

J*f rcuql
@@ B)a.' =4 ftetB ec')



NOTE Com?ct,b'l ify oLlhe frssoaa\or and -

, g,nuoh,l bY ̂ a5 q^$-algebft-

Lel 5 bea q,adell nnqi N, NtT qraded s-nodqlu the canon(ql ltomotPhlJtu n 6s (Ne'T) +

G ,,, I A't "1 j)r"aut- ,' lbonl''1 on Eom,o tPhttt* ol Smcled s ' ri"clqleo L'Je 'lqtfli +hql '{ l= P'ls

iiri itn *," uo+"i 1o. Q^'^oduti ,/nnpahb)e'w'lh - inct ltu antacuhr 'rt' Sedecl | 'tnoduleo' tn

lhe nnte t4lal ttu,l"llowtnq ,'atnutet tall motrphgmt ( anonl'at )

(fr'ar" fr) o"*T
 vtrrnr ot 
ll

fii,-il ap*^7
lneN,a 1l

'{t

t  (n  +€)  a

Xx

ll I I d N;l
it

0 If i '@',6;,T)

{f 0",*"
IT

/'--.--.-...-.-.
11 o, (No'T)

)9

B,.r j  qven Ue\,  se(fr  ofr)oT)U),  >6)= (0t  2;q;sb;) ,  a i  e ( f r6N){v),  breT(u),w*h nv1
a;t .pi=l t ,2;ct  oai) ' ,  ' ; j  eB,Jt) ,  dtJeN(v)/  c; i l r )  -  n ' i l j€ n(o dt i ( 'Pl : - t '5/+5 eNryland '

; Ir) = ui/e t fi"1 fhen

( \, 4 t o,1," 1a,,' a t )), (s) (y) - 2id(1,),?, ( 
(lig3P r)

-  Z , , i  rYr  t j  6 (n i j - ( th i  )- , )  , , J .  + t j  < ;
- (ar,,.,nr (t @dN,r))'x)! tt)ftr

at) req\^tl/. frs an exa1vn4s, ,ar. /hou) fhal h. nre,.leZ llu J'lowml 'ltagran "ommdu'

( ide;d)  oGt - - -=+ i6et l l " t . ta-at \

/'=-.=-v
(Yr ot N) o'r -'-+

ll,ry
,--. [2)
s  ( e ' +  d \fr)

\\
\)

s(r,) 6
t/t',./a/

5  ( n + e r  d )

tt "n wz yul n more ddaill w- yel '

(iti"itl)o A ------) iDi",['6rdi) 
r_.

6;16,{;#"- ^!, *,)-'*
[ " J )a*t-, ( ,]'!/ v

GoMt4fr;;tr6) a' ( i;;, dat- e- i;;aiia6f

'lht trnonl]l., mayhecl . @mmqk fu drhnl,a, fla rquc,et rryL b1 nt+ludfu l ':-s-4 i-. ond E- trttu i,, lh",mage
unde, ) of o rplxvaalvlwr draqa-m. )1enu c,nu-ltru odttat, &mmulp; bt 0),) (-) ,owmul@.



Mo.t oenerallu. ('F rr antq t9x-module and t1"e' T/n)6 ox4) =+ J(nN) dnot<'t )lw a'no'rol
,r*otp^u, 4p\nny' "ant edt the l"llowtnl dtalaw unmulea ' ' lor any n) e)d e z '

(T(n) a o,t"))v o^td) ---]------) 7tn\6 (otk) o ar@)
t ly\" nl ll{/

Th+e)@ 9t t4)
'lJ

7{n) a &xle+d)
p)

\ /
*nre,4 \* Tk+n+d) 4 F$,e+4

tie redTaw lttts draSnn r',r 'pllor,rrs,

( o *

\ . 4

(ox!t)esx1d))o p*U)

// \

ll ro(ta.r"t"e,o:\

l / o l l
@;<{n+e))a ox{d) 

ll\ i l
\ /

F @ (0rh1e)@ o,(d)

((f ea"@) 6o,(e) o o"{d)

7 o 0, (ntetd)

@

Tea$)

@

fe o o* t.l) 6 (o{e\ e s,<141)

/ i l
a (.0 ̂ t^t' (e ̂r"l' o, ut)) ll( . 1 1

ll 
(?edx{"})  o 9r(e*d)

i l /J /
'Fe (Al,b1"Ark+a)\)

th. o<nlaaon 6) u lhz ao t o ",ahr penlaqon , uh rch commvtbc bg ec' w nola'.fue pnhgo"@ r)ht funcl'r
r b - ippttJ h dn4,an t'1, tt':nc immdo tfu tluwe' I; V @mnuE bi '|qlttahy o''!"ttt c\ roctdto' t^
(w t c<aw( ina ln,"l u a hoblz. Azn@ G) tammuk't



. 9erl,ro\QA b'! t d( qn J. -algebr@'
1,

DEFINITIIN Lel 5 be a amfut! nnq, let X = PoiS, an'l)el 7 bzathea/ of 0' -moluln'c Lre dehneJle
=ts 

3raded S - iodule iiotnlecl ]o T "an o goup fo he

-ra7l:  6 T(x,T(h)) (r)
n e z

tttp arw rl cL s*uthte ol qtaded !- module a'> f"llows 4 te rd lhen s deJermn"zt a clolal takun'3.tr7x,o"Ul) 
dehnei by i(r)- s/t ihen h., "'! te-r6"P(d) ute clelne

s . E  -  K x (  r 6 i )  € ' r "  ( x , . F h t d ) )  ( z )

s . vn - 2 a,.o nar; ( sa- n;)
r e L

s-
( s . n ) ;  :  /  s 4 ' n j

4+o
J e z
dt i - i

rLa- $ledwns tn 0L

e)

wharcK ts lht tomowhrm clehrud nlhe prcvon qoqe. tf reS and.meT*G) lhenlel
rn; e r (l- tJ (t\\ dehok lfu elemenl u/ lfu rcqw nu al fot*nn z Ne dehnz

or elutu alenllg

f in lone <hedts  tn  (z )  t  ha l  {o t  h ( ,moqenoun { j 'b ( "  t  C++| ' ) '5 ' ) I I  f ' ,  ( t+ t  )  )= .s  l+ r . ' .1
anc l  lo .  homoqenon r€to l r  te le  t  6a f  t * ' f t " l )  :  ( r  L ) - -  ( ' r ) ' t . - rha  tu t l  B  )heon l \one, lha l
v  d ' fhcu t l .Fo in ,dez  le l  K ld  'F t4 ld )  4 'Fh ta \  ro<+funoy ' l+ fu  P t r l to |>  laga Ne"mw'1  rnouJ
lhal

t< i ' ' ' d  (  K : ' "  ( t  ;  + )  e  i  1  :  n^" ' ' od  1v  o  6 ,11

lul lhs lol\ows fum arnmu\ahrtlg 'l tz) '^ tr^^r*rbil'\,4 '4:n".ond -t' ." )ht 0\"bal 
rcctun

(  t+ i "  t \  * i )  o l  1T  1" '1  e  o"k ) )o  o 'd )

fu,ttb,t plaqtnq sih n clut't n Q) 'l nout htlowt {o, a"bhary lste 5 ond' n,n'eT+('F) lhsl
s .1nr1 i '175 iaSt  - ' ,  f s r ' ) .m= t . r t+ t ' .n  c ,nc l  

'  ( s t ' )  m- -  s  [s '  m) .  r lw ty  l  n '=m'
)4en@ I-r(F) 6 q g;dd S'mdule- <leartg O),<d,uapl. (z) ht trrn homo3anoutt 

-

A X:d thew'ILG): 0 htronokthalf fe S. (e>o) and S7 rs guen ltu ononrcal Z-g,edtns, then
l'" ne fu we have s(a)G) - (sP\- "o tubSnuy' "( 5p.

