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J-n 1n))  tecTwn wE wtx 1Lw SomL al  1r)< t r t t
clotecl J qbr chefiu, onf, pnduck o1 rchem?) . trr 'lfn a*eycl!

4 rhernu- In ga.htular., v,,r,wrl\dsa4t oVen andIn * ' ts rcc\wn we w'l l  qwe somS d lh" {rnl ProPefia d rhernut. rn pa'htula, t ' \ 'e.wtl l  dts.t  at aPe6 and
)te4 Jqbtchevtja..nl onaurk olr.hrmeo. j i ,  l t i  e*evcttet wp nln"lui l 'u no h'on ol 'on t buch ble' ru|xt l t  a"A

5+^c\\ ,he dtmentD n ot lhz.t',b,'.t.1 amoyphtrrt.

A tcherne r annecled / * kp'lo|tql spo u av1n"r!"d. fl rchem. rs rr.e.lu'ibln t{ ,E '}'op"la3rcol

SPaa $ fleducilalz-
DEFIN)T]ON

DEFlN/rlDi.l A schen. ,X' t ,{u('Zd 'L{", evel'! lP? J:l U.' +Ler.'^nJ @x b) ha na nilrrlenl elanenE eY 
.ualerllJ(F.2.]) X ".-4*"4,^;!r;yl,.iftl'rl'n lo'"r "''3' t9i, S'"nps\'ha'eno nitpotenl ebme

qY .^'4v€'4hD^ l1,lc zorD s

DEPIN,'nDN4 t,he-e X, u,nleg,ct "t h( evev1 openrc! /+ Ust< +fu 'tnj pxlg,t s an nloSmlJoman ("'tya'4ala'

A^&\+o whrne"", U f P) sg a4ienlwn {he ze@ lcneme tt a9! tnBg@]

FXSHPLF g.a.t $ l,- Spe.A ,s on ofinc s,herne, t 'pn X 's tnedut t\e '/ a"d onty ' l  t ' l* n')radtcal /( ol '4
t '  pv td te .  5$b Spet i  a  medut tb lc  p4  Va,h  v (4)0Vfb) -  SpecA 4  t l (n )=  SpecA "<  Y(b) '  spe tA
B, , i r 'pz" t -1azb 6  pzeb 's " lh t  tays  lha l  V7 '  7?  ah  lVV
14-? 'a -A 4  n?q ;  nzb .  Hene specA, '  ne t l .  u7  7Zsp" rm?. (Xu"n l ' /de+dA=o)

Jl X=5DaA then X u rcduq.d tl o,ncl "al'4 'f n= O. st e n= Otp..fr(x\ lhtt ,tncll,,on r cleathq
neotai.lln--o ln€tL lv eveu! Te tpei& Af t nilpol<nl fiiz, s" X,r,let^ud.(o ":utiff!:K

, !Y- -SpecA lhu  X rs  n iqd , l  on lon l '4  ' (  t l  Iqn  ,nkqml  doman lh ts t t fuuat t l$ 'Q '
fur Alp f 6a4ora,n e+'o tt prtqk;77=o and 7Z n-p,tno 1:1 I 't rcdunC' ovid vvedwible
s' 't ;;lh't^'h';;;; ti,it ) inrfi x i ","tr^i 'i )"a "nti 'r 'r o L.t+ reaued and MedwiHs'

P-AaFoJ l7loN3.l rt :chetle 6pfegml t ctnd onl,J | ,f r bolh re dqod and rwed^cible'

P6DIF the z"w <chem, C#,o) o ,"Lnleqnl, anLsve4uu4 bttl nof 'nuchctbte ' + -qL, PPfo]iPn,tt hte nlha
: 

,iu. il i ,, ^ *on."* trl,nrn",-kii ,l x' u tnle,q-l ,l- n cledvltl redtlad r x It ho+ neclucibtel llvre
t iw  vaoetnph) , l ,qorn f  opon t ) , t vzc ' -x .Then a(v ta ) t ) . )+  a i , i .o ( i " )  uh t thuno l  qnntcgmldamaa '
thu 'nluraf rmbltea wcclLa. i Ae.

hnvehelL4 tclX h a nonzew, rcck4acl, Meclqcible rchene. tclUEX heopen an{ nornvTrplg, and
f ,qeo la l , , th ,  fq=o La t l=  l xeu l f ,em*7 on6 7  =  lxeu l  t "em"J  D ' l  e*2 ' t6a  Y '  7 -  a ' !                .
,1i,.4ii l l* tulotpaz lbp6log! bn U. BJ *tui,plwn l0,z: 9 -t!"@ X u. rrv"tclucib{cr r? T ?' '"
one + /.,2 u n4uor +, s.J.,l"'/ = o B;i k|inu,; h'*,n :f ! .k-::j, "t"'"pen suwel o{ u a'tt h<
wr\ptent 'r€-z. io"1 ur-no-/6,s, r Ezen.rht"hoLusrhat x6Mt?gat." ' :" ; : , : fr#r:;7i i ; i i ,U^wn*a

J > <1u4, h noel4ev'g\ "

DEFIN)TIIN Fschen<X 6 locqllq vtoelhona4 ,f , l  ,o, Urn tavcred b! aPenqffine subteb tpetl; wherc e*h--_'::::-::=: 
l)\li:i:;Hffi:-,i:,r*-n,u'ilu;l:rl:t"iy;:!:a#4vflr:4';,u-it:i)T"l:

a naetltena' rtn q. @:::P:'#;;':i;7 nih'non"'g t' 7*wi-amTocl an{a'  ihtkqulono( f c'
s P a u , s  1 . , . )  

"

@RILL.$RV j,l.l Zf X,s a nozlhe4an tch<I\e, lhe'l tPU) 's a noelhanan |"polo3rcal rpaa, bul nal wnvev"U
(€. ?J ? and 3 l7)!sqcrl'o eztz S'( ch t)

NITF 7ha"e@,,heme (6,.1 $ iorlhenan. Bie" |clN ' X , lurol(g n$eih?nq^ 'f i  c"eg povl lcotz a afrtne open
ffiA"'n}iJ)" 47il',4' E'r!.Wnan n't t elitv aleolh abore I t\t d 'nflte o gtnql detN, doan'l matle' 'i l7 's ̂  ;'!E' )

:::Pi::rY':A#x#i'i:i;#;-*ft:1";f,:!n:;"1:I;"!,i;:hrY:|.:,'rW'f:2x"::Y;f::;ip*r"'"
$ nal rbvtou|. a+ ts a qttt tu)h "+ tkiitnl n"f the noelhenan pnp"'h v i' t'tat 2w4&1"' tnJe "tll tf lzn enaulrler';;n;t;;'{;i-qhnttt 

i,lo '^ anhn'ni' ."i'/'rh- J i'"i-iii o' o ni"riun al x'h"inq" 'i 'o wttl que a <arc *'ul
*alenetrl ancr pod .r +horo,ar nlli,J')t n" iiit'it'i*i pwpn(!1 ' h 'rt''ttmk +hs)qP<ol riholnn'

t\laTE rl I t vle q,ti l  *ten all f l tz lou\t rtnlt @\,a urc dorrra'nt (<gv=!perA' AV cltno'n)
* 'is 

i ,', io-'li n"..+U"ron lhte loc^|1'tngs 6,,.' qra nuefr,en'an 1 - el'J - tl"';i, n 'oeli'an a 47 "oe/hcna")



PNOOF

PRoPot lTtov ) z A tchente X $ Iorcllu nrelhenatt 4 and onl'1 '[ ft '  eveu4 open o#-ne lqbrcl.,LJ= SPecA,
A 6 anoelhcnan rtrfq l" pothru!a4 an affine scheme- X= sPec'+ '! ^ noetnena\
schette E and onli t l  thz nng H $ a noet'vlenan rtng

Tht andinns ary eqr'ttvalenl {or -ew rrhemrz, )o alune X4 f lhnuclho"+ 'rhe ![ '  Parl {alla,;u s fuh
rhe dehntron, to,.t< hav"e to thoLr lhal '( \ s lotallq ttoe+henon) a"',d ( U=JPecA ls anopeoaffiy,s
J^hr<h nen ft $ a noelhenen tmq r'nl-nok fhat '( B tt A noelhenan t tnTt 5a $ cny Io cq]rtq+hn 81 .Ihe aper
s,hrch O0)= SpecBy fo,m a l la4e $r th. lopelogy 4 SpecB.Hln@on d lo.-ollq v.roelhenan i chpm. X
lhere r a bo.te .{", lhe,.lopology .a.ot6hng .[ lhe ryicha o{ noeJLteqan rtn15.7n paih6ular, ow open tel U
Lun oe @tercd vg spedtot ol noefnenan I r1js.
50 L{re haw ftAuad k pmxlnq lhe {"l lowtnq shkmenl 1et I-- spe< A be an alhnc schsme, uhuh tan be
o o w w d b t t " p e n r u b i e E w n \ , h a r c t D e c l i a a l . w c l h e n q n t t r q ! - - h . n A t t n o e l h e n q n . L L l U = 5 p e . e b e
a^opeh t;bte'l a{ X, w'lh B noelhsaon Tttenlp' some +e A; D6)= 0. Lel ! h, !h. iwtqae o( I ," B. Ane
checlts thqt unde, O2SpecB, DG) + ofi), ta t4 pa,hct^lor As z BT,gonu A,C ts no'efhenan. So*y
co"n hver { by ogen subse*s D(f) = 'p'cnl ."}/1 Ag noclhenan Sub X B qua -nnpacl, afink
nq$bev ^'l l  di.

\o L.r havc 4ow red,uacl lo q pqwh4 alqebatz prcblem: 4 r a nnT, f ,, r {. a* o.lnrh nuvnbq 4.ekmenl'
al A, whtch qenenk i\u unt deali an7each lot aluohnn A+; r nocfhonan. uJehatQ +athow fhat H
,,  ̂ " i ini ion"ii:f vve a't labhsh "^' lemtna. Le* qefl be awldea,l, andleL t;:61-' '6I b< lhe lo"\lu^h'o ̂
r14ap i =t,.-.,(. Thetl

t r= nI '(  r(")Ar, )
ane vl^cl"wton - yobvrcw. Can\tev<llt l tven an elenenl beA tn fhs 'olen*lonr "we eqn wnle
9 , ( \ =  a ; 1 t " i  , " A I : $ . e d c h i ) w \ 1 V " q i e v - a n d n r - > Q , r n d P a o n g f h e n ,  r f  n e c a t a n ! ,  a r c  c q n
vuta?< lhem all equnl k o hxed n Thtt mutns lhal In n u/e nQve

t,^'(1," b - a,) -- o
f t r  tonemi  AqAubehn,  u recan mqh"  a l l  ma vn ; :  rn " tu ra  l ;n+nbe o l '  J t t  euch i  S to  f "  , {n
qen"mle  l i "qn t l ,deo, l ,  r ; tana rs f * .o l  lhe t .  N lhpowpnf i ranq N (  f f ; t ynev ,k ! ) ' /  .aoG' ) ' sye tn

C"+ oG, l=  o f tg  an ,a  N>o)  ' J6he N -n+m 'T tn  we iow I  -  2a ; t tN  +o"  t t t i+qb le  < te  A  I ' l en@
b-  lc ; f ;N  beu l  a t  n4urcc l .

\ort wt ran earitq chow lf i6l A $ tloelhenan. Lel we q.= " bz an cnendmg ,hatn ol dealt tn 4 Then
tta( e,\ah ;

Y , ( q , t l 1 l  . -  J ;  ( q , \ A t ,  € - '

s an atttenr)tnq .\c\n o.[ deals n rt{;, whrch mM] beL\tw s }a)tanan4 hec!^we Ali B noe+he(afi.
Svu-4hete  avd  on l ,1  6nk  nanq Af , , .o r ' can4nd kso lagetha lh , ;= t ) . . . , r  Y ,  (a ie ) l+ t  - -J , .  Iqp l  Ar , : . .
Bu l  {henbg l tu  Le t ina  t^k :  A  ! , - ' (  Y ;  tqb lA t , \  :  O ' t , : ' (9 , (ae+r )0 t i ) - -q l t t : . . .  s "  l r l z  on l l ' '  ' ' o ' l
LnaM ts evenhlall l  slA4bnon!, c,ndheku A r noelhetan. q

/)E j: rru/rrON A vmovphtm { X---+y ol :thaneD 's lggllq "f laklAp, , l-(neve ex'rlr a auewnq c1\ v9.7en
"flw'tui'"i v, - sFce; trtth thal {.-u"inl 1 1t/,) ca"',hc a*:d,,'f "f",;Pn:i?'"1'
i,y :-ip", Ai, *u.o eath Aii 's " $n'Hv1 wneral"d e; - algebra (w'lh thz nutunt lY'^,nl'nu4
tu B, = 0vt"r').-, @;af 'v1) -' o"t"ui) =,Ai) 'rhc'io'Ptt"" ! " '+ +JL!E48 r[ 'n utdttan
eLh- ( ' ' v '  Lanve  u> \ re " { , ( l  bJ  ̂ f i n t knumbe to t  rne  vJ '  

f f : . : f r : n ; ; r f ; , : i r L \ , ^  
t

Srnc O sfnvrollg l.g. o,,c,, angnng, u,e,ne,ed on! <hcck lht anclivon {o,. nonemp\ f- 'V' ."na Ui. i ' .  P4r+.cqloY onj
matphtrm I iO,6----+'/ r, ol f iuk rXy",'".,,s ary rnoryhum 1 X-->Ld,D) Lstna fher X'a otsizew)

DEFINTTIDN 4 *ta,phttrn [,x--tY ts rtntk 't lyr*B a tmvetvtq d | 69 "peaaffinc ubteh v, = specB', suth thol
l , tea th  i ,  i  ' '  1v ,1  "  a fh , f  oy t ' t  ta  sp"<A; ,  ' Jade f1 '  n "a  b , 'a lg "b 'e  nhrcnso { tn rk ly  gene 'akd
B;' moclqle (tutlh lhlcanonkal stwclurel

All lh,<t hntenur o vtdrlwns an.!o!edunder iomo'Yhumr wt?tlhe' cnd {tea'tyan uomaryhun's 4.nlc '
a,qaqandn ttt l oatq c-he4" {o, nonemp\ l ' ' t /; . i tparhculur d.n!, wyvlt? 1 

(e)-Y 6 hntht aa:r:-n9
-.i i !,^ P ,(. -- (hD) The.lehnthons qbou. arp alto,ndepzn4enl 4 *r'ra X, I 'z'tp Ari) h€ choore'b maRe

9'i, >sput; U-.Af pJ =Jfc'AiJl. ThaughDul bN 'qn dta altuw no vi s 'mP\' ctealy

f : X ------+'1

fyb + hnl"]gc a lo,-all1 4I'nkfuPc

Tn llrp abow vve.an n,v.n-o,e relqvntp.,rh apa'lt"rlo. e; * Ag bg 'grao " d"1u5 t sa [1 Lov(v; ) -a$eb"e"



Nble $eaLhb{ lhue clehnrhons l lvl apnpr'}g oJ at morphtm J. y-+f ,s cle*qecl bq lhe ,*slonn olan open
affine,nve, "l y,*.,t,::h,! ptol ' 'e'hal. r; fa.[ n parh rarc,]requwalenl k nrluloe +hig,,,7n yrpet! yoie*y
olvn athn, suht* o( f (Fz t t -3 +)

FYAHP|E 3.2.1 .tf V " a vaneltl over an algtbrarcoll l , loprtfreld k, lhen )he cwornle d theme L(v) ( '4 2.61
,s an vt+eqql nielhenart siheme ol'pn ' /a lype oi' k. r"a""d +lp rhtclun sheql E 

'd+ 
av t uhQrc

4 v >:ttv), ^n.) ou(v) r qdouarn V/+uev"pen,to t(r) r mtegnl. (11 Q.- v) 6 nanenl' l tt)
. ' . 'r q' 'O). 99 Gt9.\) r.,r.c,n h< cpvercd h'1 .. f inl< t trnber ol- -Vei a4tne vanehq, and p t,r-
lhe Oy"ol 4- ptrp z 6 lh's tmphu Hvl t (v)\anbe,-weA b1 q $atk nuv'b e" o{op"n oth nert
"l th, h, ," Spet A;, wh e re eqch Ai s qn n)e|tal clonatn;h1'u' " ' " f 'ntkly Sentva)ed h -akJobra'

and honu noellpnon 5olhe scheme e(v) noenehan.

Nrla'ovev r^nder lh! lso nvPhtllll

(r(ui')', d* 0"f',u'.f) = (ffui),..;.d,');)
lt?

(+('tL d4 a1)
llL

SPecf t ;

ol ?np2.L ] r slrarqhl {arwayd }" "he,k thal lfu nap
ldF) 1/' 4 o(sDi<ft;\ ,s p|nhhed ,.rl lL rhe map
pt -  <  6v1 ,a l '  l z lonqs  h  Or (v )  =  ( . r *0v) (+{o ; ' J ' )

fhemowh n t(v)-> sperk ' ' p---+ pv(vl, 1+> (PE<)t so when w( nqhe Ou(v;)ttto
a b- cipVra fhz uonoyphvm fi;= A(JWAi)> o"(0,1 prercwu 14't 17 -qtgebn sfutclurc Srna
A,''s"-{.9. k-algebtu 'i lollows thal f(v) --) spedz han /'ntk +gyet a' /e/ut(Pq'

E E X A H H H H H H H H H H H H H H H H  P L :  j 2 . r  T f  P x  a p o r n l  a (  a v a t l e l ! V ,  * , h l a L q l v ' r 1  9 7 , t h e n  t F O n  r  a n  t n l e q a l  n o i h e n a n
scheyheo,re '  h,  whrch' t  n; l  Mgqe6l  " f  f in 'E l l f  ov. ,  A .

l\l exf wv lDqte loop.n.tnJ closed sub+hemu.

DEFf NinoN An open .rubrc\ene otq ',herne X s q rcheme, l), whos< kpolootcr,l , F,arL ,t ah apeh r..,tbr.,]
o( X, ancl ulhote shuc[ure shea€ Ou s somorPhrc k the tci lnclion t9i l" "l +he t'hzal"e
theql .{ X. A^ ozCg-JtLtltZ]9Jl o a r,toryhtsrtt J : X --+| whph fiduq't qrL t5omotFh\m
d, X w'llt an oPerL JL4bscheme { Y tha+ 15.)