?Rofbs tT loN s . t3  Le l -A  be  qv tng ,  s :  A [ t " ,  " r * .7  rT t ,  onc l le l  X= P 'a js  ( ' th6  t 'Pva jQ41r2  ' - 'pau  over  A \ .
?<n Tl.(o') =5, w lmded s - nrodlrls

?nO\F 1{A= Othen s=o arcl lnvrall4 ri[OxJ=s OlhQvtut,2 s+o ancl' \=Sttna r. 's not n']paleal, henu
- De (r") 4 6 hnl u* dehne ̂ ltaaed s-rodule J)' a +'l lo',ut

JL : J t+.,.. ,1.) IVi +; e s., c.^na v;.i tt* imajed 'I
'  + ,  . ,a \ ' ' q  s . ' , t  u f t  u  Jqme J

rd i, j ti4 map C s-, -) s.,, ,t cleftwd bg /('/',") - "^"/o-,t^ . ahrs tt.a "aotphrm .1 V-g'ade<l
nngs' (,onon,roi V-Sadrny) a i u <lea,\ o, ty'otfl^Evh 6t lvded r-mocluloz Oehne lha ! - modlule Jiu<hfle
o^,tL bvt 5 Q"' ,+'): i:;, '  

-, j i l-* 
ro'v*w'" aJd*rcn o ne ' i"cbr +hcne o'e '^tl t ' 'ett-dehnea

D.hne tlte gta ry "n "D. bY (neV)

JL^ :  1(8, . .  , } ' )  |  V;  +;  e (sx;)^ and v; ' j  + lu.
i^a\.,  ol +i,) i  6{1e h sf iai t



E ach .[L n 6 ,leal,"1 a rubowup of ,JL, ar'd 1*en (.L,.. ,+)erlL y h.l* | (]")^, , (+r)^) e.J).Jr'-
+ , ^ , t iZ i , " " i l r *g -Y t " , ' . , * : :=Z" i fA " ,  - , 0 - ) , ) . r t r c tea r lha i th t !exp rwnon t tdnqu- ! ) 'D
,D, s tndqd cr' q'aded f-mo4ule

fu all i,1 we hatre llu 4otlowtng arrnmulah* dtaqw,n ht ^eZ r Nkrl?tuduedw< nolahon f* (Ov) meotrr
I  g ,no t l * ,  ( oxe ro r ro t$ ,  iD f  O ! (n l r

dl|ttd^tl lte+\n 4. vom6'Pht')

( " " ' o ' '
Qi v s(a)r,,t t
ff;14*7 z ?6Tx,,t\
= 6*  e;d)10, t , ; \

(or cr OrL")U(,r;Ur) c::7: s (n)r:.r) f 6"(n) -- G)x e or(n),

Snu lhe D7@,) ,nnerX. 1oqw a aloLal pdun ter(x,6r@i4) r egu 'va/en+ -/o gtlrnq sechnnr 1, e 6 ̂ ln)( a a'l)
r;li el+n:./r eclutvatenl to Tvtns nv?"- (!: ,''Xl,::t,,?t.:!,','3jlk',,I r"?\c^q'rretnq r Df (r;xJ')

i ' lh \ ' , i  )t agreernq
)rWuniyt I w,fh

h S^ t t , .  )o rnerc  I ta  o tJ  eL1@tt  4

+| , - , i , t :  a i1+i1 V; nar s 'l l n t d i t :

' :1, i,": ; : k: ; f i : fi1"yl' i "' 3 7 [ "i ii i oti " "i';a' ui iipp'$' o,', x )
ql "fL- ---------) 1 1x, &" f'))

alu,, .t+"\l j,p,1 : ai(+;\ V Dl i < r

0n< chtths eanilq fha* lhts t an tromouphum ol-alxlLan Smup', stnethe di are rhwwt oblqn ary
$omoYpntm "l Zbeltan SnuPt

p, J\ -----+ r+ @x)

f (+', ",+") * e f (&6Y ('))

p(1, , . ' - , ) - )^  lonk; t  -  a i (  O ' l '11

rhevnap p <ko\twpec&.q,ade- iotorhow,Lt-= r!+(ox) -"^o^.t;T1i,fril7;2u;f:Al|"#iti"".
f fhq l  4o, ' rc  s  lna ( t " , . . "  f i . )€, . fL ,  P( ' - | ,  - - ,  s l ' ) -  s  F. ( | - r " '
*ttere te sd 

'and 
(L' ", h )e -e-^ ;;L.:;'4;";' lui" b"it' tid-a'ai'ot,o,1n'o* 4 h3'P" d+n' w'+n

f (sh, ,.:+,\ ar*lo,a) 
I i i{r;;,""1

(s f  Q",  . . t+.))dr^ -  s f6/ . .  ' ts\^
: Kx( Pt+' ''k\ ̂  @ i )

s (h)

IIJ

n/ D+ (x;) )

II
fra i l

I
J  / ( j i / j ) ^

Heuu (s  F(9.  , i . ) )J t^  11.1" ;y  -
4ncl wv hare recluct d k houvg lhal

t (o"r , . , r  (  P(h,,1,)  n lprt ' '> eo eloa' , r)  = r7o,r , , r (ai((+;)  n. . ,  i  i l ' * i '
d t t  \  .  . r  \

d i  ( J l i )  -  K p + ( r i ) ( . { i  (  r '  I  e  s l } + 6 t t  )

t\ppora lhol \ - Y<;- e Sq 0. a.e S,1r\ ,and le't Te h@i) l* Srwn fhen

xa1, . , t (<k + '  ) )  i io , , . , . , ) (?) :  (o t (z ; t ,  tar* ' ' , , ( "1 t t '  t ' i ,11
:  (  Dr( ' . i ) )  le  " ' i " ; ' \
- -  a ;a '^  ( t+; ) (p)

,tne di,l '+;)(fr"(otG;|, *o afr.).y,1 Taapte*u fI'* pw* lhal p ,s on sonoyphttn 4 XvadeclS - mod,v\u.



The z; an nol zeo cltvttors n 5t so v* 5el nje'hax mayt 5 -----z Sx'' 5n;

'Q  5 : z ;  4  5 " " ' - '  - '
a /  ^ -  \  a - 1 1 , + ; z t ^,,(; - _=-_-

(a- '- *r.)

-) St;xr' ofd

T+ ( ?rr/)U +t hectz |hal V;,i 5r, -) Sx;xi ----) Szs-..t.: 'zt; ----)

Y  J L +  9 o  t .
.t (r", .. -)+,) - Yo (1.)

(5) t r i ' l i
J

s,". t. $ hlloa.r lhal

r an mjer+w" rnovphth (4ok y;t*l:y.(h) tty +Iv and*.ot on hylet ̂,lL\.4 S-modvlet. Oa c.hecfu lhal
-,infln- ,tiott,ut d - q,adtiq.n S^ ..,.-,-.V' t id"oltq o' moqhtim "l \ryded f- modula Gnrievng )Iv tx,
aubnnq"l J'-. .i *..ti cte.ar.thaL ltuinge'[Y'u lhe nt"ttedw'- /) s'' suppote lhat o/x'^ e 5';(\s'),
se fhe.gi b/7t es,, "'lL (;+ j\ 

_ <^ ' ! j j2  -_ b t )s+t  rs

1 * . . -  t . 1 *  f *  Z f
' 

ax;a TJs+; /,nt' -- b' i" Tlr+i 1'n*

Jo etlher l lv nnnomrals av\ d\htLl anc) 6=b= Q ".l lvq are equal, wplg'ng 4= ga ctnd n: ntl , p n=€=O.
Hey'w 6o ubnngs d 5,,- ,tn. *have 3 - Sz; O s 'r:.h, ""y , + j. sa fnen tt "a romorPhttq "l !-modql"A

s ---,--. JL
q ,a  (q / , t . . . ,  q l )

thr tt der,tlq dn gemD(phtr/n ol 1m4od S'wAul- . PrthnS lfu'oe hVlhar w. hae an ! otnorPhan ol 3'tdtJ
5 - moclulel

I, s ----3 T*(lx)

?(q)'lor(r,) : ci('/,)

.^. l (a)*= to t i"

hc oomplzk'c lfu ,6aS 4

n e Z
h z  i  z - r

):, st"tr-;t + la, @e,1"))( h(1))
cQrDt'ral

cluft0N X Euagmdedrnj whrch u "of " poly nlmnl nngl Jtlen ts nol h'n nSew@|.)\"[ yty"):S-
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leqt t t  I  '7-t \

tFu t t lA  s . t4  La tXbeqrchenz,  ie+X bu an  mve,* ,bh  sheg l  2n  X ' le l ' l e f ' (X , / ) . ,b l  ) t  b i - th : .
vE \ " ' '  2 1 

,i"^ lA "+ ̂ r1r *n"o l. {m-*,. an"l lzl '7 be ̂  Iututi-aherenl :heaf o* X Ther'

(^) S,npop thal \ 6 qtla/); - Latu,pacl, qncl bt se1"(x,tr) be a qlobal scthon
F ^ thowxzhch ' in$  x l  to 'hea{ar ' tome n>O r 'e  h  wJ^ : - -o '

*herc Jns denola fh< /obal nchon 5 e ( fo -" sfi ' l  F e a t^.

(b) Suoootc fulbe,more +t'taf X haa afnle overnq bq opn affiae suheh U; ruth lha(
<l; 's { '.*," 1., eath ,, and t 'arhl+al /, nV; t 'quiu"il wnpa(l lot each i ' t aven
a inc hpn t ( -f ( v!, 7), lhen for t a vwe nl> o, ) he ! et ho n /' t e T ( x F,"-F e x o^ )
erlenl: 4o a Stobal rcchon 'I F @X eu

lEs f  f "  k  < . lpa ,  on , to*a lnn ,  &e^  =  X o(Xo (xe* )  ' )  tu th  n -@Prca I f  U ' -X ,uopen and-  
r " , r ta ,+ ixo ln ,h J ,n lerx ix j id ,on"L- l ) {+ ,J , r1  .x t t **x1. t , "1 : l : ! " : : , , ' t : l ' *
a  t .cka t lo l  X6^(u)  ahrchwedeno le  / ^ , ' * / t  s / .  u )<  Jppe le  se f^  e 'kex-  lu t  oJ

(a);rrczx,e1u.o@i-.,owl?ac+,!,8LqwtDvef X ,, ' t t l  ,a ,tntl" nimber o,t "pe,t "l+nn .u -$ 5 Fa t *h I 'hal
. ' x | , 5 f a ' i e | " t ' , x t " 4 o " I " b e * ' s o m o t p h l s m e x | a ' l y p f h ( 4 | e n P L l o l X l v ' s n u . t r l | 1 u M ' .

o,,herenl ht O [\ fkew onfil*;up.n *'lh' 3+rl" - fr 0"' tnc]*n re 1'( &-F) '<zlnc&lo 5t
can elemenl :e rl .o^n,ili"r h;nd kT\sl "o4nctc *' qrnr o ucJ@n "l &lv ' wht'h oJLtYn 1t\'(t
rtte ]t an element n : 'i't-f ti " iS4u1 '"'t 

-a 
atetpot'Jtn5 et errert a e fl '

<-- 3(t e A0) = DP\)

W< htrw thown ealnr tuq) E-x' n U) - D(q) 1tuhd-lhal sl,^, -p "utsan, +hatr aL" s : qfo.
sDr fu  n>O.5 tnu lh" rcare .  a l tn thnumbero l  l ) ,V" .aAaDru t rhe  a  s  la ,9e  €nouqh+D '4e /2  fa (mem
ql\. ts,6f 4li =O tmphct: +haf h"sl,J :O (.ah1de( /kz uomerphtsmr

("r  e r@-)1, = Tlv e (X"")1" > 'F)ue (x l " \@*
z Tlo e (otl,t)@L z 'Fl,r

whr&, map slu ;, 61")"* e ['F-@x *^)(0 1" sl" ,9 ̂ f" Ul')8^ t'_> Y,Uhf . sl" ot*"o"
9,( t l " )  =tn, ,  sh Ai f lu)o' :  o.  Buf (s 6f  "")L -  ' t "  b (r t") '^  qn6 Aanmforavery o2

t0 wy ltAW r & 18^ =.o n(j 6t/ e\)(/.).

l (b )  Le l  feT(Nc,T)  t '  q ruen and t romotphrmt  * ; ,y ' l v ;4ex lv ; ,  ! : ' t ) ;4  spccA; .  L+ l
4; = (!;). ' ; ( ! lu, )e &v (o' ) ancl a, e 4i @fwPontt rD h; Jlnu 'F r qu<u, -tohzrenl rht*a'* A 'malule't
y ;  fa "  aach i  ' . ) ' .q ; * "F lu ,  =  r i l .  Lor+ :e  A ; {o f ' ; ) )  u :n -eryonCt  } -  + l i cno ,e .F(*e . ] l j ; \  tn@-
f r {o f " t l )  =  ( ra ; ) 'o ,  th t rc  ' s  n i79  "n l  1 'e ru '  '  J  4 , " ' lo r " , l ' * i  :  1 ;Je1, , ; .  Aene ' l  i \ i e 'FLv i )
leflvpond< h q)./ ,'e hatP

h ; 1 " . ^ u , n i '  l l v ; n r r  :  n i i 1 . F D d ;  e  ( ( x 1 1 v ; )  ( )

4s,.tuol ,nt can moolry',l lh2 4, tt lhal k,rual't {o, a ttngh N>O 'ndepttdtnl 4t 89 oasuvnp\"" ,
' l !y r<hemz Xi =U,l 'U, 6 qqut -Lompadi and *;t -X1o,nu1 tt rnvetAble, 'E! = Tld;auj 1'1^1t ' ' 'btt?ftna '
-I{ {ri : f lu', oo; e /1x6'XJ1}hen xJ' :-YN .vrnuJ an.4 fltt elemuf (n) [v.ny - f i ' '1ltnu,'
.t 76.{u) ror'"& +- o "^ **j.fhtt rc1qlla tarYe unvl2 Undxlbe somarPhttm

('F @X* )lu, = 'plu; ,e (X.'N.)l"i = 'Flv, @ (&, l,; l  o N=n p1u

Tne elpnenl 1d, f l^ro^u (l:-p xt'u \lx*),rr+rr+h xf n0) and lhen mar, lo h; lxrnu;N'l lo;oxf
-  rh i  ly r  nV; . st o. see prmloul,



./ 14o'1i -owtFcl

CoBIVUUUUUUUUUUUUUUU hRf Lal Xbe aschene, { an M'rethble aec'd and f eT(x,x)Then Xs - / 'tt l '^= Or^ X6^
fbr Jorre n7 A

!g9_9E Puf 7=9xadsel. Then (5.1+) (d fuows fhat Xf :f + j4:o ane n>o. TJout st^PpoJ.
+e\ :  O 'n  Xc^{o ,  o r ru  n>O a4d Ju t )po te  X t *6 .  4  ie6p 14 t " te  ' r  xeUsX w, lh  l .U= sPe(A
:qchlhql tf, lv 2 OAv.fhan,f heo;fu) anwpo'nds h le X(u) we lnaw jj=Q. Bulwe rho,nftcl r,\
(s.la)(c) ihal- f(XrAv1 - DG\ , whtch l effhj, oonttac)ichl4t xe XR n

REH|444444444444444 RI< 5.,4. t the hypolhaea on X rnqde n h) ancl (b) abo'p ar :ql5lp/ <*he, ,{ X. r noehwqn
(,n whrch caae evtu4 oren t.+ 't sii;- anpacl) ", '( X s quari - ,rlmpo'cl 6n) rcpamled'l,n 

whrchcc\ne +lu"n'fenedan .l' +up otfri" ore, 14 's d(Ahe, henu lttatti-totpac+-) ra h+hev
"nrAt, f i Ku q sthene whrL " e*her ooelhenan o" qusni-bnla+ 4nd refarale'I '  ^ a'r
Mveth e,theaf o^ X, Ver(y,x) avA F qqni -cohltent +h?ft

(") xl teT(x'T) *r15 slq - o rheh t ri je^ - O ,n YoX@^ z$.
SoYne n> o

rRoPoJEtw s.l5

p) tl k11(xr,F) fheh tbfe^ exlendt loa 1bhlrcc4wr o/ rFa*o^
firnme n>o.

l*t s be q qmdcd vtna uhtch 's rtnrfulq qenerded fu 5^ on 5' -alqebn^ Le\ X= P'ois
ancl(cl't lu o 4a*,)^herenf she{'oi X TheA +f'?te tt a nqh/tal -'somotVhtt m

f I ul'r t ---------1 P

? J<looF seethe hllowtg nle. 11
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I  E T H A tot s bea.q,a<tect nq, ̂ c_ t , 
!,:EU: !h:,:;;";r;,;7?!d 

_--> C9x-rLEr E
!*o,+- (i:',*i.) +h/ka,vh,tm :;;!i":,",ff["f:fi': :::,I;":f*"d;,;,:;rv,h.t@,'ni"'r,'ii 

'iir,,on -'*'oLd )a a"the dea! tha[ I "1- S u eq'

?8!9! 'fuere u dn ?ra.j reql,unu ol4raded J-modulq o ----) q--) s ---- r/^ ----+ O. t-lenuun hsu<- ;, "-*oir"qinn I -t A\ ox-+ (lla\'----+ 6 s'nLf r ^diec! tym.eo1ol, th1 r'vlof h uth