. f r nleclwe and Xor.t q haaeomo,phvm X = f()c),
*hevz f(x) t "pen n 1.

, 'Jhe tr|\t@d norpfism o{ scheme,t X ---+ (flx),@vl+rrr\ ts
4n 6a,/n1tphUm.

FD,  an r )  zea , chen t  ( / , o l  - - -+ ' /  , t , . lwqu t  an  o len  rmmcq t { t  a t , s  f l u  denhk .n ' / .
164 s/agvphttn o+ nieni X ---+'l i' on to p.n ,ime.,on ih" to'irpol rk "lr ocr:n ' mfr'oorurr qt o4a tmmer'tDn s

NblE An ooen,menenton X,----->'/ ,anbe tz covevecl Jam l lu tromorVhtsm X=f(K), suezht \ /sY oPzt '-  
O" t [ l - -Or ( f ' v )  6  ov  (v )  - -+  Or  ( \ t  n  f  (  x ) )  - -a  O <  (  f ' ' u )  Honov" ,  gwn + ' "@ sc ta .n  r ' ' /
^nd an ,sothaphttm af themc't X 4 1o, O"1s\ *'fl u s 1 open, Ie re ls I q!qL!: malPht! m + ft beh"A
X. ---., Y whtci 'ranopen twncttrc^ akct rnduez /1u'.7rtert uevnophum' ": Y:' l  f d.if !.: '
Or1u1- t  g r13-Tv0v) l  l rbe  lhzampot ie  01(v . f  - '  evOno)  -+  ox(9- ' (vnD))  H(nc t to  S tve
"t)prn tt nn"r,on f, X--9y I Pre'tt.ell l  ' lu,t\alzt'f togrvrngon tsomoryl1smof X -' lh (urcvlo) S-

sorzle ooe n \) = f , an"l n lhr ccae / lakoz ItE Prm ttwn atbovY' d' t(h'mat

DEFtNtitaN A "Ug-L-Ueyyt s a mayph!fi j' /-- X of stbeneu sqch lha.L f ,rduu,t a honeorTtsrlohup
o{ *(/) anli acto4a r(tblel o{. sftx),ana {u'fhermovz lhe tn4u.qt maP li 0x.-+ f*07 tt
or'r'6n1oryt[a tt wr ol rhenvv of abehan SwuPt P a 6 locally td! " chve) Aclo|ed tllbrchene "+ ^-
,rh/n" * 6 6n aqwvale4tt clqar oI ' lorel tmt'2otolr, Lt'h(ft uEr:! 1'Y:ZX qa4 .1'-,Y ---s X
a* esuwabrtl , l  lhen r an uoqo4ohum i'y'-)y,r '4chr'hqt jr '-/ ' i  (Th<<loted tt btch4n2D -t <'
n" 

-Jli""ii 
"l "q"valenctdcv'rs - ut^ld beo' cloas)

'!"R,:^':,!,iy,,h::::1tr\Y'iiT.,i,$,!;:ffi 11:t^:^uv'#i:::'to;:'::i#
towrPattk x'-)'l D 4a[b!d ttnmeo@4 - 5'v''l'{/19 fD' dr1 llo / --r t '

NOTE



NOTE Cloled Inmersrons ancl Clwed Subschemu

Lef \, be a rchent md Y.-{ q clotecl brel, Suppote 0y $ q rheal "f "ngs "^ ! whtch lt .a rchen<,
and tu'Dote lht nduann " y ----+ X run be parccl w,lh a na'Phlm ol thedvu '1 "rgs iF (9x'a t"Oy
, y,r5 'r"1o,qlll tu4et4ve ancl b lhqt (i ti+ ) E A.rrtotl4h/rm d. nhenu -lhen i ' Y '-) X " dtutU a (lDrcd
imrn.won, [incl in hcl a c]orecl rdbt<@te.s+vuduft 6n I

LDnvenell ,f 1-z---+X,tacloted tubnhente lhen pal v= f(z).fulx u.aqnduad rchevne tlwclurx
0v ,n  a  in " l  in , ,omuwh, ,ma(  rhempz Y +2.  L . l  i '  ' f  - - - )  X  h" l luawponk.  V+z-J ->X '
the dndetlynlng nap ol ' ; 

6 /he tntlrataq andl uno] hord lothecklhal z tct ' losed lrnm?qon t Ytz
alo'gmm

x

7 t ,
-  - J

5lasrrs +hol i1l c; 're.acluall| l fu nme clotd uh.r'hene. Soang <lo:lr-d tubschetnQ tan bc,optonnled by
a clllcd i ruwptopn "l thz hd,l abow

NoTE Noe lh ena$ Sch(n( t

-tF X so. lo co,\\tt noelhenan schemz ar'A lJaX open,'rhen by (i z) (0.,Pr|,) 6q)ro < lDcq(lq
nglltvnqn schqtte . 5'n& evev'4 oPsn !ubrcl "/ d nrclhenan tP.t.4 ts 7uo,t,'tomPat4' qn ePentqbrel "d c.'
noelhtnan scheme t,  alro -naetd'enan

NOTE Lotd lropetha

A ppnd,1 P.l rnorph,,rt 6 local onfte aitran I whenevc. .f , r< ,-),'1 .h*, R,l"' a!9- oy^en- V9 \,
t ^i -; V hon P, and ( whenewv Yhere u q oo@v .l y b! oPen rQh lv;l r'+'.h/ eq'h i !-'v' --)v;
6an p, -fhen t haa P /s we wtllrce lab5 be)ng a clorcd rmmeotan U a locot\ pnpatl on +flP voAomatn

IE!!{E )Prn Imr/t(r'rcnt

A nowhrm f,X--')'/ 6 an open vttmaubn ,pov16l only ,( f qvu a honomoryhtsm "L X u,'Nl4 an
open tubJel b+ Y, encl ,l h'all teX lhe novphtsv' t* i&aa1i--a0<,x r b:jechrte

NorE IFA -r sp"<A hatfunle)vpe (n>'o) and s 'nlegrcrl '{ A s'

srvrcz F} - ?oj hlx", ,x,J 6 oovered bq afine operts o.7(x;)z Sp.ecf Lz'' ,,xq ,(( n"o y]n -"-t lpecA

:;:;::^,,#),%! l1;;*'l:l xi.f';!,?i.l"li,:#1tr,6fiT,i'l,r^,ii:,'A..ln:;2:f*'h:;f,i;; .qarJecl domari 5, ?h'i s,r tvl€clu ci b 'il\iii' n{ ' ^*kd uy ihe themeo'ipecA pv "'x"l I \t alro veclued
' ( rw qt ts  'so s+qtk- , ' / '€ ?@P{\) .He'neb1 tz . t \  ' l  A t t  ̂ c lo tnqtn,  I7h [  'n tQgnt  Y4-vO



J\0 lL-  hr ,vr rENESS ts  LD:AL

Ne claim lhe.l"llowvg:

PRoP0SlTloN 'tf ot morphum f, x--)'/ u t"callg .l Antk lVp. kl'hnk ty1e, .finle) )hen {u"or.1 \le 'l oven,
jl ' 'V---4V halh+ lame pmDpvh aN l,X--1'l D q uotphllm and lfuevz 6 4n oP en auet' {anneYaP'1 l
{viJ4 7 .ruch rhal J-'v;-jv, v loot\ ol&ntfe )gpe 1.( l.nk 1'y, nnte) (er each i 1
J raa2lhe sane pwPwt!.

Supgote I r /e6al!1 .l fry,fu h4eancl lel Vgl be oPen. Let ltttj be qn ofln4 67gn uwrof V' a'1 exz t fo'ea"h'
l - 'U;  s  wv 'ercd by efdne opeh 5sh t ) i  dhrchan{g.over  @t(U;) .

t

$ {o( lor r ,vr  l \^ l  + l+- , \ , : l ' 'V- - - r  V s  lo ta l ly  " }  Ark lVpz.  Ut tv tJ  EDt31andEz?.4 t "n e that fhe
mlevanl tlalemenh {or fink lttPe and fnrk aho hold.

TYlt wv,,verne dakwenb, *Lnrc lfu fin/<wt.t f hllout fn^ It local finhneu, ar< qtil1 .heclL"d.

!!!IE rlrr clea, l{raf r[ Vs ), and 4"x --->'! u l\rd''f -@vnP'cf (er 3'z) r" t 'l''V ----> Y'



E { , A H 4 L E S  2 . 3  L e t  f r b e a t t t t g , a n d l e l  a L  b z a n , d e a l o l  A .  L e l  X :  t f ( A  a n d  y  -  s p c A / u 1 . 1 h e- 
",ho, monhttri rr.duo l.Y--) Y wh*h tt a clored rmmenptl .17," 4"p / tt a
h o iteot't Lrphtsm ol ! 'ok fhe clo'ed Lttbrel v lq ) ."1 .X, otnd th e wqp ol : hutJue tha'wu
(t/ ----+ lr Oy ts r'^n epimoryofulm "l theauet o/ a-b1lqy g-\aP! 'ta lc4rhu I ruthttalotnxw
@x\pJ1g*6t"1, ' '  rulicfu* {a, atl peSpecA But (ftOlp= (9ryaah,p t '1 tuchat^t'Y
fn MaBe

NOTE

Er,hrlPLE* 7.2.5

f t " r c  u l n o p r n t a u n r  y - y , v ' f  ;  a n o l  1 ; e O * ( W ; ) s 1 . V ;  s l l r a r  -  ! + ( t ; ) . ' T h a !  L  t ' t  ) o ' q l l ' J
^ ,.h"twn (thmhq3 ,1 / a't q zloteol ,abref ol X)

r[ a=A r: ]ravral
J ,ar"z ' l  a.=a'soaotu r olq c H.

(atla ----) ( t*A4o :-  gtp,alq,F

l1

tf X v abpoluqtol qtaa qnd F a sheal ol nny on x" ana ( z e{
r-1, "^ Z. ,iod" bg ,'*tty 7akl.1nu1 ekityy ol *<hnns .lDl
locol savechv,+u tc;d,hD";^ 7+' fi,----!*6r tteqnr lhqt !a'

1ll
Ar

nnmuk. srnu a bolleq moryhrm
cbtacl tMnearcn

,s .lotd, lherc r a theal f vnSt
X (tee ec',t lter tn acr( nola). Ihe
V e Y  o p e L  < n c t  s e 0 v ( f  ' ' V )

ab)r
a/Fr - ) (a+qr ta )

/r ttu/.ch/9 tLe havt lnLEd lhal Spect /z -a 5pe< A ': <

El\frt-IPLE 3.L4 Fovtons rys1,p s peafic eraw/uo,,lnl A- h[t,t], wher", F u a.frel.d . then s pccA : [1,4 s
fie afhp platte ouer L tu< rc/ecr/ R -- (xy) 1tu^er aredutrlbh ruhtthede , @nlthnn.6t lt.. unh^
ol lht z'ord tl-axEThe deal 4-- (i)aw a rublchene :fqthuv w'th nilp"khE on!'.t; i- '
fhe de^l q - 6Y,x9) Suet anolher ublth 'e stu'tclwt on th< !-ax& {htt or12 hatvkg h'tD

oa\n +lte loal . lr7 afJ'e.ntu"tnLeht?zca-

Dvl y z(x.z,tt5\ ,t{. pzt l, to'r (x')a'l): r('.\.
4 &'i: mer \rtf her) e ̂  tt ' PYavr.den 7 4(+f\
i^ e:n!"ckM pl! l-" thu tubtcneme '

LelYbeanafrne,!d/<h a{e. fh<td') k, and lel,W be atla'd :ubvanell rhenN.
LovaLponds haNtme dpit F '" l l tz affiw.'oorcltharc rt41 A ol .v Ler ^: t lvI and
\=t'ttnt) bt H;o,ttooqd t.hena. Then X2sPecA a"Zt'/ 's lhe (.loted tLtbs(h ttr1z
:tJ';ii;; :"';; pii'", nn"-,oo.dtnah,tng'{ w u $tnorphtc.la tla, se 61vu1=spe<Flp
,:lne rnorpli,sm Spa A/p -: JpcA 's a c[oki tmm(oron' ht u ro tt rvt' uurnPoJtte

n, l ( l^ \r ,  -  (^r \Al*)1 :(")0"/o\ ,

= (.\ . 'I.t r+Qrr\.+ .oi / s. oL e 'i'l (4 I a\1 an 4
[t la\,p t nilptknl fv<t v"Q tay flte ongtrl s

e(w) --:+ sPe<ft /7 ---, sTuA -=> t(v)

6v eath n>zl :et' Yn b" fhe,toted rubr.h?ne of X a,"ayond'ng la lfu 'dee( 7" tyBl'V, ='/ ,
dncl+lu tmQ4u ('< SptA/a^ - lpeca) ate alt 4uftlt iu, buFlDtn>1,'fns a norudued rLnen< and
iiii-tri',fi*)n,+,ii'*'i' a".it kfierynd k o"! '.dblat'cty ",/ v wzcatt't^ftu nft'
-+ii,,t^,^it-',iiiiJi",a "l v," *.'il ",il"rtc).Y^ 're'lt<+ 

P: P':!- althz enbddrns '{
/,a I lqler ({11 ,^x wtt,^ny nn,\6,-Ji'i'*^Iii "t t '"'x" r*ht"h r'ngbLy ttu t'h} ol lhe

t.hena Y- M n'+6'

€xAtlPL? Lel Rbz^rnq, eq I,n,b\ 1r.lealeQ r-a@bm, R-.>B <anonv at. ther,. Sya 8 ----+ JpecR s
a  wto tphrm o" l ' f ink lape, '  

' , , ru  
o rp" ,a ( !p , r i )  < -  0 ry .e (J rxR)  t \  (? i - . r / t )  ' " ' )  ( l ' - '  t / t ) .



Lef  XLeaLoo loqrca l  sW@, px  asheo{ . lwqon X o ,v ,A  f  o ,  rhe4 o(  dz9 : l t  " (  9* .  Jv t "  a* -vnodu le
0xl J , '  vhe theahhri*"n oi thz prc.chea( P(u): 9x(a)//O),whLchcapeoheol 4 lugt rlenu
0l/ t ashea( o[ anSr |ne o > .y'----+6tr t t@v/t ----t O texo'cl u/eg'f atexdc+ JequrnLL

o ----+y'- -> 0\,, 
^" r 7ex/j ).---> o

5o lheve rsan ltDmo'yntto o1 ,ny (gy'/), = 0'n'/y',, ttna ,,, udn dea.l ol 0x," lontttfu3 "lall (ura),
b,lh.\ e llt ')e Ox lu).'lhts louovph-twt s deh,,zcl 4 Ar';/i-, (O4 ', ^+h, r-) d,(q), and 4v t'rhe 'owPottE
0x lu) ----+ @,[vl / tlv\ ---s (ttxl fu).

NLwJuplmte 0x v [ota$ rngcd, Y<I cl"ted qnd lbr je^ hl yJ,0^,J ---"t tt9) be.ctnont(al. 6tu<vl
fe O^(u) an4 IeU,ar lai I ianuhes o8 j i 9J(ytrhri) -o. LQ.f

N01F lclutpd RnJ,uad Schemes

tt rs aol r)lhrulf h ehecvz lhal I v ,s
q theo{ ol ntiqs otL Y ancl la, 5€Y

( r l

Nole lhcal 9\q $ a lDLal tthg,
Jf.y tt a PkFt tt)eal "l Ax,Y, r"

h (\)) = ll e o, tu) | | va'nvh.t on'tooJ

a theqf of decls LeL t l '-->Ybelhetn"lwton nen L-'IO X) r
(See ouv e ethtn 5
votg

ly lu) a a ltoper deal ol 6xlu).an parhculav,
a ,.t loallg ,Mged sPdq

i;'(a^/hL e (o,lh)J = e''Y/ l,,t

n(,t) q field'rc k, all u'-X,
& lallows lhal t'(0"/Jr)

(o,/gr.=, 1-- *,^^
Henu {he7e 6.on tssynsuphttrh ,l "ny /. (Alrr\'e -----> Pv when
Io yw At, aehvvd b!

*(+e"\ : 1oanv,lu't' 4

Nexlwo thow flwl A1 6 $oYfrt)ryhtc h iwclu'e s beeL n.luo{ on ''/

{ , s7etft lo, ---a 3V<cA.

r a s.hpme w neecl nfle prel; mnarg Erclr 'f
v(a)=y,4,er1 fur all Ve'l '^t clsim ltl(re r atl

Y arlssr=+ Pt171o

\:,sg2(A o qlltyu t 
' /e X

(,vnoyPhltm + tmgs

! Atlqer--- (e*//b
"/r+oA7,-- (oUl,4 + !, tot'l])\

P (tt) = l-yg rs"-,t (gtp)10 'h"a.l,lu

+lrt or't1) )

bY lfu clwed tmmentorr

lyoyu lef X bea tcheme, Ye X clotecl, 0v -- i- '( a'/h) r* bcally vrnqed tpau. Froyn (t) and r42 3
Av Ea rrduuJ tcheme, ynvr&d 4,P !ho@'l i a!.heme) 5!nQ lot "ny ytl, i tu "!q(^t lv,y 9 Ox,9 t mdrcal

Ta show lhal i-'(a'/h)
cloted and a= Av et f, to

g(A*:tv^tr:"7'#,i:"\n*l\';y;'1,?,"3)^li*i'W;:8;1,:'T!ffi\':!r:,'tr#:'
i i i  JkY a,*,kn,"ruot)ap aeu a;a te?'( t ) ) .  \ "1 Tty ' -v ond, qseA '+1 vlev b" tuth lhaj
VaeV sF)=o1r 'a  f ,e .  Srw j t  V  topen and \ : . fh ru , le l  J€ A  k t1 .  Te  DQ)eV.1her  *  be ls4or  l -d
i i r r . t  p , tn r in ' i  -VAy an{  a  be looqs  hevQry  ? t tmz i  Vk ' t ,  so  a f  6a-  and henu q /s :5 (A)w lor tgs

)o 'thv) aA rp4wnd r" vn 9.+ lfu ddtvpd sDmo(Phsrh !