Ji'l;);:!;"":!p,:/il^:i;t',":nw!;u:,";n',H,ikl,'t/1tr"::fr:,:*i;a:/;);'o[ 
,'i t,i""l,i" .,rt'io' no-oinnoaz 1n'k' "f 3 aahrntni a ' a''"r

f,, (tl") ps -----> (tl")t,pt:")

B an $Dm\tpbum "l 519-n"r), ' ' let $, ang homoqenow p|mc y? n lhc tnq (tla)g,1o1 $ ynQ 
T'add

rn4 Sfdn laralrndal P)c, ""h'lo [t1q)7p1'duohi )he qaded s -mo4ule J l i,olued q/ p rlere (sl '\)d^\
,,a"ttp) -mocluk v6. Jt, ------e (s/q)h/q) we "l"l'n< a friorphtsn ol ox-moAup I GIq)- _1 fk9'{ b!

h l + ) = ' T L *

evl4{??/( ) :  Yy (  t  ( r ) \

r )  opaauktee lhq l  * . t (s )  a< lua ! l '4  ln lonq k  Ot ( | ' ' t t ) .7 .1  u  no lch / f i c . r l /  h  chech*hutE ' t
d m|Vht tJvn o/ rno/ulu m^k!h.J n\t lol o@ tril 4ragmn oommuk '

lt

vrthrch mplroc /hal Atr t, an ltotttlrfrttn) ro € $ c^ EomovPhsh "ncl lhe pnol n -^VltIc g

6t" > ('/o)-

/t
l" av

(9 rloo)y reoarrrs /o thow thal E ': ":,t.oToryh|'!-+':\fl:l'*n? j':liy !t.,:"y::.K.iyh:Ii;"i' i;l'?;; ;i";;:;;;,;, "l f , i*t !"*-1.,"2' " 1!2::f,!,1-r,L:'?.f,ll: f.!:.\,,- ,?'!"' 'i:i,i,'ij 7i'i;1';j!y;;;;iL!^,,ftti,li,,I"ntii"i,),ff^htr"5i!&'^k-" "- w<tt s'trow I ) t t4 t  i :  r ' tq , tv )  " " ' ' : , " . . - ' i i h tT f ,dG)  
^n  hhn o  -mmut+hve c t rag ,a :m+ D r r + v l a ) ,  a p  q ?  . / t . t r \(s/")7

J'
(4* Ait



bt?}LLARf 5.16 Le+ A lo2 a flng. Then

(l lf y t a clorcc! nb*berye "! ti (r>'r)'lhenlhercr o homolnno@ tdeql 1<= 5= fl[t".-,zrf
ich thal '/ v |he cloted subtcheme delermt'red l'1 L

1b\ f i schewz'l oer fpet 4 " p nl*hrc tl and on\ t( rl r tt omo,phrc an a lt lnevnt over,
SpetA t'r Pnl ) 1o, to." "1iodet) A-algub'a 5 'th t"=A' ancJ 5 f 't lel '1 geneolecl
vLl  St  d)  an to '  a l \goq

rygL C) Lelf,' '/----)X: FI he q clotect rmmlonn, ,'t 'Ih dea] 'heal- h,^sve7+'9x-d@;> s 9tfud
hc"oaleH ̂ diunl ,f P,e4ewtA ^.une2o,pn,,ir, ro n (%) -) \ lqt) c'non''.avtby (s;!.;.)
.-t i,o-\ -< J,," "taletl S-nodulct. to lhew 't a hariloq.naun deql qe S an.l a La'nmatztv\Yt6:i?irJiiid"fi:i'i;j;'il;:;"1',;;;;';";;;:;;'';;;r;'--i )'a iiik't"t*a'os-'

T| 0!) _---> T+ (A^\

1 l  t ,
l l l l
Q --,-) 3

Srnu h ancl Oy ave holh 1u6,tt-ul1rc41, hy ts.ts) the,aun.\.  To(f ')-11 lv.and Tk[@,<)------- Ox
qE ttomorPhnmt a d tMtz /he aunrl rt nafa'al o"eenc[o'P t'!]h a aa'tmL't1ahQ dtagram

& --____s 0*
^ 4l'l t  i t  .
l l l l

r*(fi)----> T*lo*)- (.1
l f  1 f -
i l  i l ?
l l t t
6" - _____-; 7 =Ox

Dq Ite Ledna- v'frep,<vto,paq. ff----+ @r delewwa +te tame J'.4bobj:ecl c14 t4te deal sheq.f "(
i- ,s/^- K, to bq (5.4) hrhocu Y a lhe tame "loted ztbtche/te az P'oi 5/a I ra.fhQ/) I .o, 'hott)

t , thaolhe taie tuvihlerl  " l  @x- sD.^aE{ua 4"showtlq thal.  z2 - I  h"0) Fot rhtt  t t . ldff l Ia

ii,L'i"Vn = | Vpe X.'and,nu T? = erpt )ruthoaf '.tu:?'l .Gi)o,ot (^i.\ - c)' +o'. homolsvoov)
a , ta5 . l . l he  t qm?  ck r f t e .  F ' o f  v ' / ?  no l t 2  t hd r  1o r  f  ea t (2 r t ) t t t ) t [ r )  '@ ham (o ' s l t gcen )

16tr)^ (to) : 4i^(q/)h)
-- (D,(ai), t6q.) "h'* f 1g':;) 

''

Hcnufir TeDtF), fncl romt ogi<r wtlh fe Dr'( '6)..rhcft

yerm7 5D.,c)( to't"tPi'\\. - KpPGt/)
- (Drb), -('/t - "Z(\la*at))

Ry de4nrlton V, ](q\-lr)tbt = l<"i;;r( a&).lo+rst 6 i,4 orld ona checbs yh6lh'?eDr(1r;)

K ?-,1,  (  z f" t -  lor , , t  s |  / ,  \  4\  :  (0r[ ' )  n D'(xr] . /  t  6 ' t  n,  laaia;1 (1 6 ' i \ \
=  ( | ) t i { r f ; ) )  to  ry r )

s"  ls  . " t (a)^ lo*)  :  t6 ; / ,  e  (o^eOx)(D+tJ))  n  f ina l l1

5uu'laeDr(s),ra'brhag,r",t),, 'J"ir': '-"')':"':l;:)',:Tevmpgs



(a\ R"call a qaded A-alqebm 'r a qradd nng . aogelher wih a nn9 moryhrm A -> S: , a.nd ou, hyrylhurs' 
^i'+no+) r;) X -> f. " on ',o&o'ptz'ti l i ') 3 li bJ t' - ,"n .s.: allebm , ot elutvalcrtlg, 5 | g by st u
an A -  a lgebm.

B\ € )&mple 4.8.1 uncler lhue hqpolheru Pmi S + specA B p,ojec+rc' 5o t ! "-1 spet4 tr ttomoryhtc
i p^,s --s fperA az rchewu oi' lpetA, '/ -:4 Jpe.A utll be pgichr'e. Lot'vQoehy' t suPfore Y ---l sPecu
tt ptiodtvt. Ihen ht fame t>. ), '1 -1!pe<h {ac+.oa <tt a clored twinewton '1 --- lP6 ft l loran:d tay
- ' " ^ t - - - -  loe tA Bq (q )  therc  $aho ioqenouo deq l  f=3=A[2" " t ' J  such ]hd f  / ' - ) 'P -A 6  -
i6.nn, clond ,ibrrhrq at P,oit/2"----s t7[, and fhun +he rawe cloecl ,tubr(hevnz d4 Ploi sht-) F,q
;\*;4:.,;,-;;; i'- a""rz.L s+ tne 1ih.ed t:i'!J'!: s/x' saht1wlhz oeeAtavv "Pnt?/he' an4

76;sp,-1v| -)Jr".4 = frtqi '----t iz<'4 ,to v'and ?'oi5/21 arc tromorph': 'ai s'Lnrna ovtr 4 71

NOIE Bu Srarayla 14.9.\ rf 6rsaqvaded A-qlcaebra. att i (t ' \ abow Sc tortro,phr a,o c<qmdec\ ft -o\e\on b- 
nl*,--., i.71a ft, rou* n,,b c\a honbienon rcteal 4 /et'; \5^'5 6oao4hrc do a.eallsrw;{e/ |P"cA
r'o onJ (A'7e znl la) ,  3o anj  Oaject*  rcheme ovot  A ho'  r t \1t  r r 'm [@?'ot taa+ )Lkehe'vef  n )

DEFI^JlrtON Fo" aty.stheme Y. u,eJehne +he h^,'ohry:.bgg-f O()"^ f; +" be g*(Orrl) *h.v. n"s onol
q,rti ----: 1p'o ,s pavi .t r,6q ni"- *l*an an1 puttbucv Fi --> r, fi - ni "t
9, p; ** r7e"Z) ,Stnu.4"lv nvuie ,itacle "l 'nuethble sheavto a,e rnvetttbl<, rhzhu'rhn1
sheqf "^  F i  i s  nve thb le  n" .o

Srppot" f?i "ra Fi ^*'!* y*jechz'r r-spae't orcr'/ [tzzo) ath antottqkd' ,.,,,rphttms

J 
'p'" 

---, IPL ",a 1,Fi)-i 'r i  Let f, f i i '---i  l?"1 be *he canontcal ryo'/\o' ph m Theft 9f -is'

j*orr) - eF)*oli = ++J+o(t)

so firuzcavtoncql uornotphrrmr derl=ll lwrLhnq s h^eavet (up)a rcmorVhtzn) lf rt s ann7 ohcl 42/()
tel lptr be+he.anonical 7rctredu't; ' 'Pa(a o1cr.A' 3' lPi----atPi .anont(ql 8,4 $t\Y^/eharr

i\:;'i; ;;; 1a"-' v;i , * '" ni '-e., 'p +" 'i')'fn"i 6" abin d'hi'l'n "3& ''th )tu ob) ooe

>E tttlVl1toN ,42 a scheme Y and q oniac/r"a ./-tpdu IPi ove, Y (r>.o) T{ F tt c O' - mulule
( \ -P i )&  r teno le  b r l  ba)  tho  nod" le  o ( t1bn 1n>o)  and 'F (n l  the  modq lQ 1@9ol'f 

J '- \p<cfr and lP'/'tanonol, 0P) = AxO) ancl to <'tP to tomorphttrtt v(") 4g'Eeo
*;+h lhe ;td dehnthp4.

DEFIN1ON A ophum .L . x ------:-Z u otn 'mh?ntor^- tl I ccn be lathrpd a, a4 open rnnatto4

\:oi"t^ft',:r:'l"Hoff;':""d,:il{f#''"r*I"'l"fr';nffi:2# '!;'lu':;iTffi'""}^oauo"''
DEFNtn\N T.r: X->Y u qthefl( ouer Y. an tnve,hb)e theal X on X.,, vau ample &"'p

4a '/ ,( there tt an tmm?@ton i 'X:-+ Pi fo' nme t ru&lhal i+(O('!)"= X, ( ' forlomz
paiLulo( Pnj r -spou \?9 , ' t>: o) qn.l s utvt lhat ' lhe h l luwrn3 ammukn

I lP'"

1Z__\>v

.teotl![f tta (hewe candt>tA )he ]wvhng thea{ aw lPl 6 avet).l dmP)e nveA'b)e shea{

tJ oTE Le+ hbeavtltq, n>zl. -lherc qrc tA clDte(l trh/nzntonJ E'' l f?-' ) P'i o<;<m-l er+ch tut clqut)
- 

[u- o ,,no *",i"h',^ rt[*, , tc^1"- 7'[tt ' '  ,a^-'7 9! (t"tz') @ehave Q;* (e0)\ z e0) Ako)
;t,-,;;|1,'; i f;:;;;; ' ,; 

'k. 
vi; -----t-sp^A ha Ri0,o,,n = o(t\ itne -tr7- 

p,eiA[t!,s"^.h{x)
uv<v t  a t l J  tP l ,onc)1 ,8(A-Onl lo+r , t=bn; lo , r ' t=Oc2,  ond  ̂ lw" ' l '  P 'Aryna -  C)P"A l -1en@

, ,  d r "  n l  I  . d , o h r ( q l

LEflPlA kr anrl sthent I lherc" clorcd tmwentons j lP;-'- '-4 lP\/ "( tchznuoue, Y fov an1 n'>-1,
and irg(t) 

-- 0(t), hr all of lhue n+ | elotecl tmvrtrlrto0t



ret yr;l:rij \:xt:l;ff ,xi:rffiI"iii;iL;#,o^ P'oi'*we Jpa@ k'  t'hz p'of * th"

n?-' '-- ' u
J J

t'"

*", I 0",,

u v -
t .
I ' i,

J
) tf_-z

Bg clehnlnn thtlvnrhn7 shear*.l tfi;' tfg "* S"sfep)\, g' '{ottt\ MP hA r Patf,+ lh'aaf N"t f\).

, LE-11114 A^ vnnuvtbn u'ih "lor"d )naTe t a ,lorc cl mnaoron

PEg-f L.t I' X -1 '{ he 6n )mmemon {a,hred on a^ ap:n 'nme,o!a\ yX-'a.? h
,mnentoyl h: z _____+'1. t416) ,t clott cl lhen "lcall\ j r a honvomolphum .l
n ulhstt h rhow 0 t,91"t --""-'t @r,' a rulechtn Via'l ai {o' 1el )tuma7
" bieii'e trna $ rt l^ oj"n '-nru'oo, uid ltu /"Iowtn7 ot'flInula :

fhua

fect- i*t" *"nt
= (3' J )*d(r)
= g("tr t r c0 t0
= JFif 

g[r) : 00)

oo rcqulwd'. n

fo r{ X r: a rcheme ovft l, X vea4 ample velalwtk Y, saa4 i'Y. -> tf(l s an 'vntleuron q'+l\
t, btil =x, +n1i"'*"'*irrios'iril,i-'-'1 17;,'t-r p'g; 'n orr^".,'n and i,''o.ttf = it'f ou) z;ra1)
=X.50 vr tfu definton "f vet4 dnpl?) ^re ,on -1t1ry oaptlva J" r>zl.

'(.) -------------9

\, ,/
w4 9 t .1

Stn.- 4t o clorecl rmryretpn O,r)fr,J 4 e?tgb) ts !LV2&'[9 rc l'lw ,". mparle Evf@\ -) (9*i-
u tuel *4w<, at, leqotred fl



Let1,1A L"tJ be anoelhenan szh e mc. Then ̂  rLhem2 X ovct f u p,glechue tf andonu tl+ r P@ptr ancl
lltevc tt a v (ry ample sheay'on X elahw k Y

tf )( t p17erh'eav.7 Y, /h+ \ n b<oPe" by (1.1) dlloNherctt .a ckrcd tmm.earo.n.:" ' .,: 
f i  ,f;":;,',inh;,.'3^'J),"',;,Yu.",:tr:,"*,i::i:.1,':':':lt{ i;i;rfig:-:jtriil:;"i;#;,'#ij: = rr",,rl lo,-n, innii,n;"r1,-"",!L, l{!:Trf::rf,*['f ;;;; ir, ",;, -{ ̂ *t,' ,rik:t:i:t:if ;iy:i;ili:tr,*i"^ j"';t,;{N/;i:"''":#')t;''n'4e'^h''h

Lel 4beq,nq,< ^  qat lec l  f 'a lqebn - f \ , t7 f  and 5 l3 'b '1  ' r '  ov" '  A Ey ; tanPlz
4 f I P,"j s '----) rTia " 71"elu* \rG rw Fcttrtatwt

,-- 
oi -..r

Pwi s /--------------->):) s p e, A

EXAflPE

LE l'4t1/

where ?DiS ------) P,ti A [x", ^ /n.f anra ,tro,,. o 'ayech* uo'phsm ol 7'odaC nng,s
!  l [ 2 " ,  . ' , r " ]  - t  5 . ' , 1 " y1u '  bg - ( s . t zc )  f + .O( t ) "2  A?* . , s  (  t \  . 5o  f he ' zano r ' vo l  ho r tno j

ths6! on Pn15 tc 'n ktd ^ (e9 amPte Jheal '4lahwk (fe(4

D€AMn\N L.t X be ̂  l thewe,6ncl lel 'Fbe cttheal sy p* - r+to/ukt lre taq lhat 7- '5 genemfed
bJ |obaltechont F thene ' ,  a fanlr1 Jqtouat rcrtun, l" ' ] ' . '  ,  4 f  ( .( ,F) 'u(h lhalb' '

ea.h xe x tt"" i^oq- J/- ', '"nltii 7l J""*t +Loi'iia an an gx,z-tnodule tatuwt' 14l)
i ei rht'it'r+ tn*-n"'l 'r na' ttt, 7,upe'trt an]"'F=9 ynsa n,)oc' I)