LolW=J bc optn ancl "lelnns mw gne&/q(l-tw) -> htw) l"y

ytw{r ) (?)  :  $o(  s( r la) )

r+ v nJ rtt lhcul| k zhczl.z lhqf f ,tanwhtmol theaw ol rngs, arl m ran uomouPh'tn ! @-/d4)l Fey)
Itw hlloarnq dnqmn ammutee '

0 ryneAl^ 1'n I o- ---+ A t,l'

J l l
(*lq\t ---rr- ,o

rl lullows lhal Ot r an ahne r.h ne. sow"' have Jhown:

J FMMA I  o!  )1 .  be an ofhu rchome'  X:  lpecA qnd'  Y9X c l " re4

's un af{<w nhenq ttomo,phrc+o sPnr*lo.

PRo?Dt fitoN Lct Xhea !.hen, "/9x cloied' i ' 'J--)X ftv Mclqnnn, oncl W A1: i-\(a^/h)
Than (vt 0t) $ q 'rcc\vaA tcname/

we a\rcadq kr'ow lhsl dv rs locallJ nnX?d. Lel y e1 and let yeV=X b" ana4lne oPen naghbu/hood,
J' Oxl" -:+ sle{/) 4n $omaYPtlum.

EAODtr'

L  - .
Y -------) ^

: ' l  t ,r  )  l o
Yflu ----------r t)

ammt k . 61ng rczulh dnn f eahon 5, we h ai^e

xt *. u lhe shea( "[ dea]s clehie<)
rmqia qaa 01 = (v) i - ' (o ' /h)\

Vnv --) U
" ,  I  l 4l ta l t  L ,

'z ----,-----t SpccA

lef k, U ---+ x ba n* nclk,non. t+ v eo,tt ih alapclud, thal '.r''( o.//t\ = 0^1"/hnu. L+ ,, olro
4ol olt f4tcul l  +o.hettz ] ' fu! u{ tL. l4--4N n a^t l  t tDmD'"Phum o.l  t 'heme/t ahd z c-14 tt  ' \6!edt -fnQv\

L:,'f:|,'il7 filT'";;'nl:.;l'inii{'"rJ:'[i:'#"1:i"i'/1,:;y' :':'!;1":":! \
y;l;it:i,y#m:#:lmr;,|u;i,i,ini^i#"Io#1!r''-tpe<A'thtnc'w' onas



0r ltou ':- ,l-' OY
=- : ; ' .  '1Oxl t r1
= 1;p-'(,/ r")
= (b-.'i]^Ptft'r\
Z n' '  t { \  (or lh)
g n- ' (onlu/rrnu)
=  " - ' 4 ' ' I * (e , \u / y rnuJ
= ( tn\- ' (A'Pecnl/  )
z ( b ! I lnt )-t (erPecA/r.)
a (t l tnu)-' t- '  (o+*e1 U-\
7  ( l houJ ' '  02

r t( q '. SWIA ---) Ot [, r y' I nvnoe.t
n.i' i'' = 3* qY'd 5+li :lr

Le, Z: vlh)) b= 0+e.ts

Sn|nu Az 15 nf|ne, ancl (lhnu)'' r @morphr -k (f/nu-')+, Ovhn! u ltbtnoqrhtc *" "n affinz
5cher\l. l lenu ('l1Ov ) u a schont., ano\ tl s tmrnednkly eclued, u nolzcl abow'

Nexl vn "blne a claredmnenln (YrDv)-----+ (X,{gx). ft,'3el ,lehne o movfhum ol "n3' 
",",, n 'he rar,t do

Kr, ox,i ---> \ lot;"tf;)' i; ' ' 'r!n
lv,i) F,---+ (1oV, (t)) r+ fy(u))) 

I anA le olltryt)

u . e ^  O . X  v n  d e l u e  7 v ' 0 x l r ) l ' - " " >  S v O n v )  b 1  n " F ) b \ :  l < : ( r ' , s )  - - . ( ' / n u /  t , u , ' 1 , l r u ) ! . ) ^  r
tt 

"' i 
^i Af+,rtii ,i ech lhal 7 tt a ryto,phltth ol ,lhew<tt t" '"" lnal 'I tt lDlnltq suia(hwt lelle't\U be

qfven ahr l  , r€ wn ' != l  enopan 4eqhbornooi . )  "n i  iv ,+)e?@nt l  ko v"wnl ,  +e ' t6^f fu \ (v) \  r . )  i1 t " ' ' t
ialiiti r'i,iti tt" Q iild'aL i 1m a'//", 12+ 1e rZ ! ̂ bu open and s + fv(ri e o'ir) /s,11 - a o)
t^ , t ,  f io l {o"^ t t  reT,  16)- -  1r ,  s  +"4t r1)  Lel  Ur"= r  .1hen T s anopew nernho, \ " "4 J  y ,n U
(cataumt W9U, veWI oud k, " l l  =eTff l  |  . ,  L t t^^t .

+(z\-- twny,(v, t)) "4:"#:;;!,#';n2tr1,^,,'
=(rAf t  1r ,  s+ ' f t t r ) ) )  t - .  |  ;4  ' torc t imh€t l t to \
'- 1,G)?\

.r.*z ma, o o^ t)*'t vx h aMa ̂ Lat?. bf u c,",lh lhe nqued pnper!. l.lena (tgf ) '--- (Ytax) u.a.
"lorecl t/nnenon.'1he novPhttm Ox,9 ---+at,! on '+tr" u Ki t'tto'"'a'aig' i, o'-6'19 s' irr's) r--r (vnu' tu'siht'ttD

N.le fu,al u'hen we {ac4w oul f1,1weryl lhe ttomor.ntJm 'A (t)

",|,";'kl:,'i i,itr,ak"6'y\I! 1$:r,r:h1;i:,:1"T:"n/:.;;Li:;i{i,ki7 "(i,,'',
fhe lollounl cltqXwm LDmmu+?a'

rf(f{.) ) ---------+ KG)

61",a,^., -4u o",.

p^1u) --- --r p'11-'o)

s" G'tt), l i(i)em, e 0.,t {oralt te'/-'L' So+hectain Jollou's {wtn {lu nexl Lemn^"

LENI-4A ff zs qrcdwd tLheme' \/c-Z open dnA te r9..(v) rruchthal Xerm,le m^ac9,'r h"
qll aev' +heh t= O

o 99f  Le1 ae\ /  be l tuen tews L on^f i rn"  op"nsej ,  Nv:Pf? Thea |etn* l l 'nv =o Vzc-wo\ /

, ^n t t tov r .peduu lou . tewutez=s te .? ra fhne)+e l -ay \^ i i " t r ia t i , " " \2 - *^ : Is1 lV l tA
be t.) .  t(x)=q/s€6,t vqi{* l ' f  *e a' i1 ,ne.p@)'- 'Q' i i 'n b' i ;Junpho" vle'Du)'  +lq)eth'
5o qeq.ll(|/,| ql 5 @,iarned newLA Prttrt 2 ol Brhenu tr^tt"g ti"nilp"knlf"o' "{- o '8""1ltten
q\ot+r L o Jtn(e tlDt+) tt a vvttl. LlettLp' 3erm'l -o ' ' '* JtV*- olnbivag 'uw wn'ludtfhol' t= o-D



Hen&VV9X, h ( U) a fet j t. nut fir aaclL x€ Z fl,iN i a-ithi ndPtnsE

0",*
(r 'q.4tts))

f . ' tjr,r,"l '-----------> 9ze

4 W9* ts oPn ancl se 9v(wllf), say
xe'f eW and *eE{1).

(40? \

0x,t("ya
/ \E(4

(vf)+ hfii e

r r  r . l .  s f  . r , 1  =  ( t n ,  1 ' 1 r + ; h 6 \ )
TherL

fu(wav, ' )-  ( l - ' r '  j+O)

an ute ttrts.to dvt'tne a vnoryhum ol thana (t,oiL(v,$r), lleltnj affi. At(itttr) --1 O;(r"w)'
mqP s +D l\.1unqw nclwi 4rn 1 lr') utk

Setu-4wnF) - 6" ( germ+ut t\ Vxe f -' lt(

stnu!^ ts orlaal vnozVhrtn; tots 6, anlartrqwl$ 4 r at-moqhtmt d rbemu cleailr lhv {'lloa'ny
dtq46m @mnuta '

X/ox)

f zI
fv,0r )

mtt noryhum 4 ruytqut.nncerf or I m&a lla dragnm a>mnt4h,

- 'OnAqI tZ=d)

gcvm,L dtw/t./14 - ala $cvmrof)
:  d r " L ,  ( ,  r )
-  L ' (1 ;  +)  -  / * ( r*nat) :3evnzdwmls) '

Henu, yp haw pnnn

1P89f,-pt fftzN L.l /, z-----> X' b anoryhrrn al schc4u, z,"4wa, Ye X.."1"r4 *4 teltJ, fulth: rd.ttlA
rc{wed scheme dvuthre on Y Thm ttcrct! auwfuz m*phm4 tcherna z--J'l nabts rne
$llowrr! dto{am anmuk

x
Iv

(

t //'

t,2

z

J



NDIE' "Clw"d TvnneBtDn" s "IoalproPrt\ .

LEFFA tF  l ,  X- -JY rac lo ted  t i tm?ntan)  [1en f - 'V - - -+V 6qc lo t<d  tmwte?1ton  ' lo '  onY " fo"y 'SY.

pRDpor[trlON A nofhum oltthtna, f 'X-/ s r^ oloed !fifientotr Ll and on\g 'l

t t  a  c lA ted  t l nmen lDn .

?RDaf fhp lapo,knl zo,nl c lhal I f Q -'-. S t loroll l  rui<*we rr'orPhrJm "l shwve'o und u9\'1' -  
oPQn+hpa !1 ,1 :A l ' - ' - l l u  ts  lo ta l lq  su ,4ochve 

-  
\ l ' t  x - f  1  ,e  qc lo ted tmmet t ton t t l t t ' l . co t r

fhar IhL tonclhqn 's rchrfied. s, ti\po./. ltrteand,]wn r rahtfid, and r',ey. -lhen.lht tvtotphttm
O" t ,  - -  ( { *  O*) tu  ,J  (ov{v )  . " ,  {+ l r ' ' ,5 (9"1r - , ' r )  -h ih  ' r  1oat1y  t  uu le t  hue I t  c t f iok  tn

f Z '+ l. l tort thal f rt a dorcd rnvnqw64 q

Pft0p0,7101\l A moryhun of thuma j X-) / u q ,loted tmm?atoL and unll ' l  lhevt an "pen
u,"e" Jv, J J Y :urh *hal f 

- 'V, --) V, r< a zloted tmmeotDn'lo' etuh I

?RolF th)t {allot fnn *la prevoatt pmpor*nn and lnz la.f'lho} )[ f1)Ov; s clorcd n \/; -J.r oll 'z lhen-  
v ,  -+1 ' / )  toyanY,  hent  l  -+ (x )  -  t ) ;  Y ;  - l ( \ )  6opt l r  t0  f1x)  rc land.g

rJ1Te A momhrsm o( " heaw ] , nqs ts l,,callq lu,.leclwe /!. ,I r an ep\ynplph,srn al *eave't ol ubehal qnuyt- 
, lt A" $ tu1e<lwe f,.-t i" Vne-X. Joil motphtrt^ f X-,)f lta.lb.,,ed trutnpurn,n 'f{. ), i homea,
||xir, l"rea"und{..a.l lxeX !!Lt tmov\htrn (9'4 fra\ --)o^tt tt t 'ry ecfiL? (Jt' ' tL ' Ive'Jc'-
to*ronnorphu, ot x wlh a t4htPau "l ), so (S*Qv)p,-Sxl k' t el')

49E Thb chantbwalwtmaka * cleat thatfhn 'owporrfton "L lta"'lorcd vkmevtbnt D q "lok'l twvl4e'tton '

Le i  X  b  a*heme,  Zrv r le5e l ,  1z ,A)a tcheneond i  Z ' - )x  ac lo te r !  Nmeopn "1o ' "^6 /e t l lnJ
wrap o lht Mdw)to\1 L.l / h4lhe hemel ol lhe 2p;v11p4ayn5vn ol sheavu o1 qbelsn SndPt 

-Ln ux---)1rz-'
:o l/.e hore anexa.l telwnL

o - - )  9 - )  9 " -  i + ( 9 - + o

cteavlq g,satbe(t{of rc)eab, ancl lhcrc uan uomotVhtm 'zf
vd1a|h.1,lu maryhrn {,an lht pruheaf UF-ArU/t1 1"

fu ea.w ol ,,nq 0{.!, g i+ Oz. (tuts ,s
i.r 02, vht.h tr"aao4'h$n al !n7' )

N91E 
r' r sovoorpht:r'n " ls c{ locql P*?n'\

rt All Dws !nmecltolel,l fn^ *he <l,taractensqtbn ol open tmvtieot*ns lhal a noryrhtsm o{ ',h"met,

l: x----) | ,, an ,/o nouyh,sr.t t//. i  u q homeonneFhnm and f, '  Q1+r't -t gx?'c rs
- 
b;,e;h' 'e k. qll -e X -Heiu

Vevnn n , orohw eJ tchzmett ts an rpmorPhttm ,H t'hen u qnonomplY ezett co@r { V;};e r- 
,t V !.1 7-' Vi ----+ \Ji B on $omo?httm Vi. 1'f N ' x ----l ',t 

on ,sorn'o'yhum
so t f "\l -1 V +' Atl a\n Vg Y.

f(x) 'r
J -' V ---. v



rta a\ ' loo " luu,w "l  ponb
a/€ dfw49j r$.gdtkib]., r" 'l
x+ l  \ t nxv9

,o'r'f 
=-r

DF-r-tNtTtoN theritnenywr of a rhtnt X, "lrr.oled 6ltz,X' t 1b Atnunn a a k2oloqrtal spau ' Z $art
'*all:ffi1p"a subtel "f X, lhen llu Lndtmcntpn ol z 'n 1., AensEd ,-d'n(=,x), 's'tho
Jq\rnum of nle.qen n such fha| here et'uh a thatn

Z = 2 o < 4 c . . . C 2 ^
,80:n{^?J)"#J.Y"g

ol ,^$ncl olwe4 v'zc\ucible ubtdt .l- X, lr1nnng w'h z (t" wQya [z,x\ >.b).1+1 u
any clotal Lafuel ol- X. , *t lslnc

t,clrn(./ ,  x) :  :nL*a,n (Z x)

wherc lht Mhnram ," |a'her, over all "lornd rr,e4ucible tubtoh o+ y. q z' 6 croted antt rrpducihh anr)
z /  <  z  +hetcodt f l (? t tX)> .ad4(z ,X) . ' " ,n thucao"  lh<  La  azJ 'n lon t  aqrce .= f  Y  c rn la r isno
c lo red twec lu t ib le tubbt ' yon 'oa ' i t v i1 i t " " . "a "h i " i ( ,npo,h" r ta , ' /Y=Oi . t t l *6 r^12,4-n !o ,anc ,n l

z-tl t<l todw\l/r<)'- 4r

EKI 11PlE 3.2.7 12' y - spaA t an qhnz themer'th"n !!o dlnenttcn 4 X " fhzJarle c!4 lhe Rflall dtnenlnh of
A (rttt) stu(- V(d)=v {a) t-"'i,a^t i, iinffi-C ^n"dn" 'a.drct( &qh Q a a'cv1 o subs'l
Y =specA (nol neec. clotecl) tzt t(v): O",." P tu"n 7(t ) u an deal oI A awl "l,ea'\ y= v(r(YJ)
ul,,to'tnlhat 7: v('r.(Y)\ 1t7let w=ul'IiLi't'"a'!!,Ytl !:^ rtw) '-rul-treY"tcltl 'a
w<u c\rruln. h rs mQrcat, ," n^t tvi'uj!f,' ;;':" L '- t1v\ a.n1t tonseaulr'|lq v(tul cwi
s. ,f 1u etotecl, v( aH)\= 7 il"!p";r,"r' T(-) and uA-1'* ;",hJ';k'\:"T-:f-:!::"! - .

subrcE -| lpecfi ond .aarcol'dmb h A - lvth tft) = A atod T(Jpacnl =ttt l9 tn6 btlecfi4n rewvet
tn.lu\pns. Heuw i u tal,q re2n fhal clrn y : dm A, at1u2 u.rc t now rhql '^n"(er lhr t b-5 "tL" n'
tvreclqcible cloted seE aieryan<l to pv,ne dea ts

LeI n be mdrca[ an[ rLtPlose V(a\ | trcdrtr,Ue.' lhef  ̂-t i  Pnl,. l y! ' l  \ e a .,(A)G\ l:,q 
'o

, [  -p "pr rno  F"a .+ '?= t8zDd ' f r2U)1ho l - I t , vb) '  v11a) ] t ' /V ( fc ) )  S t ro  \ l  (q \  |  t t<4u( ib tP)  'a !

Vf(bj\ ] v(q) Hena JE..,9 n an( beat q/' efteq

la  ene lJ  t t tpPo.e  a .  Epr ]m.  Thcn \ / /a )  p  n f i rmPt  dnd ' l l a ) ' \ t (b \L ) \ / (c )e (pro  r>  7=b*  Vzc)
Henrs  t i " , ^4pq l5  bh ;$ t  ^ ' rh )= t (b t )= t (E)nr (c )  =  bnr  f tn tume b , t  adrca t \ .Heno4=h
on u" .  t , .p ,qur , . -d .  A i lo , I  Y= 'specA u  ,b t "a ' , , iaur i6 to  ]hcn  amY:an, ' J (Y l  a r ' .1  Ladtm( ' t , x ) - -h t  l i  v )

c A\) tto| 3 2 .9 B< catrel,t l u appl.qtnq thc LDnuPh o{ dtnenston a'd. ool'nens'on kahluqgrci2aa ,D'"-' - - : ) : : : : : - : - - - : - ,n ,+- i ' ,an^*ud iomu ' - tk t i t lw lh ' "vu 'nu" fsuh+g7e" te tahd4 ' *he fu lhueno lwusat t

t,,tll-behaw/ R>r exawplo, i -X 
.,, an..arhne ,nt"f il t'hene'ol4'li yr',*",:.?.{dd h' a'4

l -is X,r ony clotecl vreducible tubsel hen (n sti'npha lhat clrn,'l + ndm(\,'ll:dmX
(utunnqlhal'\ rs { 9 h'.clolr,an, ud yul nvercd tt1 such) Bu} on avhthanl lewt noelhenan)
!themu,- 'funhA lh ng con hctPryn

DE FINnoN Lej S be q tdtene , and lc* XY !e r thevnpA ovet S, t Q; t.helueA, wth mo"ph,utu 1o s^!1,1]94n'
lh" {'-bed-pnlli ol-'/. and'l over S, lenoled X r" } ]a b. ^ t (hem^e +olelher ''tm 

!'fnyns,;rffi -,[;;!i;"r:,-;",t,.!:-,it!ti;k^.,F,&rJT!i,f f ?:]H\=t
( fuz cabaon til p'od ud' ) t i lupatlback ̂ /tP"z/

1yE9!E!-3-3 For anU +1,@ rchelt et \ and Y ove" a scheme S, lhz hbpd Poduct X. r"'l uxs*' arxl u unryuz
,n p'lo i a n,.,n'c al r sowo rPh t t m

?RNT the dea $ finl k onshu} pwliuch &, affi e s<kena ancl lhen glw. N< pruurcl v sewn s]"ps.