LeL X bz d rL!1eme. An Ox- tttocl,'tln T , 1.na'atlecl b, /ubal r ec/zont i/ lhe'r lr on ePik'o'4hu'l

@terOn-""+'f  f i t ' r"ae T (Ptt ihv I)

PF.ooF nnl .lo, any tuqzrl gaa At |frex,t a bi"th!,^ Hovh(Ox,1.! = FIX) Je*ne,t t1 I t"-t-4,tt) ancL
' l--pL wien'' (l^)" (t): nlv tt'{ ',p- F(YJ rP : t the tulr t seneikn b [,1'.'1:.':..!t '.: '"'
qt'rcx- -).1: ta4.94 pond k t, 7he tuduet mo|ahum AiezAt '-z 'V It anePinot?nvm t/n@ 4-tJ

*r"ii^J,L,T''"',i""irii' 't ai,p'----T , rv', "i., t--( (^ 'r- 5 'nd ht'2".5-- o Tea?$b
;/ ; ; ' ; ; ; ; i ; ; iE ' t i ' , , .n ,* i - * - -p. , ,n i ' / . ' - ' - - - :a ;er ' { * ' - ' - ' - t7 ldeeg^ut j ,a '  l r '1h"Jha' " r
lsiJ ro,' fr'! nlund ptolet j" sne lzlz'ng t lzlh't Ptctcvet copwl"teh' ta r@;0/ \" e O' c:''' " U

E '.htt.PLe g l lZ /+^a quui-ahrrertl sheaf oa an af$aQ t(h?ne r qcnenletl b4 qlobalrcchans. xnclesal t(
- ! . ' 4  o"  5 t ,e rA,  n ,4  r "1  o l  lenero$a $ '  t loaa i i -woc lu l6 ' ^ , r r  d ' '

t \AMpLF-i t l , .3 Lef X= fu,5, wherc S u a gradd rtnq +ht,h ts l ,uewlecl b4 s, c+1 qn !" atqclnR -iv\eu lhe
'  " '  - '  

" i r yn , ' r b  " t  i  , j t t <  l t oLa l  r e ,uh .o , , s  " l t o r t o  * t i , n  gcnea l { l  1 "  r cz |h t t  l ' 16 ( l 1s '  l o  t ho r .u' i i - f  
,"r,")""rJi '  

, f1,)1p1 * ,  J?i-w.duk. 1t "/ ;  e t()Ct . '" ,1 r( Jf,  \1p and aer(t)a= S4,l ,

+h.n .L (Qntt"*ni"r 'o' 'o 'ottr '  " l '  lermt ol i 'ht krn r '  +'o'  J"4' q'htt  t '  e)n) kel l

anal /lt'  <; tum 1o c.l tsl ts^lt atsvmthl *lag a | + o'

,:t,!Lt' _ '- c,"'-:; t""^. I
^ slt)b\ n 4enenhd btt)he t/, , f I :,, u re$ured. fhc abom argtwtsnl aeluall'i showt lhaf tl .
;,,';,:;?*;fr";";;" il-iiivl'iq'i,, .,i"ii, *""'il't1;ei'" {"n,n*a,"1" r(?r 'nodute
15 i1 ' , . - r t "T , .Tnpovhcu lar  th< 'S laha l  techot  { '  a  f  (X '  L tx ( r ) l  qenerq te  a  r l t  t '

,'l|lt tf f. X -----a'/ s a rr,o.v|ohum ot' rchzmu anc) 6 A'1 ' vnodul"T rs lonemled hg global sechonT |hen so
: t Jt.F. s<eoqr teahoo S.l Nofet



1,)Frrpf M t.t7 trrc) te! X be 6 pwleclue ttkene opr o noelhenan 'm1 !, tet O(t) b' q ve^J aw7t<

'n",c, an uleqe, n. r,rh l i)t '{o, all ' t>,no, ' le tha{ tr(n) - f gto(r)@^ ' 'an he Seneahd b1
- 

" f,( ' ft nufber ./ l l"balLedonr.

PF@sssssssssssssss € fo, tome(7/l  +h.ft  r  an rmneLtor4 i :X-) I?h J. l ,rh r 'hal \ ' ---4P;'---) Sye,6 = X----s lpecq

and i4 p'7Q) = O0).(Ple' 'u Y - Pni l[*, .,zrJ ancl !v(t) = 1[,r., ' ,1?7U- ) ult) t! .ug wj
ample nueVl;lele sheaf "n X). At n RetialL t.t6,t F4,llowt rhql I, P'A are no<lhe(pn aqcl s" i rs ?oler
bJ  er4 .L f , to  i  r  q  c lo tcc l  tmmel rcn . :b  4  €x  s .5  i+G 6<hhef tn l  6 (  n>A

L+ (trb\\ -- i* ( 1-' @ ot,)"^ )
=  i+  (T  a  1  ; 'ov t r t \@^ )
=  i r  (  T  o  i ! (  9v ( " ] ) )  

' i+1-e- )  - -  i * ( - )e  i - ( - l

t 89  E t  t  t d )

?; T,:,!":::l;':Y:3 !r"!!,T,t::{;,"';{{'!l;:'1i:Il;* ni6*i:Hf , ," ,' 'Ri h-"\
;""*"\|aui+ +he trv. y: gi = ?n.ft[i"., -.,2^l +i t =' t, "r'+' &(t) -' @r(t)

NotJ\) aave' X w,k +he oPert t"+t Dt(";) '= ot tr 5nu F u oherchlt 4t eack i, rhete t " f intbl9
a , "oa , [ed  nodu le  n ,  " i ,  s ,  =Af2 /a / , , .  . , t ,L ,  l  suun lha l  9 ; *V lo r r ' ; t :  f i  "hen 9 ;  Drk t )  = '  sP"B '

i:r;i:;.:,""t!;*'"'lui;:1"';,\,'\^:;ii?"!!1;:,:i:,*''{"*':;.2w:r,::i,fr "**
,t:*:i:Y14.X\XL?!""tni,Lil","'k:;'+';'f.,;''r!|,;'i;";',t,';74",ii..,*'^t't'"i Eiii'*n' til,.^:,=_ lj.f "i"lo'.',,'\)'^5 'F &a*N\ =Y;:,::,t)",::'+-!:;i"i"
* ^o\ *rua"'n s tc)epende* ' I  i '  i  ih?re E a 

.mot'Phtrn 
ol- O'

ir:;l:i:::*;'ir"":!;.';,:"':,:":,'^;;;;)!-'E:i:;*7' '),P;)"':;!"'
tat 0x0)lrtul -\ axlptoli) beffu uomoryhttm e^ Pteu.t. l ' l . ' 'J f lvkrJ +hal 9x/',) r mve'lhble Fo'

V9DtF, )  wLhqm.- luk i ; lo \ - - |  So  rhe  nonphum 1x ;  ̂ )  lo r tu i )  '  ? lbe)  - )  'F (h) lD+6 i  \s
ac luo l \  t lw  t ro rnovrn tsm 

T(^ ) lo , r " ; l  =  F Io+e; )@ &x(n) r1" , " , ,

Z Tt,::':,':@ 
E 'o+u;'

sn@ T(tu@i)l r generuled att a' pv19t tz;)\ - moc\ule b1 lfu t;r, i  /ollaw lhcrl +@).(DrOn)) tt, -L

#:n:k'L:,!',,i1:l',, f,';rt-;'+::;:,^;:;,2!:2f,*:::.':,'"f ?i'?]1";"'T;.illlff[i,,,,t
J<vcr lz. ' r te rheaF'* 1iy|u" ' t^"*" t  i ta" , ' ' tJ ' r ' . r )  t " 'n""0:*, ,2#T$i l ' ; :H 'h '€9"r9reottr
'Nhon 

u lne ' .1"9", nri  n l lv .r t"nt,"n, 4 ]robol tzct 'a",t ,  so+nz

z G' .F)  @ 0t t , )
-  6+F )  { " )



,oROLt RY s l8 Lal N. bc.p*.,,r\* ov(( u nDelheno\, ,!5 l:,a rct P0) hp o ue44 omPle rnuevhble theaf
bt, \ relqhu'e lo/).fh.n anvl coherc'l fu/d J "n X on h, v-lfci "" a quohenl ' l  a:heal

2, *here { t a y'nle drrd tuwt ol sh ea'r 't g(a;) 1o' vanaw nlAeo n;'

PR(:ta t o.f w> a be tuch thal ?fu) -- F o e(r)e^ B qsv1g6)ecl bq a 4nrl< nuwher el "l lobalteclww'- 
6rn lhrn t ' an epimorpht)m @;1, 9* + "rri) r"" net t* O,,) . lenole Sltle^ (leltna<l $' n<o
,2,nq Ai1) 7l,en rl 6 Jhown vou, " Erpovenhal Tentor" ntLeo /ho/ Vm,heZ- gtntm) l o?)@@(v1\)1 and
'nof tor€r  4{ '1)  t  tnvethHe'

SMU, - @ A?i s nghl exacl w" have a ,'onm,1d14e ,ltqgna whote +oy wrt, tt z7r '

o{-") ----: f tn) e aPY,)

Oij (ts^ 6 AFn\)
1{7

re, Let;r @ E?))

@1, o" o
l l2

l l l
6 l - ,0(-")

l l l
T

. Ovtry lhe damd climophtsn A)lt e?n) -) 'F. l)

Ey,ftt1l LE 0[ aurrc lhe man o<arrfle ]t h" q q'acled !-a\ebra @'lh t"tA aul s f g \,
ina--A r*lheni, ('. iz AI", ,*'lin v*a't;!a'\ ^nd ot)=o"(t) (- id
loi"*n\ ,v'"o1 o11 P,.J1s 'r oL rlvohenf'oi ," noduh "l ltu krn @laox(^) -ie
wt tqa +ah. att  n;2quo))

lel Abaafield, tel A he a finiel.t aewwled k-atqebm, and lel X be o pnieclwe schene
ove,rA wlh T a rchrenl O,itioaule. theo irr,'r') s o'tnblq- yndal'zd A-nadut<'
In pqA(Lj ' lsr,  , l  A: 'k a(\tr) ' ra 4n'k cfva?nrtanal teio'  !Pa@ -

5 r c'ver S.
) fo av'1
v  ( ,n  {A t l

ineaR?tl s.t9

w 1xl'J*) r*ii',**2,o,.n!'"'&#l:r,^,:i:i;^&i"'if;i"€ .&ii: iil'Tt"i'i:{,.,,i =r ,i,*1,:\^,n!i:)"1,;'rJ):ry";i,,'+^,1,f,:.,, l:t;"oi'",;Jtlld':r:"JT:.,3":;2";f".r by roler s )
,:.;t": - W#;r* I,+:u" f i: :,:i #:. z:; ff i;: rp ;.,, i :r; :;*x: ;iffi "!{rM"*}-7f;i;liYn",::;i*!,;';",?f :;:)r"^i61i;i#;:*t;omfra\i";"'t"'

id

lii'' - " ti,
#r, _ ^_ nk _:_vp rt)

'I^;:,,:il;^'ft!;J#72-::":,,"g'::'il:'ll,,f^ ,'1*'+"'n;,1f,'!'1if{i."lfnK,'",ro,nrt,iyif t*in;i'ti;t*':n:?lt:si;^'2trr:;i:linnrr';:;l:tit^;+rcPl
r a rtntbl - Ynetaltd t4-moctt^te

7n,s '; ln,Aol rl l1=a) '6 a't'Ltrtz rt /o Then bl @ t +) llte'e o o 't'tn'k l lha&a"

O - H " c h ' < . . . n - : t 1

"L r-1 t , t  qdderl tubmoc)ulet, wheup kv each ; t l i f  f l i - t  4 (slp;)(r,)  {x tDfi ,e h"nqenoup P4wz' t t aua , i , !S  
an t t  r ; eZ  ( so  a  Saded  no lu lw \  t o r  za th  i  un  hava  6n  e r ' od  ' e l u l l u ' t  t t 1  t - a rnod  ( ' 7 / t t



s  -7  n i ' t  - ;  n ;  )  ( t /F i ) (  ; \  - )  O

anc\ lhw on evacl selwvta ol 0t - vnoLlula'

o-,+ 1[--'-1 fi -1 (fiy-r",t--. s

n\\ttn5 n'e h e *ttcf t e<lucn@a "l A'noclula

a.-) 'r(x,; i)-4r(x,f i)-- ')T(x,(r; i / , ,)) (")

s,.tnmr< he cou| show lha| r (u, (fi/4 ) *o, q Ja,l"1,,l qa,4enkd A -noclule $, a)l honogenovD lrtpe4 14
ord nez.-fhnn w< pw,e lhat 71x, fr ) v "1.7 n',nor/ul6 h4 ndatton "n i Tttp tc+re i=o B 'n' ltqi, andi+
- r ' f  x , i : i : , )  ' s  . [ .1  .&  i> ]+hev ,  s tnL l  4  ' i t  nos th inon and t " l x i  ( f f i , t1  11 . ' ]  k lhw ' - th1L y ' "g , ! t . )
b . Ik  ' r  (  x . )  11 , \ '  " "d  t  1x , f i )  1 r ,  * , r> '  I  q 'e /  I  | - tQns '1 ' l x , i ' )  t f  9 . ,a ' t *qwtd  tohaat i  w ' th  t= r
,^'e rct, lnqf T tX, fr ) y a ./. q. A-vnaclulp.

5o rl on\tl rcfrtaurfrJhvw thctl T(X,OFO) u o{.9. fr 'motl(ale /or ntZ ancl'14 a hbmogelowlnme
Lrl e*isfnLP.iS be lhe marythun ol rch1ft1.' o tler A rco<.opondm9 f t--.t/f .!:" 

bJ 9!]")
fu nonr yrtlcrcly eur." P*; Tentor '7;l@. ̂ hlhj\!-:h.(n-/ '^):l 'n)- ) iahare !"(aB(n)l = ( t l 'do) wve@' i = , * 1 , l o i ' e n a r ( J , O v b ) ) = 1 - ( x ' , 6 d 6 ) ) q / ' A m o " ) u l a ) ' 5 o \ ^ r a r c ( l u @ f i - n a t t y 4 o l " a e t i e c n l , c a r c * h e r c

J 7 iildir\fr ,nlni*r aoioi',, i,,kty lenentii b; i, ; ^ t:'?'ra, unct 1o E A *htn-ft u a .hn'te ! ^,,
;r;r;4r; 'u+rqr/aoror ow; h ( .. ' !lr.\, "nttw'" haw lo'ni' T(x,extu)) E a{g A-modute'/"' rrtrJ
" n e Z .

La{ aor ra, .  e 5r  1en?ml€ t lp '$1 S a.D.n {-o\qebm. {o lu,valent lg,  ro l  tv . .1rnl , t 'U Jt  aa ot  A'na.dalo) .

5tnu S ,s an ,nleq-i doro'o nuth'pluohnn h1 'r' qtw on tt'J.cho,1 s(n) -> s(n+ ') {ot any n ( at lrad"d s '
*'riuli) rtnu lrrJt o nnonomorph'int ot ̂ ar -koaullu 0, (;);-) o1on) ana )hvo an ileclwn-* p; l"'oclule't
T f x,Ox(nll-.._-, -l-t(6)x(t'11 r)). >vo A- n noerhenot ir' i 

',rLhr,"nt i p^* i 1x' a"t"I 
"f 

I /"' vfrc'eatty
l atqe At JaY n2/O

srnv  5  r t f .g .  ave ,  A  and A r  { .g .  aveu k , . t  lo  au  lha t  S  s  c '  (3  k -a lc leVta  ( /  J '  f i [ x , , ' " ' " -J . "Ad
t=L<ta ' t .  tan l  theu S- -  k [o1 ' ,on , r , ' '  t r " f  )  By  ovrno la  o*  fhz  tug" f+  19x \  (onvded x+ f  t ] t ch
i*,),) ' i 'p' i ; i";; j i",ui, ', i t 'ro"l ': @.r"i,x a'r"tt ,t,obyh a".7i'o't,t / '  r: loFYh/' to
o ,,b,inl .l- *e roc^isol,o)' s!-" .." 1*n"i: : 
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aL 5; Q, 6 a {.j. S-wcdule. "Srntz 
J ts nuefhenan arcl 7'* /t9x)'=