1!ep ). tnl \-SpecA ancl'J = SPecB, 5:syecR.5o u,.e crn grvrn Y'R--+fir 1, R-+8. tn" pwbo,,'l
rn Krq ,r tlv Aqo\aw\

R - > A

J I
B _ _ ) A 6 R B

b !--t I qeb

Bul Spec mapt wlmtkk Jntls ( rcz an ealter erercrc) a fhn hllown3 4tagmm rt a p.^llbach r',t -t(h



,'*r::",[,_"^,,
uol, lh al 4lp putlbaclz o{ qu\-hn *torphnmt 'tL m wrhal obiea Gp\ .x,tb }uvpl\, to Thrcu3hotl ue na'^1

t o t u w  S + O ( , M @ , (  t = o . i 1 "  X - ' / = o  o n d  O { " o =  0 ) .  j ;

Ox(J.'W 1t4='w)

IEIYH4

Spn.h \ ,,/"ro Spe<6 - Spc.7 6 *. gtl

SleP2 Tl {'ollow.o< tnmednlelq tbrh +he dvttve.sd\ paducl p*pe vl4 +1^a[ r doqw .up k L^t/llqu2 $ono?hurh,
1[ rl e xrrk. We w,ll neid +!tu urttlu4vv'.t loilnop Pduth-at'.e ady Lvns+v'"r(kd tu wu go c,lwt5.

Slep 1 Cluenq morphttns Ne haw alvealq reet hoq,lo qlue sheaw (e* t.zz) and how k qlqe vhemu | €*2.lz\-'-- 
N^" lG qG ,"toryh,'rt. ts x,l a,e nheneX, then 1o qN: 6 movyhun l-^ x i /, :t 6 a1q1v atl2nl +o
cNJc ah Jpcn ave| lo' l .f X, ivqelher *rlh novPh$mi /, '  U' --1y, b.h'R U' hu tle.tndaud q"A

l",ar riliJ tntrt * ,i"r'n lho+'ll" kt"' t'"ns "L f, and t 1' u' noJ "e Jfu tame' fo' each i1 -ihot 't f"'
"!t upe 4 lt! 9' l tfu dqq'an

Or fw)4
[fl, I

0v [t''vt) ---------)

,mmvJa. 6vEn se9y(w) w.,lnhnc -l+(wb:1 1" la llu snqtEmc kon o( lho l,.Hlw|).1hrs l uetta movyh66 o[ vrnyd spaua X --+ Y Lm.Jt,a,i b ,fj "^ U, . i lc t zarly.he.vzzcl lo b" o ̂ .fitntrn J,.heynq. N"k kal- tt l-; -- 9 ) ,r; Vi then tfu lniutd f ,'1,,n15

5 \eo  4  7 ]  x , l a r c  t ( hemea  D \ t l r q  t ( heme  S  qn . l  L )€ X  t sopen '  l anen  r l  l h t  p roc luc l  \  x 'Yex r j&- ' : : r -J  
f le ; 'p , - I i t f  c  i ; - i , ,  op^a,act4-  iona ' r  "* "  s ,whcn r )  haz ' lhc 1-rorr ro l  *a+Lur*  - (
a t(hawe ovev 5-

el'( t/) ----+ Lr' l  @  I
xI'v -!--'-- i'

h !  o  J
7 - -- -------) S

r^,ldail, +o thow fh a! lhe oukr4ua'< ' 'o pnllbocltl I tu.Lhua lo shoulnal @ 's . p,rllbact, by
yuhvq.'1hv {.llowt 'lwn +ho hllowng vnDft gen?rcl re'uti '

9xtJ.- 'h)
j

1t [, y.' ---)'/ r a rno,phrm 4 nhrnu and \/e y rc pen''fi"n 4anz J'llow rng. dngran ur
a gullbacE (opn reli havngr+v tatonLcel t"heme ltrJa'c? o'lcl4t/ uqft taI6nt'qt)

j'' v --=> v
r l
x -----'-+'/

P-IW m" nup l-'V --sV t 'ndued b,t I and u vnquz ^qhv1 lhn ddctmn.aanuk. Tl z ---> X ^\4 2--) \'/
mutu flu l l t4gnm torlmule/ fn (z -- x) = l Lt l/ r ke:* 'r unrgri z ---> l ' / s.l. z--'- 'a+-'V---X '5
z -1 X. s inu- llv -fador,ry "t z ---a Y, --i y 'r qytrlur, rlfllowr Jlq| z --) f. 'v --r v : z-1Y "/t
rgured. n

('I- l pi ' t l  r emfutluabor^e u |nvrat) fn parhtulc,,r,f \ ,t a :chcm< cncl U )\t€ X ave oPevt, lhlt Jquan

utv-) y
,r ̂  p,t)lVac|, whrea)l norpht-rtol *,nrl*,o/r-t 

x



Slep 5 Lel 'f,,'l be scWnet over S, and lel' I I,i\ be an"pen @veAog J X , an"l tuypo'. t\af {", eah i the
Tntlwl \; x ' Y exu?t. tu each ii )el Ui < l; *r '/ b4 p;'( /1t ) wh"n xI - x; n rj

Ui ----------+ xr n xi
1 l

X; x' Y ----------------+ ̂i -
r  I  \ x+ ------------- :.''

fhen llu oule, squar" u a pvoducl $t X ri and J ",re{ S. B,v) tht utllwra'ts "l,frllback ?here ar€ 'tomotpbrns
95 . U,; ----+ Vi k, eor+t'ttj "'nt1"z mXh'nTf'lwhllol/ii|nt- dLdS'dm 'ofln^t< |

ui.{-----..-----.--^l

fN*, (")

W;o;H#oF" 
tome obrew allont abovl'k" t)i. T' bela *'\fi, lel ;;)< W Ewn arcl c'"nstder llra &lloorrng

^ , , "

/L
K r k

T;,i#,;i'i,*v,?i;,+rft i;aifiii,\yr,#"F|iffi *^tii**x"wit'u..v,,thJz ,quot fo"mut bY lhe lefl anc

U j -- - - -: Xi ----------) X;

f  o  l o  I
uj fi U;[--------+ x i-t" - - ----+ Xr.

il::I;:"i;, 
vght hantl tlqaft/  arc as:lh puttbucta-s. Henaquo r Ih" lell hond '1iuqre I . r\ou, 16lr^

AXan yaAng 2ullbado shovulhaf th/. left hand r luore sa pal\ba,dtt anA * hllows mnvdsbl!&tal
Y3 (u, A U'r) : u;; A U.;r..



Nexlwe hattlo thovl ll lal Y;p: Yiu"Yi o r)y Q U;e.6tdr lhe lulloung cl63mn "

Ur'fl U;r,-
\:N

'tnthts dngam all tllt(^va ,r,y,mLF<) "'vta^'1 arc pullhqchs, ancl weut !hu' Pullbachs h:how thql

*h lu, jn. ' , ,n -- Yrt lginu;r" " 11 l ,5Ou,r. (r l

Sne t)uiolu,--1 \tpa and UaiA\)a'.-+ \)a1 a't ^ P'{l lbacl' I sull 'vn lt show llwh'w may In (rl Jrve
lhr te.. kowhio^ onLompor'hrA wih l'lte'te H'mo"Vhtt'rtr'

To 4o Jhts we uz.]h. hcllhat Uq --) \a/l)tj ---) l\Ers1 ad Xe xr /----r ) r", Xu x, l 1-- f arc oln Pulbocbr-
r^Je ctft now 'n q poih"n )o Sluu Ylt" r"hena X; x3) "," llu rs o,,voqohutas !1 (t*z.tz) vJa oblan,a tchevne
\. *s -/ ,,vhrfu w( d^im $ a okaucli", X qrct y wcr 9 Tho p,oi.dto^ vnot/ph! m\ ? | dn"\ tf' arc dehned bJ ltuetng
furc yojeians,[nm rhe pe.l' 7;xsY \s.tep s). The la\+ l!,al'lhleae novphuns o.rc.lJtueoble $ '\ @nr"Itthtt ol
ahz an rdahul4 "f b).

ujo

0g

K;

I



tl {rllow, lttot hr eqch i fhe hllou,;, ,n1 dvgtQttl c'dnmuk^ (uayt pott;blg f"'@)

./ e. r" :'
X; xrY ----! X *'/ --=-> Y

Ir l n @ l^; _,___-__> i _,---J

stnu c mo(phum ol rchemo n cleletmned by th ttttu chans h a wver, * $lloutt lhal @ aamuht, nefh'
T,.(X; *V) Lovev Y r'Y.

t.texl w'e thowlhat X*s'l a o p,'l lbar.b. h,l ,,* thowvwrqgnw. SaTale tStz---aX*'f .ort" r') 7.1'P'1
anl  y , l  =  P,3.  fh .  fu l  fhat  lh i . rnunve iwrage o l  X5 "naei  X i ' t ' l -_ lx j7 '  Oi  meaw thal  lor  c '11 ;e1,  '

?;' / ' ' - \t; (Y; x5i ) t1enu ter

Qi  - -  I  
- '  h ix ;  x '  Y;  - -  J ' '  9"  (x ; ' t " ' t )

Then flr ett are untlw 1,,3,; Q;-> X).i-/ ^la*t * hllac0tnq dtagrafi @MmLle

q ' : :  x, ] '1 - , . -
I  1  l ' \ > "
! .-"----.------._.  1*,y l---l'j v

I- - r ' l l ^ , i
l, "./ L
X __=+ 5

\)srttq lhe.lact lhql f, xsf 6 q p,rtlbcrch ancl E +X tra nononotPhsn "u" taFaql f;'-3; Henrz f lq'= I lor
g*l fhe o; to'/e{ z/ ro tl hyGws lhal f =3 ar reyved

Nowft t  fhe enslenupar l .  k f  Zb"qrchzn'and ! 'z - - - ) { ,3 'z- - - ' f  nwyhtns of  t .hemeA o ' !e( .s '
K* ;e! le l  f - 'X; :2 ; . ' fu \ef t  z ; - - -1X;  anol  z ;  - )  Z-)Y rndu,z Ai  'Z i " - - )  X*3-1 ma&tnJ

zi -- -> Xi
r \  7 l
I  X " ' Y  I
L t [ ' b
z _l l__ X
\ /^*,/ \+t;' ' *

#'J#,i:trKL,ffi::W*,::"#:!**!i'u?,;'r"'#!.f i:tri,,'"'Y33:';:"if '
;; : ; ; i : . . t : ; ; , ""- i  le.e). , -  {1",  i ' .u"we'e=i ' ,nd 7,s '=e," ln4u' te/  snau"ehaveatveady
"bechf,i ungttv,ett, 'thi nmpk!<t fhe 7rcol thaf X ̂ s 7 rr q P''r\lbqctr

#u^*,1;',:':,!:,i';1,'#:r,I,lt'::,ir .l!,:tth!;;!":rIi"J";'* "Tv,wai6:"f, rnr1tlffr|
ptoclt,. l. x,r! fo(^fiy x "nd anl Y ov'r qn aliFrle 5

( ,

5l<l 7 ltru'n arb,lnrg \,1t 5 t.t q, x--a S and r..f -----t s b." +fu.gw1 goyh'ys Lel- J;,,be an ci ffrnz
ohen cover ol- S LeL Xi - 'q' 'S; ar'cl Y;- r- 'S; 'fnzn bg lILy6' -x' xt ' 7; €x'3+J !\yR lhqf rn$
J i i t ine ip  t .  a  p rv< lL tc l4 f , ,  X ,  and '1" "e ' tS  Jn leed,  q 'v21  no 'ph 'sms ! ' ' z ' - - tX ;una { ' z - )1" ! ' "  s t
+tru trrt^qz i o ^,L+ lan{ '^tdp Ji ,ThL/.,,.|'rng lht {ai:l -lhat olen tn"m?otoor q ,r? manDmorPh$mtw-2
,*i"f i<,>,Ji ' i" ' t*-i)nu'*t i i)ndonemo'7 apylualmn ol ikps Svut w x*s/ Turanpklvt
lhe pao( - a



I  r ^ f  l -/ \U lE qluzrnq f f io(r ,htsms
) l

( a''tuw T I nawmlA

L<l \/ '  'J be r"henu, IV:J .tn open Lo!.v 6( X.lhcve rs a biiechon beh.uven mcphumt X.l \ lvcl
t olleclwn s "l -o,ehu, V-;iY whi.fr "aq,v"o^ U;0U.l tnutkp3 ol rre P'Pvto'v Pmo{' w clehwd whaf 4p
n""nbq "oq"e " eJl+hlre g a motl "hq"ol iarl.7F Ucx l6pcn and f '  \ - '- '-: Y f|@ cbmPo'tlta^ U--) x ---) 'f
, ,a"t,nkdutyi; , : ; ' ; ; ; i ; ;  / t  i - / , .u-,\v "r,* 'r ! . ' ! , t , .n. I lu,nur'v ' , i ' rnalts, \) ;ov1 '- ' tu'  { ' '7:
v, 0 v -, %-L> f v t,J . 5o (h< gluenl yopQy\ tt :

LEtlt '4h Let x,' l  W r.henet,{l) i\ "no""^r\ -v* "[ Y. rl$reqch i lherr "a rnotphtsm of schemz.t
,[; , \) ; --->f "nd 'f lh2 cllqX'ran'

U; nUJ ---------; u t
I  i + '+ J

U ,  t Yr t j

n*mvbtt {p, oll ii +hete \ q ut\w moqthgn o{ tchzmer I , x ---, y w,lh tlu ynpe,ty thal

,np,tmuka $" all 'i.

lElLnA -tl 1,1.x->Y cnc mo(pht{tnr dtrh"na and [vi] r a nonem/'l openLo'r.. "tXt dnltl- 
fl"; -" 11u,, vl nn | - S

l\l)-lE Qysv Tvrrners rom are nonornqrPhttns

7I X sa sehema ond l) t an oqn tubtel, tha vnofitsyrl y ----a { rr a lonDnoph\rm
llnnenron rs q notphsn / ' y s 7 *L1ore i maqe s apen atd fir whrch tfu uduod, nirphtm
s an 'omovphrtm I xhena. So t tr ob v roui l l 'r al / r a 4:onomorpht"m'

NOTE Closecl Twmevtont are NDnt)nblqhttn!

Lel f'X-)^l be aclosed rhmeotot) 6h: z---)x anl tuppore lg--lh. Suu f r ry?clun, tlte
vttldtrlutn4 mapt tl q,h arc the tqme, and lq = frt thowt lhal (i* C#)i'": ff, h*if+ 6y' atrumrhon ft
o o tottoj,td ,rtfua+r,; novphrm ol rheaet d dbol,an gnt^?t, ltenrz an efi motphum rc f*7# - fah+ Buf f a
e hotooeo,io"ihun onf'o k ,'mug., 3 ".tF: h F. Hettq f $ a tnon?m0tphbm

Drwtenston for No efhtnan spacln

tet Y9X b< o,nonemdu c\ored:cthrel- alc,tnoelhenar tPa.e X. Le+l= y,u UY^ h lne wecl'^cibl.
tpv.r,ootAenlt o{ Y.The'. "lea'r(q crodrlrn ( Y *) t de{rnad and rn.fict

' --------+ X
\  t lr '\ Y*

tn Sch An open
x _j146xr, b r lerxr)

N O l l =

hdtn^ (Yx\  - -  t r tn l  a&m [v ,  { \ , '  ' ,  Lo ' Iw ( ' ln ,K)J



N0rt5

qU Lek l.Y--4 5 and 3 : r*) 5
tn qn open tct V9 S .14en fherc dre

be rchemeo cwr S, and tulcpote
Mdua'd' mbryhiJYttt x--1 Y and

g (f ) our bolh cpnlaned-J{X) and

#s nof dfActIL h cl,teck, nnu \/ --r J ,! monrc, Nhal llal  ouhde s4uarc t 6lt6 a pullboclz- lleno
X Y s Y :  X  ) 4 v  Y .

l
J

Spe(B
llz

@ t-rt p,1--- S, X,1a S b< schemzn over 5 UeX o$d WEY opQn. Lef p, : X rs 'l --- x "nd
E,X'iY -----a../ be yven. bnsrder

n-'t) ^ l;\v! ---) ?;'V - ----) U

r l )J J "  I
Y"'W , ->\ xr'/ ---------+ X

l a l l
h '_ -,- ;------, j

sMct  a l l lhae Jguarea .u l  pu l lbac is ,  the oukr  squote t r  apul lboch,ro T i runPi lW: Wxr U

@ rF X= Sp/ . f l . ,1ZSpecB and z-=spects,  oncl  I  X-- .  urd\=-z ar t  g lwn. ,  spec(A6aB) u
-rrre Pc,rllbarV.l \->z) J --.2 tn llvnduml wa1 't a.ltv fallow'ngwmmulo, ond uq\<vrqvc'rre rs PorllbacL;

Spec(A e c B) -----1 SpecA = -><

x Y r ) - > x
l l
J . t
f ----- s

\

, 'i* I
\1 I

5" th< ltlllb^ch o+ otl1ry scheynec $ ^fhne. b@.a^a(Aw rchtvno)

S.tov.I w rl,1.r c^ pdlba.rL ol xheynet (.^ Nfu lell) and, atNumz V g y , v <-1 o^rt ope n avt,tr lh' imal<.
,j '.,1 t ^l'Llria ^ v tu";-ilv i-"q" "i - u'vtanlqn"d tn.f ' 'V, anrl ,7o14o6 rvuth "^ pullbach:
sVow fhal  )he u ler  ' l taue 6a+fur lqh l  r '  l t  u l lboch Lr f f ib" l "  an{a+' ' 'J

\ , - - - - - ) ,
t lt t
J ' '
X _ - - - " . , Y,



N)TE Fnclu"lt are Locctl

LEI.IH A Let !,q X -----: y be moryhtms oy' 'chrnu su1ryre lhal p'e t on open '4w( )Va\ "[ Y tucL
lhot i-,V< - g"ld k,. all.< and lhe nclu@dtnovphu rol- r.hemot

l l  , "vn'  f 'V1 "-"1 V/ '

Jl1-'v^ ' J-'Va -------- va

cnncde 'fhen /=i

l11br 7.1 dear.lhal ilu unde y,nl ,rxrltt ol- f 19.nnl be lht nme. Lel V9'/ be open, se g./ (v).'Ihon
tnzopennh f  - ' (vov, t )  awr l - ' l /  sac l

! ( k) I r'tvnv^t = / f,nu^ ('lunu" )
- (+lr"u)In'^(sivov')
--  {  3 le ' 'v")*YPY< { ' iunv")
-- 3Yk)l t ' '  (v'tv^l

H*ul = X,ott re1wte( 6

pnlponttoN (Ec,nt,3.2.6.1\ suppore lher B a commula)1re "trngnn d stbenu

1 l  I  , , ,
* -,!

Antl lhal tfun are open a,rvrt J u^\ "l X and \ua\ ol ) tuch )hat ,( W az = 1-' U" O g-r Vr
fhen V\./a>, wth lhe Maluu/ ths4thrtws lNat --+ 0a,War- ---- \'l> 't a pwducl ol schemb over
S lor alt <,'\,.'Then (t) ts a pniucl ol Lchzna ow s-

P ROAF If eiherol X,Y D zeb, tots 2, and 0) u *'.tualy a pullbaft ktupyor xtf * $ an4 ll'te awtr- 1v"1.{vt1 aw nonenpl4. Fryi un thow unqut iw ol y'athnrahon Supporc /',f, 'T-)z ate
nufhini"l tnona wilh rt' = Pl.) 1+t: 1lz .Iheft

l - (w"^)  -  t t4(  ?- 'o^ A1'v^)
= '(e{)' ' t)a h (sl)-'Vt
= (yl,)' 't)aA (.t(,)-'Va = {;'(Wd'^)

-fhe Wd^ <Iea g awr Z, to i uLhua lothow /'11, aE equal ur'ben r@lncled .lo Wa.>,. kntde'r,

l ' ' '(Wat)
- /  . , \ "'\r' o -' v)n^' -""""u v^

\\. -,' | .v'l+,_,s z._P I I|  $ .  t /I "/ \L/
Y + s

srnhq .aumplwn Wd,x--alht Wal--i V^ r apullbacVl one cherht euil,X lhal I't= l.Heuu t'=1,,24
. lq tme! .



Nbu.t l.+ nofih$mt q T---') \, uu T"-+f be qwn malttnq a anmqlah'e dtaqram wlL x'--+ s,,
./ -l j. Let' T<2, = 

"q-,U" n L',V . Sms b4 anlumplwn Waz'- Ua,x' v7 t4Ie'94J o' tbmmutut|ft
d \q lmm:

,.^nlrr__ r,,
|  ' - * ' t
i^ " \'..-fir---1---

;t ;- 
P ,o*

\ . t  I'\J I
7 + 5

(")

Jt tuf{tu.t h Inw ' laz17.s,aa -r1fA 1z - -fa^ nTtl^ ---. ' lett--")Z uq,ez wltm nnpueltw.'}h"
pa\d1.B,tlbV delnlwo q'lax - i"^-,--+ r-!n y, pi*": -lott---41  

iL, x , ancl . t, i f i i  ,ta't ' t tor'i*, ': n al;^-klior'1,'ii,";"i68; i"l;"t"il"fri lnai-i *-nuk''ltrttiunptdattuTnot a



The Crro,ph. o[ ̂  I'1orphtsm

'$ 
dihnihon Tt it { utiefn^c+,'o7r afld he a a t'hbnDmttPhv.rl.

Ltflrl4 Le+ | bg a ryoupntn o{ nhemu X--1Y gyer 5 . fien the hllvwnq haq' J
n  pul lback.

Let /'X: ? f be a noryhun of rhenet gvll 4 q9h9n.e s,. 7h9 .qmpL of 1., d1no.tzd.7V,
y Nlla ry6yp!1um t , X ----> yr5''/ u'htch Suua /x, | "yon an-potnl w ih tfu ltnl and
ten nd phJe c+a nJ pf eth re y.

f " L f  :  1 ' - 1 ' r 1  :
--  l ' ( {xt)TS

n A f  :  |  =  i r , T f
-  p.  U ^t)rF

to (i a|leaof ominalu. Nvw Jt4y'F6!. T u 4 tuh€rna and a-, r ----t ,X.xs.l, b,-T--s -/ att s:)'
Lb-: C+^t)^, Lel c' t----+ 7 be e - ?ta- SneV1 r 6sn1a 'l uffis fu thou' Tf ' -' a'

^ru|  fc-b But

- " vRooF Deiiotc *he Pro,leclunt f"ta xzjy'by . fn; "61-. ana tte pn;eclatr fnm ytr'rb! 7t/1a.'fhe ft

I tT l  c  :  c  a / ! . l  f  tq .=c
"": 

[:nn:; ':f,;"!;{!?2 L,,nu i.bb: ,
12 'U* ' )a t ' )

Hena lsa:q.  Als" fc-  f l ,q=b, to w<-arc dar l ,  q

tAm '5

x .  t  > y
l tr r l  l ^1 t

lrs /  -  = -  /15Y
f x t

( ' )



f rF t r lNr r \DN L" l  . l  X- ,+Y beamamhrrmol  r thenre t , ,  ana l t t  qeY bcapov l .  Le l  k ( ! )  be l fun t raue
f,eldol V,and sPeck(i '-+Y be,lfu nafuval '7to'Pfitm (E't it) Aen va clehna fhe fiba
o( lhe fterphum lova' the f7atnf y to vr' rnr r(heme

X y :  { r y  S P e c k l u )

Xq --) X
i  l r
L : .

SFe<le$) -) 7

'fhe iht7 Xu $ a tchene oveu k(D, ancl one tan show fhal rk undevlgrng topologttal spaa ts
howteomordh,. + the stbtel f - '@\ 'I K (€z ?t6)'

fue nahnft ol o hb,e .t ^ ,nDtph$m allows wt.r, rcqavd a ,1nld1lth tt'c a hv',Iq ol *hemp't (aawelI J= I'b'al-)
pq" - i " i i "a  Ut - iL  p r i t t ' 4  l l te  ,maqs rcher ie .  hnvenetq , lh r r  ndwno l ' fam; l t  ' t  a .9aod wa1.o l  maku9
i.nrc.l lhe dea,'ol a lant u ol tcbemta vau4tnq algebtavalq FEt QxamPlet 3 rue! a 7 uQ t1'lc -xD over 4
Aiii i i, 'e ii inio-+oi,:tit.{ ank,rrohnn' '"t k""+ro. " w{orphum J:x -l;Y ' 'urth'l conne'led' +notfien
*'lh a iotnl !,ef , t r.7n'l =a "* ^" = y- wrth rwpeef 1o thr uo of ftelob. T-e,

X" :  X9.  -_-- -> X
t  I  l t

:p!,d = t*'*fu1 ---- f

nnwufet. th. olhe" fibrv X! o( f are called delomafnns ol Xu

4n rnle,uhru4 htnd o( {anrlu ,^rr?4 when un hotn a r<hene ovor tpccL. Tn+ht' (o,e, dhmg the f,brc over
*he genenc yJtrrl q,r-'o rc(leme X @ oueu O) ) q''tale hhng !" fib* o*, er cloted no nt, Lo-,ae'aqondnq la a

pvrn. nuvrtb.r p, ltLei a ,,r"." i ior* nf, 'W' tog thoi Y'7 ̂ n' '  t '1 rduchnh m'cl 7 "* the t 'hehe 7

A\olher rmpo*anl appl talwn ot f ibred pncluc| rloflt nolwn ol bale evlennon Lel s be a ftt*l nhene
whnhwlhnh ol an "'bcoe t(heme, vleqntnq thal we ure nlerwled 'n lhe taleqo'! 6l srhentez ov?/s f?r
"i i*pp ,lvtnh o{ s -:Z;i-, *he,r t? tr a rt71.t rf s'-tt anolher ba'p tthen\ i"d tl s'--s s '! .d tl lolphtsm,
l\sn .for ttwl tcltene X J*, 

'5, 
*e lel X' = Y' *' st, u,lt:ch *!l l . be a t cheme ove( s'. lntt adudll! defin&'' q'

$"^nch' Sri, lg ----+ 9!/s'. t i1, rorl lhal X',c obfauecl .f i.m .X l ly.nqhttg.a b("te exfinrtoL 5'-i 5 Ev-
e x q/ttple, thtn4 "f 5-- 5o", k , -ie,e k ' t t dn c <'lcns tan fi et.! "l k .N ale , bg lhe w.a'1t 1!l b'y,Q, elknrbn
s q h'dn'tthne "pirahai,i[ '" ' i t-, t '----. S are hno rnotphttms, lhen (l xi s/J xt' 5"2 X*t s" !u't t i t
@t 'paak  o t i lba&s.

Tht l 's21 p wtlho qene vq,l ph:ly6' '1"r, ewphcv)ned bq anlhenrltech,n tOA, ltral or'e shot^ld lt4 ladeu.lop all
aneph ol qlqebv;,c qeom6+vu tn o yclalu,-e co"llexl. lnsleza o[ "]waqs a,o,ktnq over.a fttetl ofue field , and
b n t k l e t t q y l n z p a t h e S a t a n e - r 4 n . h 4 ^ l a h m e , o o o i h o u l d u t n t d e r q m o r p h i r m o l t h e m a / , x - ) 5 ,
antl: ludq'poeerha "l lhe yttorphiim i*]hen become,t tmpotlenl t" t luciu lhe bthovrou- 6l prcqaf.en a/
{ ,nnderSAe e <len:ton., anal M p.rrh.^Jqrl +o ,ehf" pnpivhea o[ | lo fipet hzz .l +he A buo 0l /'. r'n/
ixornple, ,(.1, X--JJ u a matph,tm o{ fintl" hpe, An,i I r '---) s t, ahq bate exlcnrtan. lhen l ' ,4'- 'ss'
s akJ a' ai,phun "/ f inle'lype, *h,tte X'=-*'* ' s'. Het,t wtLaq th'e pnperl,4 "/ dmoryhttn I h.tnq
ol hnle lupe 6 tk^ble u,d?r ba,.e e^tenlon. Cn lhe olhe, hancl, ' f 6 e xcto'tpl, / :X-- ! Lta motPhtrn4"
nleqta1 .riiteme.s' lt db,ut ol | ',1aj be nQihel )trcdacib)r nor ,"d,aud s" th. PnpPt! ol a rchemz bernl
'iail^i o r"l ,kble Itndft bcae Px+e-nt Ia n

F-J|1PLE j4 yel lz be analybntcallg clorzd ielcl,

X: sp* Vfz'tnTlpo -a"1

Y  :  s p " c  k  [ t ]

tel l,X---+Y h, lhz moltlntm delemn dby ktrl ---) ht',J'rll(\-a").'rhcn Xa"af ue mlegrvi tthema
ii'i^i','i lypi "",, a i s--' ' ' ,,,a a'y e,,"iktn) ienv 11'x) ry'titt'o-i 'n-i i't"1 w" ,J, l!'wu '(or"d potttir
ol- Y wlh eleweti oL h vra o <--+ m" = 1+ -"j



I Atrr.r
a1 7=sp2rA u o, qffrrr tohem" and fetpdAt+her, llu vtrory'hun "{ Lcbenz,o spec k(f).---r SpecA
avsmo fwm Ex2.-7 rs n fxtcf'llu motphtstn LoffvtpondfiS lo A -) k(y) gtren bt

A .n -> A? - ) h?lrAp = k@)
\U ttl z/

n -----: 0 z'-p "
w  z t ' t l

fnflu to,19 wherc fn )r ma&iflal) Am)mAn-;4J1n and hene k(mt) = A/tn Jo lhove u a t*nmthlw't
, lrctqram ol :thema,

S p q H ( + \

\1
sp.(AL.w)----)

\\1 ^ .,.-'atwnlm

So n lotmtv4 lfu rtbrc Zm ow can pullb6al4 ahnq Spuhlm -) JP4:A ancl gel a schene rormryhtcJo
th" hbft a<h;d h9 spec{(m\-+ Specl\

Nex l  u 'p  eKqntne  rhe  lb r r  " /  j? ,X- - )Y  Le l  Tnnbea< lo tedpotn to(  y . ' fhe  lh*  X^  v '  )he  pu l lba lvz  o (

5rcLh[' l l ttJ | '  'I r .  /  (+ ,1 -7- , )

k l17
5pec;i.' ---=)

J
s pechf+f

Stnc Slec rnsp t uhmk h lmth., X- B lfu tpecl,"tn ol- lfu poahou4 o(

- "" '  \Y4, " e' hl^,vti lh-u' l
v '2 c"y^'t 1= "  e J  i t
L' ,  . ,  h l . t ' l  <.  ^ t  [+J- (+ -q) 1

wz clairnthal h[qsJ)kt,q- *\ kgelher ^ih 9, k81ft;*^1-> kt'11(G\-'.-z\ ] o':kfav'+111t1---'1 '---s
hL ' ' i | / r ^ , t - t - \  ae [1ya4 6y  t9 ( l ) -a -  ^od  e  ' ( - )=x ,  t t t (u )=9 ,  O ' (+ l  =  4  ' r  rucha p , ,ohou l .  1 l . lear t l -  - ,
*"A- i i 'oiorl a,oq-- 1o-*,r1., czncl * z $ a r'".,1 uha e, e' w'otphvmr,2 he'anv' a,l l- - ' , l .9eba 6n'\ z)e'
- iqrVtt^ i" iA-"\gNbmt.o.hr 'e Y'( , (+.(ay-d --  f l t , : ,9 '* ' r ) ' l {#"}(or- t ' ) \=€(J+(+r-" ' ) l  (v ' "" 'J
ll lak- o.lq.b1a sludure "^ z qtve4 by e'Y'). l l  t cte<.r ihof Y 'r untqt

u (x tY f, r " - :  "p " .  . - -og  - )

(2" a* o \^ r lfu phne cuw'e atl- '(2 n Np whuh $ au tdedu(ibl2t .reduud cum ' (Thol s, *o s
ayr rrte<lucibfe ,eduac\ ihewe ol dryne'n lrovr l. 1* r: lrrrdlcible, vrdu@d Jrfl(4 l l-ulrlegtol,(q9-t') lt.Pvlme' ard-. \
 r r , r ' tX< =  4 l '4  1L l?9 l1 l1o .1- r . )  - -  d r ry rY nheye ' / : z (oJ-x2)  t ^Jc  hnow{wm ch l  {&qFdt rhY= l / . 'odr rh }q- r . )
6,^1 .+o, q-- o, th" $b'e X",s ltu nonreducd xheme Aver' bq:cr=o. D(r qY Y h!ft '^famit, 'r,,whrca-,nn,ori-nemb"o'on 

rreduriblt urwt, br^l 'w ls nonrgd^@d.4rs rhowhow flln(tclv@d J'hcn24 o<r'1" *42'!l
ev<f\ aA One In rr Prrmo.rilq vletea\ed n uanehen. wecah 'c^g +hqt fht Aon/Edutzd t(neme z2: o tn lr
a itl*rnq+,nn "[ ttre,""ducYble lamda aj-tz 4, "\-'-:> o . (i.- A1 t '" ]'lavhhw'e)

€KhnPLe?.3-2- 5rwrilcvly ,Q I -- s pecVp't ' |7 I b'c-f) , ' .e qel q {omily u'holL q< neudl rnd\ber X.-tsc'n- 
t*"a"mlJgp47,1;la.iy= a, *hrn a f o, daon tp.,rn m2mbe' K- i the rcdiciblz tchewe uunstthnS "(
+ub llne).

I ltl= 4 + Ut-x")
Y ( + l - - l + ( r - q )



Lel I'X----> t he ,^ w1o,4thttn, 3 e1. lhe nwyhrm syec?('!) --'J "+ E" L 7 t aclpll1 *he
tavnpustle

spech('1) -----r sYec Ot,1 -----+'/

srru bo'lh maps qqfte on oot'i,h and harc.'|fuLane lotal mops B'1 dehniwn lhe hb:: "f 4aly s,
X,  -  Xxr  spc i (u) .  wb how Jh|uw now f r411 nolea lha l  i I  Y '  f r - )8  "  amD.vPnt tm o, t . - t
"',!nq, ̂rA 1/A p",m", BV dcnoing (A- T\-'ts fhev' 8v1n* = EtT)aAB tn luch a way ''nor

+h i kll,v't viq .am t$ 4 k a,

NOTE Ftbers

an oPen

B - -  - - )  BF - - )

6 , \
.@6

bl't + fByT
l r  su

s a bono"vnorphrm ol X, 'etlh the

B-rlpr

il
{J"

k(OeftB

Vut Spec(7r/ngu\ ----. rPecB ltttz o homeornorphrn ol rTet (evlpBV) wrth lhe tuWyate

tti rii,,it ;:;{Jfi'"1' si;A Hena lhe r'ondnrcat nn1 molchrm 8,--) h(?).4 B .1Y.'ii",.,
I sr^ (,*t,p\ ̂ b) ) 5r"i6.*U'1!" a homeonoVh'ttz' onh the tub"Tau 4-'7 "t sPeca" unere

E. slttts ---) SP7.A u ndtt@ P! r'

PR\PoJm\N Le) /'X---+Y ka morThtm d:chemet, ye/ ancl tuprye Ne hale a ytl)hcL

xJ -l-) /

,  I  l r' J  J
sPec ktt) -';- 7

Then lho unde y'ry morphrn "{ tpqao J. XJ -X
s"bryou 1''y i X.