;og T1* {gr ) ,c ganevalecl olet 5 bu l4onogcnau/' eten4enR Lltt t -, trts f'o'. ta 7 o,\!e,t! !^: \'^! 
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o t ta  " t i i i nL  J l - ,  * inn  t  o  a l *onan/q l  ,n  xo , .  . .  , v  o (  c ieg t re  n - " leq(n i ) 'A l lhwe lenetu , t , ,m;eT($r ) ' ^-1; ;" ; ' i ; ia; ; ) -" ' i "  
-1. . i , "x) i ta ! .9 io-mrsdute t1  ̂ n = i ' . -1 5---+ r i to*)"r  bl towsthql

tu  t1> .o)  T .  (Or \ ' ^  = -  T t  K .  d ,  {h1)  .>  T  (  x lo r (n t \  '  c ) .  t  3  A-no( tu lc  Oqe checht  lhv .A-moA' t )cn  s :nc+un

mncdu ,',t, l ,t *he one LomtAg jwm A= o:p*g( syecfi) -"-o ari, l. i  d^-T(xt0r(n)) 6 al g A-modula /
whrch anPlele'': -lhe pP"{. B

toRoLLtRy 5 .2D Let  I . x - -  t - / ,bc  a  pn jechw.  motphun o /  rhend)  o t  iwk  \yc  ove 'a fe ldk  La l  Gbe
d, Loket/tnl treal "" X iten /r '1' lr a whevznl 5hqa/ on Y

l!p.91 l sul*uz lo thaw lhal Vge'/ +lrrc 6 c!1 oyt' 1e vsV *,tk G.f)J" awwnt ButtlJ l- ' ,v'--v
.s the r"tlnc[wnol | ,."n iaw (lrF][ ' : % (+lv) LQt Y be an afhne oP{n rurghborhoocr o+J Jtna
1,7arebo lh  4  f i " rk \p ,  ove ,h ,  \ ' tq  a i  t *h  noe+hcnsn,  he"u  o  a 'e  { - )v ,v ;  t ' 1o 'eovev  rh2  tn ( Iu t tons
f  ' v - '1  N 'Y- ' -+ ' '  ap  r \ ) ; -L . ,1 ) * ' ; ; ln ; ' : ; " ; ; ' ' ' ; ,  berwo{ / ' t ' k19pe, \ ' : 'S  "  p -1ec lu ' '
*r haw re c\ur.z<l t '  +h, ,;"; i )-l ip"rei 't-,uoT orltbitnt pren" nn ,Loiercd,n--d,so i ' ' t< teduuk'+ tnn  

w"  v -  sPc(A,  to  A  ua{ 'g  n -a tybrc ' ' fhen  { i rF  t t  qv t ' r '  i  -@hevEnf  (5  8 ' )  ro

!+V = T(y, t ' . r f  - r ix,A; n" l  f  tx, ' r )  t '  q l3 A:mocltrb bXthe lheorcw, so ]* 'F s
^ohewnl g



@ Ln X = 4erfl bo qn allt e sohene. 1lwrc are 'funclots

,.-r4::-) A-b!.
1.

Ne rhowecltn 6.2) fh,/l N $ a* zxqdr '!ull,t f.ithl, ,'ddhr/e, abnl p*e'""g f,t"it Neclaim lhdf
d ----r-1 l. Lti an A-rnoclule t1 he 3*rei aqd aahne

7' M-------+ fr(x)
1(n\ -- n

b)clznou 4Dm Pnp (s t)hal 1$qntsomD,'Ph m ol A'mo{ula ms no'Ph$m 't dedvY ndluml tn rl
suppon un are gw^ ., morph)rm / ' tl ---) 'F(x) oJ A-vnDdulq) [o' dn sty. -fttocl^te ']- t'>( ̂  PvtmP

Fe rt rlelne
KN' T (x)? -> T 

"

h  ( " t ' )  :  ( x ,  j ) - '  (  x /  a )
=  (o1s ' ) t  L )  ( { i  " )  =  (o ( ) ,  f s  a loo \ )

1o thout lf i t a we|- /ehnecl, sulPDte aft - o'/s' 'nF(x)f IWn tt{? wlh ls' a= ls a" (hal 
.ts'.' i;: "^:'1i "*; 

6"i i ii:,lx h a ini ,n Dtt'), ;r ;' * u,,r' ,^ ni,j, D/") @P tl en'4 'l Q =o(I)ADk)oD(+)'

i l q  1 ' ; t o  o1o1  :  i l o  ( ; J "  , ' f o )
- ' .  j , l q .  a lo  :  i  l , q  ' o ' l o

( i l l q .a lq  =  (+ )  l q  4 ' l q

( i - o t  , r a ) l q  -  ( !  o ' lN " ) l n

Thts thowt thal tfir tr wtll-dchned. lf ote rulahe Fn nh an AV- modult vta- , /y = gt,l lfu f14F' v(F n
a movph$m "| 4r'vnodulot kmptug *i l '  f,9'et anoryhun4 AP-ttloduta

\V , 117 ------) F7

Vi l - l j )  -  (D(s),  k (@)lot t)

t\JDw ^'edehtu t. fi ----->'r bg -

gevw1YuG) - 17 $fu))

tnu u urc -ctehwd Jtttu q u q !hcd{. f 6 ca noflEun o/ gt-wodulzt wu t6t're At()'
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F{x) -"-----+ 7(x

,)nmula Bul lhu 't tmned&rle trnu gevnptx (i\ -- y?(t"/') = ( x , i('n\\ = 3"*q 4{4 P"ng 'tn,tq*,wt o..l-.9,

Ii.iii'xtititiiqtnal f Y' fi-");F han Yl"-!r.rtter v':Y Lef r'li n7+frn----'ia bethzampost'
"i'i" + frn ,lrrlh" *'t . theh V"? 6 .t Wntm ol *V - m*lulvt, ro
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Tuen I  sef l fu)  and peul  vre laqw sql=nlsct lV {a ' towt(p f taa

levm1' ! tu ls)  
-  Y 'V(  gernPs)
= ,y' tnPlt) = *rP/,)
-- 

3e'/rnt Y'[t)

Aer,u !lu--Yv, a.o relutred. s"!--! '  and nf u unqut. Thts nmplelu ffu prcaf fhal e--17

Hon' t6 (  H'  11 rx '"F))L Hon6"( f r 'T)

3evm7a(()"  (s)  - . -  Y7 (rrr) l
whew nlp t t1p --) av B nJ, F+ (o(^,'/ ' f('^)lol)

1n p,r$culo, y'fu wuntl 5 ;|i l ---) f u 1,oen by 1ermv5"ls) : Kp( s(v)) -herc KF tt dthned on
pre vtoualg.



16s.E1 Le+ f, X ---+'y' be .,t Tlot'lhtm ol "4tema' tuen

(b) A cloted twmsoron ,r ̂  |tntk nwfurtrl- Lot { b a cloted mmenp, aod leJ fu^} bean affine ope4
o4" oL'/. |Mu f''V"< ts offine p,hll a (n" fx 4,2) and botlt "cluecl tr,tmePton " zznc,/ ltfntk'tarc
loul on lhtban, v"e cqn recbuzk jhe ,-t nl,ern ! , spe<B -> sPa<fl tt a (lor.etl ,tD"vteoo\ ana"lheveby
lo ltu- clotecl tmmeo ton 57a r4-1a -----t lperA /or an dea/ n e A, bql 'htt tt cleat ty 'int12 Jt'xe t'bL tt a'

Jl A'nodde

&) Lel l: X -) f be a /nlo morphDm ol noelhenan sthame4 gnct let F be coherc.nl on X. Lef V a Y
be in ol.lrnz o?en d h. \/ -).' SyecA on uomo'Ph&'t rl tufuu'o1o thow (&'F) lv a fi vtzL la
-$ ,  a  l .q  a  -hodn le  t7 .  s , , tu  y 'u 'hn le  f  ' 'VE spec$$ta  {7  A 'nodu le  E  k l  1 ' f - !V- )vbe' t " n n h t f * - S - s t n a * , r r o " l h r r r o n " ( h ' S ' ' v - a q t e c B i r o n u o r u o t T h $ n f h s 4 r h e r c $ a { X

B -ma^^le N tu<v1lhq, h+ (f lF v) > N g{f men

h* ( t*r- )v) -- naQrftly,rl)
-  gg \ r l p . , y
= (  \ t tL) ,  T l ( ' tv
= l *  ( t l .+  TU-v)
= Y*fi
g (a N)-

J , A - 4 9
,ry . s yec.z ----t <petA

tn,luud bt g t

Guj ,l B t oenemlQd anan A-motlqk bq b,, . ,L antl lJ an o B'mdu[e by ', ) tna -lhett the,21alt rv6
V;n, gerchk N ^' aa A'Lnodule,'so 1N tta { 7 A'mod''tk )V,TE We oohl aoe x 'oeq/| 'naq