(r)

ffilAF knnula4vh ol(t) showr PhaI .i,Xe)e 4.' 'g, ro,! only ,emams k,'rhow lhol,1",yy- I-J "
- ^ t^-,^^^,- i ,-ht tn 1,,1 berna i  homcomo,phttm $ d lotatPnPatlV, ta t  Jufhlrt  +nth\wlnenttiit#::ffi {,:f ^i:;'::#"ilWryf i:."!'f l,!#[!!"i!ii,,##t:lr\*:

t;:t#!"i,,:r:ni*"r::l;'r,y":E'!"!-:d,!:;;,"1"r,;[:,1",1'"T:'^u,F,,r";l'iiI;';;; i;,ir;,i ir i "i Y #i i'l' l: t''!"""'l,l' : ; ;,' ;G; 1 ",1", ;' "1' )" L)i', "[|i i'7 i
lJ,"j' :i;' 

-.!",.L'nt 
"- | 4 soectrr.)i.,.,s lpecB - spet(l"q)@hB) 'ili.-r-1, : ti".t"tu) xv U4 sPec6,3)xsp".ft IPQ'B - sPa(

;- , , ,4 SPa(kt1) * '  91
r j -  - 1 : s l e ( s
tr, -=t---'*""

4t ducaned spec(k["]) as) ----) SPQ:B 6 ^ homeomowhsm onh lheimay o( f-'9OU.'n SpecB anel
q e 5 zccA arn'ioncls tJ q e Y. lkvi A,I.A\=ttr lftAi = kly ) vn d >1,1 + A? \)ne 'ueLn' rnt dta?nm ,owvrvle'
'ond to1,g -J O 15a lomeomorythvm ""L 1-'g nu, an re1wrcd. | \



N0lE Qryn Iwnenrcns ol Af.hne schenezt

l899r rf oe s ond len@ 5 - A, t" 5 nllp nlumhnn "{
D(9) e O. te l E=ati

'l1te rdol (s) cliea nol mee|

Lel F,b< anng, srAa rnulhp\asfiyelY clo.rcd-rel G. le sJ :. Netdgs 'r roLurated 'f whey,ever seS a,.1 d,eA,
dwdu s,lhu abo q€ 5. rf S rr rnuliihrohrel,l cloreQ lef 7 = | ae0 | d antdu qn elenenl "f 5j.1hen Tr d t+'lumted
rnrtl,phr,th'rly dosed saI. U y $?nme rh.n ynt.1,n. yit=f

LE1HA Il S rs a rruliplrcclw 11 ctored rel wil'- s"lwql:ul -t s''6 = f'A
yRolF LaI Y. s' 'A---->-r' 'Ar Ylsk)'-q/' hlhe vnj ao,pksm rndued \ | lu ladlltal se'r. lysn Yl./r)- o

nq,,ns l7tem 3le-f wtlhta=o- Bel . lherc rt neA s.l. *ne 5, so G;)a= O rmp)nt cfs =6 'n S-tl. Hewt
t  sn)co lwc .4  4 /1eT ' ,Aand lmeS. l l te*  c / r :a r  /+n \  - tLah l ] , ^ )  to ' l  von$on\ t?h t tw.D

, q hlw^fud'/
lEt1Nh t"t S bz mulhphcoluell Aoted cncl 'LaPte tl- I7){s-- f} 's oyen,' !\erA.rhatt S ts

thc nlural'an 4 lt,S,gy,. - ) lor totru ge A.

' t h q t  p +  q , r (  1 e D
O\rtL1]'{l n)

l e t j ( - ) 1 0 s = 4  s a



I\OTE

Lel +, x--- '1 b, qmorphgn ol srfnu qnclV? specB.an affine oPertt tubrel 4"1 wl an q+hip dpen Lnver
t - 'V -  0 :  u j ,  vJ= spe<6i .LeI  J ' t  - tJ^  be e lenenk 61 8 5) . \ /  :  Uele i ) .

o'"-"
l q l  h 1  (  0 l h e y h t  t m \ q c  o [  " 1  v n d e r  B = o r l v )  - - + O r , f - ' \ / )  - ;  O , , f  u i ) =  A i .  f h e r '  l - ' D h \ = \ 1  " h " *

j =i, ' ,og;1n oxtr-'V) "i,1 o1u; ) ,ote-oyo nds 1" f- 'obln ! derta- { ' '  o(e\ tt avrrcd h1 Jpec (a1\u1



EXERctsES 13

lQl,jl Lut t, X-+ y be amorphtrm pl tther(ru. r,ue clain lhol I u locollq J {'nk lrlP" ,f qnd 'nhf 'l $.- eJJy) opu" atrtne tubtel, V'- S1tecB "{ Y, I' '\/ can bzaverccl by".pen affine tubnh Vj = sy',Ai
,",h z-ve each A1 tt a Arrulv! lenemled Biqlgabnq.

'rne sfa)ul ondllwr r deo q sulfuoenl. -t' rc lhal t4 ,r qlrc r,"cettqtgt ,ry y = r7<B W q:en, aa d s uppore
I  s  l o c a l l q  " { h n k l a p e . L i +  Y  =  U ; w ,  o . w ; =  s F e ( B i  o P e n  a f { n , e  c o v e r o f  f  : 1  Z v " u 1  F - ' n t ; h a } t r e
necetraul  7ap. , l l iu l  7sS"y be q,wnanol  h ia i  t . l .  x -ef  - tW; Le+ Ui=f  - 'N\ 'ue onc o(rhe a( f ine
oDev. Lb;evfl j  f  'W, t  'Yh. xeJ,i .  "

stAte VAW; tt optL fi,.ve rs b€B r.. l. D(b)cynWi and 9i,.1e O(b) ther f ' t 6161- g-, VOg''W; a|latns ",
t "  f - ,D(b \AU; ;  r 'opon anc l  5 t r1@ U\ . ts  q fhne,  'a4  ] i i  =  sp . .A t ,  *1 / leve  ceAj  , . J .  Dk)=  l - 'Dbb\n l ) i jNe vaedme T.lloiutn3 h^n algebnK failr ' - J

6\ tf ouna A tsq inlelu qerpraled R-alqba, roq A= R[4, ,401, lhon" 
fo.onlu.fe A, Ar u,iip",t"tg yr"^L"l -on'e-olgebw, sutz At- Rt4t/L.,aL'/ll.

6  Le+ re be a" tnot , leB and B - )Br  L c  *orphunt ,  a l  u tnqs.  tF va
Y, c ,, " S,'i lq- lenewkd W- aEbm, ;then ( tt A in,Et1 1"nnkt"d B' <tl7bn,
" * 6  6 = ' 6 e 7 ! , l , c ' l  h h e n  c  L a I n ' t A ' c "  ' c ' - ] ' '

| 'nu Dk)g! ' 'V u anopen a l f tne neqhln,hood p lz  n f .1V t t  an ly  le tnat t t  k . thoo.  c)x  (  lG))  r r  o fg
Or{v)-o\gebra.By wuirPlwn Er(Uj) 's" f .g  O y(W, l  -  a lybm'  s ib t  (  ) '  D[c)  tso,J  g.  gr (w;)  a lgebn vrcr

Ov(vv;) ------+ 8,' (l 'ttN;\ -----) @,,(oG))
.-  Ev(w;l *--+ 0v(w;0v) ----+ 8x( f- ' (w;nv)) --+ (9x(otql
= Ov(wr) ---+ Ov( D(b)) -) A*(f -,Dpt) -_: Oa( Dtc))

L! hllows.lhqf A x\k)) $ "1.g. Et(D@) algebra-. f,llollows 4wnn (z) tltat I x(o(c\) ra ll. 9t Ltt) -qltteb/avr"' Ey [v)_+ Ey (Dtb)) ___) o y rr.,Drr)) -'rdxlD..)] : oy[v) -",ril,"y,),_]*2',!|!*TffJ,,J*il_"",
C::-1 Al!!! A rnoryhv'n f' X----+ Y ol -cheme.rs r guot\=1p!@B ,[ Ihet-e s a avev'o( \ h! "pef- alhneo ,"t; r.1.. f-'V.;

t5 luad- nmpacl f ir each .i t le d'qi; lhal.l $ q,aoai-nmpac.l .f/. {o,_"ltt4 oiei afAw tulatef -y<\, l-tY's.
q,4ki -Lompc;cl. Gap!\/. .'rey te'/ har Dpenalhne nhl,. V '.1. ? - ' V .r 9 c.-) ,r1 aoasu* ^t1U1 r. *d

^,"t t,l i = i',' o, c, i v"' t' .'l\'LoI 6,, sfl,t2 open tubel v =.'/ be qwn (',4o1, t tu$ruh duuna v qu0ni-Lbnptt&/ ot-vl' l l<l V= UiD(ltlb"'

rJ;'ki;[":!;n:*Lt:,f i,,Ilt!-r"^*irt,n#rq/,,1,H]ry'v:;7;u,ft ',4a f 'ntk uover ' f  V bv V(,1.  . . ,01f;  !1 1=U;W,,slhz^,nbg"7Lnaffr tgY
all 1,. rno1 y,,e tan,a 6nnqe -forcoih 7GJ)h be cofiatwd n yry,W; ,:'!-!,,1 "- |

dqUW V quAni-Lbnprltr/ atv'l kr v: vivr+i) o: )v*t
',n bu "pLn a(fitr,A wl f -'w; 

lwni-Lbmp^t 1ot
'o*. 'yyj .s,uu f. ' 'Y l?ryy! bt f- 'D(F,) a,nd

rh, 4nN^,,,V 'iri'i-1*ii*niiili i"L',' 1r-i-rcmPa| 'l :ufArik shotu'*hnlf - D(ti; ) ulue,n;-anPai$.

{ e  D v ( w ; )  =  B i
w i  =  ' l e . B i

a l l  i .



Lel  lLn nmc ! ,  anc l  c ,a1 DG) sW;. t41 jeA"( f "W,)h ln;nayl  f .  f tq  { . - '0( l )= r . i .  Stnu.b '1
aTuwplwn l-'Ui; s yutl,ompocl, therc u a lttle ofune of en (t\!?r l)i, . .. rV,* ."rlN; By E'<2 t6") {-.
ecu|'h., *7fng,6',r op.n Lfitie rtpn,z Ki rs*nrci \ " dnth numh. ol quut - aupatopon rch,
qrc\6 thuo qttant- LoqPod t a/) re#trtd \n6TF- An! mo,pnim ou,t of a- naelhe nat ichern, , r r1uc,r.a i- canpacr.

WA 6\ ule c[aim +haf a tvo,Fhttm f ' x---+Y E ofhalh l,lpz 4 and anty tf ,l t' loollg "f rtnl"4Ap, an,/
quM t - LoM Dact .

tlI uol fn/elype lhcn l cclearlj oy' lotally frnhlyfe and Tuni-tonpac!. lhz Lonveae {" llowr fun t'x? z.
(u) tl frlfp1ys Jam 3.1 c,hot ].2 thal a noryhrm l, X----ry oo{lnklrJpe tf qnc[o,/tlq $ $r etsg open

affine tubseL V- Spec7 "1. /, J-'\,t,anbeauetsl by a in'h nunbe. .f "pen ofhia or'= spi,4, t "kac
e^Lh Aj 6 a$nkly: jenaakdB- alybn.

1c) 1gi X bc a rchen!, ! !\/ h,^n ogen af{nz ubteh. <c y u> syetA,'J = s p2.8.
D6\+t) 'hen lQ). c1wpndo ktlu aynri D(r! )4 -spacA,*he--'J B--:fl
111\9 $ a Iavvl ^4efJl facl

{ 1e B rs tuch lhdl
r idua{ loy u s v

Le+ -f X - -Y be d maqthun b/ t henu local[1 ol fintk lgpn ancl tupltote V.e^l r oPen athn< awl - ,
09 l ' ' \ /  o  opnaf4w.  Nocta tn  lha l [  \ / :  { fe t .  B)  \ ) ;  h^A lhc^  A  D a  ]9  g -d t labm sJ  3  )

l ' tV  s  awrcd  br l  op"no{h f t  rc lJ  v ! . :  spe<c i  w '4 'euch C;  o  t  1  b  -c \ \9ebr t \  '  Le laeo be  4 t t t ^
unc l  h rc \ t  r l .  z 'e  tN , ( \ \ )  le l  ne( ,  ve  p l ,chrha l  re  p t ' )s  w;oU Thet r  o (h)E spec(c ;1 i  an l
,, \s,sa{.0 8. c,Iqebn No@tel tzeft be.r.1 D(k). D(h) B,j +q qbave oammanl DIh) @{vw|oncts +p
o1u:\e spe,1t)nf' '!-," i'n.t1,-\"n,flt!:ri":,lrt l,ru,- l,t*t, 

','E 
i#fiJ'i,##,,iffii, n

\ffi;T?f",tr ;"ifi,i,i ' i i;"a"*'/qialn)"iuow,ne ^eia'^ i;i;;"' '
LEPI-|A Le+ fr bea E-alqebn an6\h',. ,V*Eft "lomenE qenenthnq'kt uv',|i,eal, w'lhlhe 1npa41- n^l Aa; s " l.!. D -dbeVo. firalli.. Thon A s a"lg. f-aiyb'a.

?Rabf  Le l  h ' t  . th .eA be t . l .  Lh th , : l  Fo \  e ( Ich  i  p rcu  gewuAow c i t ) . " t  c ;e i  k r  h , j  owtB

E^h .!hat )he {orn a3 /k;" p' ag tA an4 n> o $tectlorall i  tet

6 =  { o 5 J , . i ' n , r < i < e ;  u  \ h t  ' 1 h ' J 0  { k '  " '  k " i

ute c[atmthal F qentmlzt A ar' a 7-a-'ycba t 'ef A':gIa\ be +he B - Jubotgeba '! A yteakd
b1 F, otet tel ae A bc T'nen 

"hea r^ Fi<i w'e tlo'r

F)v ", PolVnoff'&l P *,lh aefhaeYrlr v
w  hhd"

h;  Na - -  I  (o ; r '  '  '  A;e; 'v ; )

"!c:P;'#':^h;i^!r,;Y5""r#"i\',i^Ne;::;wl*^K|inif;i;:::Irh*
W,r i  o*  , , . -  n '  u t+\  2  ' '  k '  N = I  k inr '1ruvr f ly

o ' -  f  c ; V ; N a '  e '  h '

6, rcquved B

0{)1<DLLARY A nuyph,,m, .l''P"';n1)!;;k;l:[';!:E';"1:fy'*#l:*::r']A;j::ll;;!"
B s "  f in 'b lg ,  gener
toLa\tg ot ,r'n 'gp.-' j p^'e tiaP" hbo toe k' X+ tP"'A h''tl "/ a6ne rhtnat )

:  y  ( c ' t ) . - - ) ( \ € i \

B. Cleartng 42pen rnalav urcl huawla\t3 bac| v'k A



ff.{;^ffi^/ ,,: i1;i;;g!g :1,;:!:r* r:i'/.Y=:i;'! h";:ry;%:k:!!i:'* "
Gi"  o.U- 'v i "  " t  1  l t lv ) -n 'dut ' \
le+ f v,t^\ bu a nonemplr4 open lpver al ' '/ b,1 open olfw v,k = sP"rna 't f ' 'tti ln = sWBa {"'^[ J.
A"  i .u i , t ,n  g" .€o,  ) /V '4,nd an,nr l "*  & bru1 ,1eAa r . t .  t i  Dtg)g . ruan\ /  fhan f ind q 'eA i ' lh
,( e D(g') c_ D(j) fhe vclvnon D(9\ -,) \./ nd,tw a t"tq vnouphsm y A ----) [Aa)s, and D(.9' ).
&t rapDnd,  k  D(y(9 ' r= 5pe< ( f r41.  anc '  thM,r l  vnyvt . t (y ' ' )=  * /  g-  theo(?"  'e l  .DA') t  wa( tu

:,,trx:I;!i,*l,T::a^f:;1";r'"i!73+l!,^iryff;o""k:r,",;:ffr'!ir,1:,:!:"1':n,u"
Lol J+ e tsrit -,f i  driolt +he incge al 3 fhenako /' 'Db')- xJ'.

Suu Y s  onred h4  tuch  D(g ' )  weon$nd 7y  ' . jnQ A whyh qenea le  l l l cun l . tdea l , ,A" tn" ls )  ,x i-o*"i?+' i . ' ' i l i '+", '" , i  -*t"t ; ;" ; ' " ; ;h",n'rdlal n g^(f- 'o'r iJta;s $amEx2 t7
rtot 7 '' Y 't alfine, hy N -iV = tper 3"

, ".1 t A -----. B be rh4, nq fiowhtsm rcneapandt nq S S''tt--V lhen lhe 119;) qa 1q^lhol"Bvit 
v ol.+ Atr;-moditr 64'ylv, -r,amp lun k tt, f 'w" : '  qtotdehil le' ya' Aa--z Bd'

;2;';rT I.:"fr"::";;li";i i^[ "" uf ̂ ^-'ti,]n'^'o(ri)'-.w' o v, ancr .o-ct6;t)- f ''.o(t;\
U'{tli|7^l"lr,, t ytol !;.eAJ,'It, D(hl .e ol3;) slna.5.'<sol'5 A4-vqoc)a.te) (?a)y"o'i) u,q

[ .1. @i a; - ,no<)t)te'^tt b n. o,r 'aneJul ntnk'n1'"iiw ll 'olnr..' ' l 'd gy6'11'd-l'9 Asi ' th\odul2- t')e {LeeA

+iinia e r a 1.9. F'mdule - so uve htt' 'n dauud h ttu fz')\ov"n1 olSebta Ytohhm'

Lrrtr,A Lef f A--+B be a morphrn 4fif ' 3,) t1^ etern.e'h "l A ohrch lene'ale llv.unl,,tdeal- 
)na ruypo," u,o Yr,'A1,--', evi,t n7 Btig;t " a hn'kU lene'4{<4 A9;'nodule lot att L'ihq'
B 6 a [ . 9  4  - n & u l e .

?j!-!f f.o t earJ,t; suppote ci\.--t c;ei fl@rale Ryr?l a ^ A3;'nodule, .Y" l,t! y:': 'k::.t '
r< i<n,)a i 's '€i  c r  -  a . ' i  leh ' t i  lor  a ' ;eB and n>O ndeVendet l l  .o l  i  F" l  F = {a iJ  J  F. I rn ' l< i { ( '
ancl tel B'"be tn, 1" - nird'ui" qrnenikd tJ l= Ne cla\m that B'- B L.l bt B bo 1*en''lhen n By 1qi') vuY havv

, .. u !:- . 2!' t144 41sufic
J;"' Y6'\^ A; u:nrl"..ol,.

.  +  d^  a ie '  la t  rqe  'Der fc ( l t

f  4  t \n " '

hnreqw*lu1 9(g;Jr be 8' $" N>o ndqenclenl ol i. 'Ihe elemev.\s 3t{ gerrerd< lu r.lnr} rdeal
ol k' a li Lope h; e A u,e haw /-hi I ix = | "ncl lhua

b -  b  >  Y { h i )  9 1 s ' ) d
- -  Zt(ht  t ' rbt  b l
-  2 h ; '  1 r h ; ) P b |  e  B '

ao n1ured.6

LoR\LLfti<'l t mo4ohsm .! alfine xhenet spetfr---) 5pec B o hn,ky' ado"lg 'l / 6 ca-tralau ganeafel
t  X  - - - - )  f  o  t l n t k  k  x? tp . t 4 ,  - / ssP?<8 t f  p ' l t ) t a  {  j -B -modvlz vtq 6._.> A. (to

0r?) 'moclul().



@ A n",ph,tn !.X-----t Y nllxah'hnie *'rt" e'nu! Potnf Je'/, l-'(g) r ahnhLel

h) ft hr1h nofhttn tt lucn;-l'n/c. 5 uppotq {. x ---- f r lnk 6nd qe/. LelY be an a#tne
onen neqhbothqd " l  , .1 .  4  r '  3 .4 + ' 'V ,s  afhn"  and O,< t  t ' tv )  r '  a  J  J  6Y(v]  -modu-tp '
5o w., ,oi ,eductl" i-"sysafr, v: spocB >rne 'l f r'tlnbn,r /' t/a \' l Lel f'B---al)
aneaporvll" f , tpe, A *j tyec B Nt harcthowtnou.( nbllD on frbetr fh* *r Te 1f€cB

J''T = Spr,( k6) ee rt\ 'blockg

where kfu) - BqaB^A. so ,l un d ,^ffeh thovt lhal hlD aa 0 r s <,4nan gg aotuw$^n A a
a J.l. A'-'nofut" anit:" kty) oa A v a {.1. rt?) - v",h,rFaa, kew" { '"^rk "linenstonol, "nd lhu ha
Dcr-^ alp)-flbudula. Bqlan deal o a k (7) -tub1t6l14le, rcbtT)eBA u fl/hnoo'

(b) f t  hnkmouphtrm o:bt i , "" . . ,1(9)toluedy.\  V,QexAor<d ,Let t : f  ; | ,o. '^ ! : ik'  
; , ;  ; ; ; ' ; ; : ; ;a' iEj * ' i ; r ' t ; : ; ; ;  Iul j  ; t ' {- 'u* ")r i i" ' t t  suf l ,a,t$'how

i(dAV) tctued,n V^f.ral! 4. Herto w"e red,lrz k )he cate X*lpe.A anl /-specB, .' ! ,5eq ,X- .specB 
{m/e ,  a  f '  B ' - - - - -A  and A o  {1 .3 -no&)e  te l  .V(a) ' -  tPec /+ ,be  ' l ,a rzd  '

ie  r io*  lha t  + ( \ t (q ) ) ' -V( f  
' ' l . ) .  C leq \ !4  9  tu t  +he f t \ewe tn ' lw tDnt  r 'ohu  lha l  $  tn le7ra t  I

a ; i v ta l  t l&4  1 . t ) .  La l  q  be  o ,  p  me ) l  B  ̂ n la ,nnE J - tn" .1+  g  o '  A  dE o  +herc  t t  n ; ' th tn t  4D . .
?,Due-.0+he;dte YIs.l u o pvtit Apal'.|JID Lonlannq a0!(E) Usnl A{fl5' lot'hQrcv F e tPe'n otfh
"Fn'!(S) -- yrqj. i i*" '"" b, A411 5b(;) ur tan a,ringe/o. y?s. l-\era v(y-'ql s /(vto)) a rrcl
io f rc ztoed.



r@lzl XVe avt n+eqml sch.ne Then x ts t,wdu( ible J!" bq E' 2 q, \ hqt c' t14qu4 7<.4?w ' ot I I L"+ U b
ano{{,n, open nl'Thb'"hood ol t r,.q o = 5Pe<4 -itu pnnie ol O *HTO:'9 

t,,: 
t*ii,1,X,!fiJ'{f!i.*

tr,v,:i "p sfccA, /"htch r (o),stna i=a'^tu) tt a darnatn to ll4Qlotatn
hetd aL A lhu fietd t:.den"kd \ K tft1ri " r^iii n' fottd-ttu I x' a'3 iu''enrtJ "Pen "qtut ol X

irrl *rt<,n 7, so ll're 5e6sad'da,m u fnv@l

Nohu.lhal l"t an,a pot/ xe /" llterc o a unq movphtsm 6x,r -+ K (= (9>,t), qrw, b! (u)t) l-1 (ut')
frn,. X r' nl"qhl' Er,u u ̂ doman,ro rd rafl @nltder Ox,r< an " subvmq -l K."r" ren lhal gx,o ---- 'e 11
6 )nleth.ar.e, le} jJ U" qn "pen aff,ne niyhbo,hood"l x, 0= Sle(A, and nbk fhat lhe hllowr'| "ttagvam
ama\414:

0x," -------+ l<
l1? lll

(0x1,) '  - - r  (0,1,) t
)12 ll l

9ryetl,1 -'-------- gtro^,.t

lrz llz
h =_-> e

atnu ltu bolkm uap u niechvr, so ulhe loy. r/nL! Q B kt4"4hel't"l +7, 't.("lloas llr.+ K r "lo
4u tmalletl rloh tl"l'onlaintry (9r,x, henu l< 6lhz cltihhed'+1etd ot Yx'x 'fbr el|t '(e x

terwA Lel X be arheme, '/IXac\ote+ lnedtcible sublel pt*Lleneuc Ponl 
j lhew

clnn g x,= - todn (l'x)

Lel \)iSpecA hean aline orer, neqhhorhoo.l o/ 7 - X-ihenld Ve lyed rcteryoncl k I ct.eot'J
yttg ts lhL dasure,n U ol F, \"tn1 larftoPond'lb vlp).= 'Pe'A af ztz'aft cl;/ed tteduLi bte
,i,r i l t.! X ,."ee+nq t) @th ZCz" lhe^ Znvc -zh U tl znu = 2'AO rhenl4 wo6ta nav,v t. l
;;;-z'v'( ' ;;;;.f -n+aarhng z cz' "n )hz o'" havrd an) z'n v ] S oo l luz.olhev, !tn@ z' ttt? dr'^ctot-e

7 ,  + l l r r i { " i i (  i . " t . . , '  .2u , ,  o  chqn a l  nve . tuc ib le  c l  o rcc l  ' /ubPh " /v  +hen \no< z tno<

-.. c zitJ tt a.hatn "7 ,rnai;i le olored rabrcL ol U l ' len; oochn v lF) Tzadn(t'K)'

0n lhe dfuer hancl ,f , lcQ'alz clsted rredw\hle twbte\ ol U t+at d<-Q' snu fr49:orro
a o h d n  1 n O  c Q r c . .  c  ( n n  b e c p m e o  Y c Q ' . . .  c @ n  r c  a o 4 p a \ t  l f  )  <  c o c l t a  ( ' / , / )  a n d
@nJeErcnflY 

dmo*,7 -- dtm (9 spe. h.p
: Ann A.l
_  w . F
= c .oarm VIF)

-  w ^ m  ( t ,  X )

Snu l.Lptt u aA n.tutt,o^.\'evenm.q b,Jeclwn b,eh*ren cloxc) tdz o( sperA and adual deals ol A,
*Lrh tdenhhet Pttvne dectl, aM tw€cluc;tnte tetr' D

LEtgrlA Let /, 'be an,nleq'al rh.'rn", '!h j"nenc po.tnl J ^Sechnu te.@x()), tet9x(v) (utv+ f 'c"nlern j\
- lhen 5,.1 have thasane gelm ut J tl and ontt + tlu^i = flunv

f99! B,j rh2 ctkrc lor any 2L€ UnV, O\,* -> g'f i u njechrc' o ,trtk SetmJ t = icv'nr( un ltaw
qerh^S = qctmrt car0. t let'u rklv = rlvnv a

? &a,F

firr exacflu lh. mwe rfrru, rl X rr rrlcqrul 4hen Oxfu)-- ) K s niechw h, oll open v (l< = O.x'f ) ancl ]'an
ci,'hnns J t,t e Ox tu), @xN) agree oun uo\/ (/.thq 5nz "" 56fua nonsnlply "yen WE u o V



!@@ t" do b) inl ancl oeluvn 1" a)

b) we pnvl!,e loltounq: 4uet^! cloted tubtcheme y-)X olanffia2 t.l72vv1a \:Syaftsollhz

n:#,:,::'i';,);o':::/y,!:;".#r',iil'l7o;f,ili\|ii;,\,?i;,r,;]:;;Lilfr"#tx!*ry',
y I r syncA

\ . /'sp<*.(fr1*\

w!;!,1:k:,i1,:"#'K;tr:^;:1y:'{::,"f ;,:W:!!?'iI;T':#;V\i:-*"-
ii;r:",:,"ii!;Zf i;';!+'fr ry:i91;":'zt;J:J"::ilr";u;jig',{f{r*'
open ril' Dn) h,n ^ t^t"' i"l 

"i" 
ip"l"1y'^ \, rfr e'e's f e A *|n J e DG) c U' Lor

1e AtU) oonu'aponc) 1o { and 3'eB Lorre't pond +o 1

Yn L/ -, y\

7 \
5 pe.g -=--4 S?a(A

'f' t+ ----+ g

7l kllows tha\'fue open tubtel D(r)nJ il f 's o4,ru' romoyphr k Bt@. Nohn i'hof Dr+)nY= Xr.
t o t  I l : 1  b e  a o a [ l e ' c h o n . {  e l e n e n k . (  A ' " ] h a l  c a d L  D ( l ; ) O i - -  X e . , 1 ' e O Y ( v )  $  q f l l n e -
;rd tht *', ,nwt I. 84 "A"lnq $ ^'rhvA)ny -{,1 necuta\ ^o ̂ dr1 at}une lhg,D(k) aw,

,I":iliWrlf :l!:?:i!?#!:,#g,W#!ifjU{;,"M;W*,,Yiilr)y,i,i;"ii:gwix:a:;;xl;*ixTuf i;Thi,;(""..s**'

uh rch nnyhla ifu pno{ 2
(nnsrder q puibacL dtognm

--) x dss/".c
\ /

5Pu[fl1"1

x '  
3  ) Y '

r lI t
x----f Y

l 1
1.'

Alot-



tn u,htch | )t qclored lmnsnpn ttn@funq q Llored )mnpaton r lool t.n / ' , ux motg swply showlho,l
nurw rri l 9e\, hai, an opet neghborhlod V'.1", whtc* q-. 'Vt-->Y' r a cloted. rrt lmerlto:n Le] 3€Yl

:;iff ;l{^x,';,:xk:,:r;liq:il'"f ':/3'J"r:'"1^l:d';;;,:,":'"xT;;Th::'x;'i;:ir"
ts i P,A)lhach (tee carlter noru 1

whfth meaw we on ,ecluuJo lhe o,x wherc Y v' aN af{1ne. F"tJhen b,1 1a1 we tan re.dau lo }lv '2re
whew y s a$tne. 5 na i*te pttllba cuz ol afhne nhema6 urcun ,r- clutd.h rhowrnollhct rn a. pa)lbacL

5Vects
IJ

STecA

. ,yt -s+op r1oryhvm a a dotec) wntaron, whvh by E)( z.lf r eluNahnt +o :.hoang'lh-q! B:-.> B oo ftl*
v nvlulwe, whtch ts oly161,t4.1Lu,1 .lorpd tmmenlths arc !+qble unde/ b'^e qnahgz

spec( 6 @r Alt) - .------)

I
Jpelfrlr"..r



@91rf Clorzd Jubtcheftt2a "I PnJ <

(o) n *" noI" ylu 1o110*tnO hck . 'thehevne\ ol ̂  norphrm ol qmded t(tqt \t hDtfiogenDu, ,[ S ts qvactco,
q 9 5 hovn1o3naM 4u 'Srurlpondena bel"tteen aeals ,r]o"ri, lq r. aft4 'hetl6okol .t/,z,ulenhfa
homoqanodo ioqls, ,,henr i/a" 't /t 'u|nt&ll\ lnaecl l l  * t a--..1. u o )u\JP('r\o^ of t 'adtd nryJ/
)tt nioP s/4 4 T 's "n lo mo|onum "{j'Add "nir (q = KcvY)

Lef y' '  s -)-f le a turlsdwa morphum ul 1aded,tngr, eJiLh kaflel m. 7he,'yen rnl U .l r-t. t4
tr t lprnltt "Jl "[ P*iT <.',^* nave i waqth'sri 6 rn'i - j P'c.iS. L^J.Q rlaim & rt a clared
,,niiJ.n r,",+t,\" *l i t, i* rm9 -- tri c\) -Ih$-{"lbAt i^mo,h\kl4 +^n +l* h"t thal s /q = 7
a) a.ad?d nnqt.it i talso tmPltet 9 ': 'nieifui, c,nd bt a,h,,mo4enaw d,ihl ht-r uve harc
a l u r a r r - - ' ( ( l - ' b ) . f t * ' n - c l w b n a r ' t d " a t ' a n < l (  I  € v 1 Y - ' b ) s v 1 o 1  a n d  t t t !  1 = 1 ' t p , k e n
i=i i, 'ru o.flte, u,,w 4tt tuged",v,\"1 J.,.zaur 3bt( y *;thtuV h, .nl^drchnj !-t.f 7 Y-th. I ' lena A
s ohomeono,phtsm 0/|h fiat clared Jel V(q)e fgS.

'To *0c.,, lhal q. r a clared tmtnenpn, rl .tuQfir?ak thow tsal '[or all yePntr 9'p' 0tqs,e91'-'- 6r,1'r,p
t s rul eel'**. B " t /fu /" l law r n1 onnuk r

- E t
U e*1 t, 9171 ---) a hlTt f

r t l i.n Jl
()(f l) _--__ J (p)

J (?)

sa ,l sulhar, k >hot'u Y41 ,r ruiechve. Lel be'f and teT wih t 4 V ^na b + hono1eno* / 1lu nne
deqrcpa q twn. 'u , l  d ,seA" . '+h  f  & \=b t ! (s )= t  we naLJ  445ume,nonbmaten,wt  Pdt l  o f  .q 'o r  s  berbqs
-hr  a , , ,Xwhunt i .  31a1=b, tH=(  ,6pha q)s  a re ,ho492noM a l  f t !  we ca | /@ dhd 54 f -  F  Y tens
3o> ("/" \ -- b/ I anrt a ft7t tt Ju'J ?(W ' oD ft7utrcq

ttllt ii:t +l7r'::i?, 
n ahonrcgonoa vleat ancl TtePnis 5uppo' e therc r d7'o 'l Vot>zd"

?RooF R\l tx.uustan or, a..a|do= O vF ore don<t sn@ aL= @{>/a s,A.6,r}he rc.dtltv" slep LA/e aD!6mz da?a and-  
iaza"  qA9pa,  ^ndv< rhaw f la " - , ' -T  s tn |  t s+  s+  +h44 hme '>o  a t " t  f  i Je  * '+h  f l ' b  4 ,ze  qao- t
+heLn qf € Ld.-t+" '- Y .lene : 'nu f ty w=ho* ae! at nqvttc4 A

t" I y. s -->T r a n1echue motTtul o/1na3! y31, ",4 l!..'if.i .t,:,-!o v :n t.!.aar\f .2tn-h:"tt d 'd"
lhen f, VeiT---s P-r{ u on ''o'io'ythum "B1 n) ) /''th"" lo sh"* thal trln\ -- Pnjt wherr q-- Ke'Y anc)
ltp I J gio, -'--n rr.p; rs ryechte $' "ll Verair

jo lpw\/(a\ = PniS lel pe PniS Ipatven 5ry6 fat r nladvnV)>da rl lollou +hal a4= O Vd?,/"
rlonu 6d911 Vavl: ancl [y +w L"e n/nc</ a9? rlQnr v(^\--lt2js Lret thal lrnl tt nlecla'e, t2]
; ; : , ,  ; , : , ; , -b .  q f tn  5u@' ! -94 t ,  un ,an  f ihd  fese  e>o* '#  td f  'F  then *1 ,  -=  a r f ' r "  ' { " ">o
,!i i  l ,nk" niufia"nr\ )a'ie u"e mar.l a)tune att homugnnoun ol degret >4 T1rten J1,e1els):o'::1,',"i ' ; i"\ 

- 6 {w ro',r ' t2 hofioqeno&a l4F 5,;a 9 $ tul?clwa | = th\ hr ronu homogeno'* 14t-1"f'
i f "  i l f " l -o  - ->  Y(qq\=  o  J ;  a1=<)  t 'hsz  9" \ \5^ - )T^  r l rs  Vr tz r  do  l l ' n@"/s2o " "  J<v ' ' r l

^t '4.1qt4.l .

(D{  A9S t .ahomoqQhout t . teo l ,  5 - - - - '+  t f  x  1 ,e . t  n t . .h  o , lo red  tmneaton  J '?wis la  - - - - -+  Pro js  In" 
k,+.,l,rhncf ulealr |art ?n acc lv +hurcne "lo/ed rufuzheme Fot exarnph tl d">.a and 1':@a',a"t 't
tb;;;;,;, norru qen/ur, klcal. t. l  a s/:, i  

s/a 
_be ll.x n<luud morythum o1 aradcd rnqs. fhe' ' a'

t: ,uiechve an() lt; d2/d., aa ,t"i, i :"morphtn, ," r '5s/r t Plr/ i '  's on rt"omonPhud ol tchema'

77nu t-llo,utng clngmm ar*' nnukn 
?,/oi s lL _:_> p,DjJ/r,

\  r , , , /

5t a, at delernnz lhu to*n .loted torbs'hervie '



)EIE] ?npprhu ol n ov?hn w o{ nn 'J< rqPz

(a)' lhe wpevh o+ fumgaclwed rmmtnton 6localonfh! ndot/ldln, unl the:nt' l  cloteol vnmeobftt 'nl".tPetA
"o J+ n" lr'^ 5p&lA/^) -) !pec(A) , t 'qe Mdq wdu@+a lTtt <ue "l' ^ cIote4 ,k/|neot,o^ SPe'lA lq)-1Q4lAl,
si'u benq'ol inh hlpe valn a lonl pnper$ 64t sla.lA/q)--)SP.CIH 's ctea 'J Dt fntKrVP('

(b) tsC E^-Z3") I sufh,pl Jo fuw.llni an open tmne,rrron r locatlg of /tatk!,4pp. Lot{'X-)J bzan 1tp211
tmt /nev  on  hckred  a t  X+U-- - ) ' /  *hew Ug ' l  t sopen.  bv  eqch xe  U le l  teV€l  becnaf funeopen
netqhbovhood ol t rn Y, taq U= tpecA.

ftvimaqe ol 0(\V v 5pe<fi $op(nt and hena "a, be cnrend by ol'en o(nu. Agt,.f,,eA Eul l l  --) Al,
clesa"lt l 'e*hthrh Al, - At'/F,7 ott o.fI. A -aljebm, 5o X ---J Y tt or lo<qttg hrJtte hJPe

tc\ A b,f of thouohl shou lhal lhe oow,Pothtn ol lu,o qu@i- @ lad morphuwt tt fu?41-- oPm.pac] ) ro
* svfhu,o.]otthow lhe oompott*t:n )l !r". vnotphttntt ol btally 4ntklVfe qt to<^lli otrllhie'tgPe \uPPo!.

f  X  - -n l  on" l  .1 .  t  - - -+  Z  a t r  loa l l y  " I  f in t  k  fupz , ,and- , le l  yc7  heanoPen q f lme '  9 ' ' \ l  =U;V;  d
oo. ,€r  b i  o lenqt r l v !  r .1 .  (a ,n  

- (9 t l v ; i . ' s  
" t9  0 , (v )  " l fbm,  " id  ^ i : . . \ ! ' - ,U ;v ' i , , "n " , f \ !n , lp : : . * '

w* l  each &r t \ r r i )  a  t .q .  d " (v r l - ; lq ;bvo  
- r t ' ten  +hn tJ i  cow (9 f  1 - 'V  and l1 i f i16 . tpaok  lha t  t l

ft-;;; ;;;\) ot-| h -'"tqnt"^""n 3elerykf b', iv' o'nd B ----+ C nakel c " {3- B,'otgetam on'inri,rz"+""' 
i)*1.,i ' : i"d +t, i i , igt: at'+tu b;kElherw'thltu ci nahe C f g att en A-qqeble

(d) Lel l.X----;1 be 4,ltnk )yp., i. ' l t-) ' / anulhe, vno,Phuw. tortsvlev a Vullbach dqgr4m

L l  l ;
v e
x - ) Y

Smubetno. l  AnklqteulDel,  h l  je*)  i , )e\ le ' l  an <{$p ope, n nt jhb-hod "L ;  fu) an<l gett te i - 'V
)ini"j"rioit*,inoi{iJ qnl""i 9cl ̂  p'.rilba,h 'u*"t"i'ro r:'v', 1-1v ",',r' xy whLvl',1a rpduu}o
^, ;;; ;;t"; ir: tonla. t : si",e o,a ̂ fhne. s v* f ,l "l -h ntk \P", lh,n''t,a"oPen t^wr o] X
b'j alf ine op"nreh v, = |pecc, *th e",n c; a19.A-aliebnt' Potlhns ba'h 'r lori r! (^r€ sbrqrn

6 a 4 )  "
\

II
J

sl".((;I 'l
)

T+ +hw ruf lu ! ,  h  thoor . ,  *haf  {ot  eath i ,  c ;osA s " l9  A-  " lybta )3d1, ' f  ,c i  :Btc ' ,  ' tc"7- then
t l  v  eaol t4  a1,72sfu4 thal  Ci  d lB A:  A[c 's l ,  ,  cr6tJ twht( .hLDmPtataanQ Pw\ l

1e) Followt twmed,IalQlg fiolrr G), (dl



q ';i ,{;Jil/ ffit"i,i.:r,'err:ffif*"r;i#{ l:.2'ti',;;6;fuii!,,11(li:!f',:;t,,
i"*'riZtvi^i)ran,''h,n"'1)ufi":l,i:tkNu,"\.iuf:,;,5,,^t.e o.(v)-atszbn84 anumpht>'t f -3-\V ts hvera

j
,---'--------.)

E W..v-Spcc( ;  fhen fo,  xef  ' ' t /  f , .d  l ,nJ,  t t -  xe, t - 'UAW and le l  f  eC;  Tuena",ahhho oryn le l  D(1)
nhrh r  a  nef ihbo,hoo. l  Jx, ' '  l - ' l )  |uc 6,  rsa (1.  Oz( \ t ) -a lgcbm'  ro E ,Ci f  x ' * . t ' ,u?: . : : " '
0 .111. . - . . . -1  '6y 

1, , .1  - - -1 @^(t : ,0) - - )  DG) j ,n""bU),na ' {q.  Ozl l  '  a l ie tcn ' ,<tp6 nene . .

1i':;ifrf:i|"iX,;:iiil:'iic'":i:hi';;'-;'4'iid'uini e'" 1siq"v "th''k+rP<) an(' h<nu

(s) Lel l,x-)'l bea rnoehxn tlintk hlpz any' atune f t noelhenan rnl ol^ll tl l '/---+')
tt 6.moryrhttt^ ,) finh l,1te ;;'; ' ' ; 'r; :;;f i n"n + " q^*'-*^po'i.onct .henq Y v1.'ro'i-r'ompacl'
lo ,l s,+he./) h thow lhal ,C i'", ntilti'r"{n'{nan lhun io u 

'X 
. Lut y = U; vi be q ave, .:1-'t^l! -

"[f,^'.i)1"h,'u ' '"L'ilfire, uu,!'h Ai nte{henqn TnQvt f- \]i tt  ̂  \^ntln 4,ofh,ne open,rth. ^a 1-> 4ece1
,,lnB, o {.3. At -qlgr'bro. llente 8i t no</'l 'tenan, on4 sttu lke tJ 'l aow' X, X 'r lotolly noe'thenoh'

th\ tet' l, x=--)'{ ahcl f ', x'- -s1t 9a vnstph$mt ol tcherlea owr S, hlh I and f tJinrkbPe
- 

ute shiw lhal fue pwdwl f t f ' , '1'.' x' --..> 'l >, Yt ts zbo of $de lgpe' 
.r?/ aoq .horoof l,hrh,.o

y x, x'--J:----.r *t P't\lbat\

y --_--,----+ S



Ir,h rp,t ucL the {.flou,trtL oomrnulah^e dagnm

ff-rvl"'" r^ ?i'\1"

ffqr

Now p , - rVr  nP; 'Y ,  6 .1nopet1  \eq |bo lhooc l  a (  ze ! *s f  )  and f fq , ) - ' v '  n  Gh. ) ' l l . :  ( f  t l ' ) - ' ( t i ' v 'oP; ' \ t4 )
narlnorcow, one chpcht 4hal fte ",ezlarln^ al y'7f '  (tq,l-tV,O l+\z)-'V, ------) F;'v, A ?,'\tz r.acJuall4

rhe vnowhttyrr ,ndued bzhueer Tollbackt b1 1-'V,""'v, aod l '- 'V. ---tV. 5" i t ' tfhu' ' k 'ho@ fh\ da"fvd
; ; ; ; t : ; ' "  " i ' i ; ' i+up" ' , ' *n inu  *  ^ , ' i l  nd . . . th  th t  rc , te  t -sp .c4 ' t '=spzccs  s ' -  s re 'A  t  anc l
'f tt'lt : SDec(B 6 A c) , rD.,1|€ mutl thow +, +' " "l +nh qf'e n tlL /atloutry dtag tan '

stnu ! u J fin,hhpe, )hct't tt aintk a,er ol \ bg opcn ofinvt Uu. r t'/" ath 0"2.sn1<B;, a.ncl qh Bi a-
!.q. B -alqebq. Sin'i lZtlq X' r awrccl bq v,. -/v^ u*h V- = JPeLci Qndcach (J ^JJ ( - dltep.tq .tneoPztr
"r t"  

' : . : : ; ; ; ' ; . : lv i  
i * . - i i '  v7 But c.-  u,  n1.t ' i ,  = sr, . . ' ( ,a;eoci) l  anct-alkr  "- l i le+hought v ' '?

nure , , .duaa +o_thu i  rg " ,  ! tY . : :1  
- , /Phuh '  13@a.c- 'B i  64  ( i ,  v@<' -z  (v  ' )6  (L ' t \  ' 4ahe '1  

tB '@a(J, v , l o u l . , , . E 6 a ( - ; k e h n - , g t g n ' 4 h d l B , ) ( j a a { . g . B a n d c - a l y i t a t r c o p B " l } u ? . M i l l ( h e . h , . d l n o l' i ,  
= ' i i r1,  

- , ; : l  
o" i , t - -  i t , , ,  c '1 '* iew eia ' ,<i  - -  (26"c\ la,e ' t ,  ,a 'ot ,  te; ,  ,  t@ <' | ' , lvhtch

tnmp\ela the pnol. 11

' v, n f+'q'l'' u i'--'+'f 
" 
lv' \' I{ t cz )  vz - - - - . _ -  l l -\  t . - \

\ -.'l \
\ '.t | -.-

\ . -.' ". _-.-J, --'
X r: X' ------:-:---; X

7' ..==_

V r > X ' +

Xxsx'--j1---+ x/
r ' J \ " c ' r '  J -"t-\='*''\

p,l3 Sru o* NDIzA o^ p"op 4.to



2_avr#*************** ,_5]9g. a .Epllogok.l syae 
'r' t5 a Taqshi tP\@. ,l,l u noelhenan qrd 2vcul fttonemPtE I

Llok1.d *trclttctbte vtet hM cr untqut l ert P;;t];,m tut e xawpla) lel P fu a dtnrele *!!'*: "ry,
;";i"ii- sp(tpe<).t a t*k&./ lo* pink r"=rhe nalimil 'aeal,l,=,t9'zew tleal:,7'".ryft
trtu+ "* O'l+,1'*a f ' Ihrs rs qn ftYdi' ible Zanrh; r\aa "t ' lh ynenc Tonl ' f $^7a't 'szts?^a

b\ a+ X 6 avo.+henan tthtme, tww sp('t\ r norihenqn, and bj (Ex2.c) t l '6d zart.h; tpqQ.
lh\ Laf Zc-* bo ̂ mutnal nonempll t lored rel, 5t1@ X tr  ̂ oeI\pnan,2 can be wnden c',tt 1t./tn'k uuon,' 

al nedwihleclored brch. Hznu 2tt neclqtbb, wth 1u''enc Panl I we clai m. Z:l l5 Dlverv',tte 4
q/J Lelunqr 6 z-, l\v clwur< "l f* ",9 p*pn, clared nbrelJ 2 ( gancucTottt are unqut)' u'htcn t5
i tr:ttmrlufin n . 4mo z -' Lli Ne callthap zlo&d Pornfr'

lc) Lel ^)J b.r.lrshrvl panh of l, 5 &janenc ponh 4.".)nqL4et and tut.4nattuftte ft,3' )! lt.-, lsn,u ." 
oflwwti.Iu auli < htttqtl , l  {ollows'latqt r '- -,f aMhehu a=! (, sanonemp\,vidudhte cl6kd !<+)
,unvh u a oahat)rchnn, Henu e*ha z('1- ,t i1+xi ah4 Xt 'T"

(a) telx Lzqn nteduable Tanshi spaa, ̂ih qenertt poqll. -$ l.)rx u anon4npb "prn trt fuenJeU
stna oYhetw're le Uc (-X, a Lar.acltc+ah

(c) rt z")r' an poftlsol a4aa X, q,cl4 !"e743, lhen un taq lhal zr rlglsLg"5 xo, unf" t '@12
de.a\to ta+ ,b )' 't tpgillJlAb! J z', ar,'fhal lt t agj!3fr-fu 6l x" . La,l X be q Zd.rlthi tff 1y
d ,ehne q ia tha l  a rdeunq b4  z t -?7o t t  z taw ao u .  zD e)a ' f  n  e  tha t  tae  {x r l - '#  J t . } -e  {x ' } .
alea,lu 4,e Do,nh mnikal- ut'de' lhtt o,Aewrq are Wunly he clote| pornt tt iX= -l 'o .of'.be
rthe,r&auAilu seynlto4enh tI \ Wenl l; i  fhzqenen(potn+rl ' l ;, ( leait| .Ji ls mq\lmqt,and?r Z. rm@
,f q)i ' lni, i ; J j- *rnnt y, ={e1- Bat {11-,s an wpl'ueible clnt d re\ &hrch mt,t be. @tkinQ.l
-1i,*'t, i ,,t 'v; i i ; +t,=v, ' ' ' iV;"'?' ihg' SinY\.;.r '  "t bo Landtn?d tn ate ato'n?r' Aen&

y^.rt1i;;i1t::,,#,,1irif;2"Y;9 ,-r'{::'i:l;1,f ;"Xi#:i*fr'::!"i'l?*!u,If,i"iin""iirr,r'ii* ip +" 'iaLl''iw" @' t'Plneni bl x
-* 

t, "u-r r. atd zteV St a.lDRd Vcl'ft12n r"e \t,f =\,/, so clotecl teh arc clate<) MdeL' spuhsdtn'
i i- if 'o.rtg ,f st"et) $. U "pen, ancl 4eo'"lh.n ^at"4i " u1 , a nnlrocl,"hon. plenu open reh a're clore4
^hdev 9enensdhon.

a)



Dtmenflott tzl \ be an nleqol xheme -l .An,k fuye oner.a held k (n"+ ne.?rt anltl t lgebvx|colly t lued )-fhe^ lhete ,s a nohamPj o\/e/- ot  

 

hq halemp\ open ,eh t); uttth U. ? Soeclt , fo. hn,kl.J
SenedeA k-donont l i .  noeow( un {.an coti t i"  +h'r q,ter p {z:k

@) ft :r  a clored panl P, w. "taiv, fhal dnx: dMOp (t\ f l l lahrnertton) y21 3 hz lh<qenenc
afi  of X.nlea thtt tanlwn leld x(X) = 9x,l  ts aUolhe qwDhenl lelcl  ol anLl A; ( ' . :  €x7 6).
'[.AhLl, +htt rt dn $aii7rfh/rtt1 of p-qlgebn/J. But tn<"]le A; ak "fhn" h-algeb,a./,

lrmA; : gtr.r. atA;)1o - k.de9 x(xlp

Bral L1 F rL I0 ul oh.\ sutt lhe { u;} ovev- X wt har-e

c lwK -  sq?  dw) ;
-  t \ iP  d tm t  P '<A;-- suy cttm A', - +{.dn K(^) lk f : dlti j Vt l- r,'  ( h e n L  d l m ^  t h r r€ )

Le* ?e x b< aclored pool., and n! Pe U; < X. thew P nwap,nis k e. maximal ldul ?n ol Ai t ancl

d t m 9  x , e  =  d t n O q 4 l ; , m :  " l t m  A ; r r t
- hl. rn = cl 'n A; - oahl.K AMu A;,,lhnt rL-a\)
- -  d tmAt  :  d tn  X

Nlo+e th.i l f l te dvr,At areall lnlz, hentt ro $ cltmX. Nz have alro p"uron (b\ ahow

(e) Let l)s\ bea r,onempT op"n srthte!. Tlrte* l) sqnn)eqml t leme oI rtnk fupeovcr lt ^
(\ f J. oun fu4 \ nual;enan :.V noe'lheadn U --) X lcoai-omltacf opstt 'mm'qan :- l L

: .  tn ,npo ' ,L  u - )^ -> lL  r  { .1 . ) .P [en@ c l tmA:d tm\  L1  P)  and Fx  3 .1+

Ld) If yr X s an neclut;b)< atored tubtel c.c thow thal dtmy + uodw(tA) - dnX. A/ow z{rmysclr/hx
ro  e l rn ry  n  q  . f r i , k  oo ih*  u . ]eqer ,  and a lo  a<<ndt r . ' ' , \ / , / - )<  d ,n ,X .a laa( ly  dm' l t '@dtm(V,X)
1 dtmX. ron an'| ipen rcl vs*. wtk 'tOu+ C ,+ u eazt'J hEe ]hql- adm(vxJ - odrn(tA?lo\'
t t n @  4 c h a h  1 d U ; a , c . . .  c Q n  b e w m e , o  ' / < d , . 1 . . 6 ^  a n d  ' f  < z ' . -  . 2 h  q e @ . n ?  , ,' /4uLz tnv . . -  c  26r l ' r  , " - . ' i=  Y  s t l , c '  14aQ 9er '2n<P6tn l "+ t " -Ynv) .s tnQ 4*nY r  l tn tk  rnere
t t  anwx ina l  chan zo .  

'  ' . i ^= f  
* th  t= 'dml '  4  )  t7b)  Zo  ra  c la td  po tn l  1nn 'c t r t  p*pe t i

qv*atnedatlopdnllelhc/lhonC) lhffl Luould 'anldtn lha n;rd ..mPDoanB or./hu lel) SuPpale 2a -e Ai
' fhon  v iwer l tnq  ,he .ha tn  e ' lh  t ) :  shaar  lha ]  n .U i  dm(Y lU; ) -dn l  Rut  'nLe  h lF tph l ' t J1=dPA
tn a'n afhvte E-alqebm A, and, y; = Jped;) ar* have
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=  c l tm l ) ;  -  to  n  ( \o0 ;  )  \ J ; )
-  d rvn  X -  c "A1m f l t f ' )

aa rEwred.
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fheh dm X J O 4 X r aAntte eslvn$2r "f pornk

PJ!9! w".an LD.ler Ybq U')- .rO- uhetz l) '  E ;p",A; *herc A; ar" -[ .  g. h-c, lomc'rvts alh-
O , - 4 , = 6 i r r ^ K = ' C ) . I ' l e t a @ t h e A i a r e a " h n a n d o r r l a t , u ,  l h a l  t J /  ' h e q  a f t  ' f i e l d t  5 0  v ' = 1 P ' l
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