
? >cHEMEa

Ty' lhs s.hon ,,,ue *l l "le*ne fhz nolun o/ a scbeme. Frnlwzde$ne of{"p2 tchenu h c'n4 r,l,q A ^t< o.ro.bhq
lop,loqtcal s patz -tojellne' *'+h a sheal "l ,,nqt on rl. cctlled JpecA. rh,s ,-onslru,1u,n 

"pori 
lnfi 'th" aoyl5Antrhon

"t a6ne y4nehet ('q gr) exczpl lhal lhe po'nh "l tp"rA LoL1.eepond -*, all pnrme'1dzal: 4 /. n.4,i,ul
lhe maxrynal ft loa,ls. fh.n '"rc deh ne on otbtLary trh"rns -to fu romelhtnq ahth l,.o'11,1 looEs l,L< an offne xbeme
'fhc Aehntlan-.hao no Fa"allel tt (haPf." I-. 4n tmpo,hnf claat al- sc\eneD 's lttren b1 the co,t tlu&cl@n "l-fhe
s..,hetne Fvoi| a.tsoqqlecl.h on1 q,o"i.d nn9 S .1tnts 

'cDns+u,tchDn 
pamlleb hhe Jtntfrui'l*n "f 2a1bc!7,ve vqtehsl)

'4 ( t, f z)"f 'nalty,u*,n lshoi rlal the vs dhao{ thagta d arl lel a ,rlghl u"/,f iabr', tan be-rc3a*zled aa
schemca That the .ateclaaj 4 trh"ne,o $ an enlagetuenl al lhe calegag il ,n nshe1

Nov' we *l[-anslwcf the rpau \pecff antoaakd k " ,tnq A. A, q rc|, w" )efine .fpecA ]6 bc the rel "f all p,tqe
,44c .1 '  4  4  a f  n rsa 'ny  rc le " l  4  A ,  ^ , "  dehne th , ' jqbre l  \ t (q . )=  sFecA+-  L" th .  rc t  " {  " l l  p , ,me @ea) ,

wbloh contau w. (tf A-_ o+hnr. spqA-- f)

L E Y V A  2 , t  ( a )
(b )

(.)

?RNF

t! w ond h ",e h^n,deals of A, +he,^ Y(o"h):V(4J OV[L)
r l  { r ;J  r  ang rc !  . {  vbak.{  At  +t 'en v( f la ; ) :  DV (q i )
Il a- "nd Ls ut hn tdeols' V(4)9 v(h) $ and onl,4 't "6 z 'tT

U) Gvhtn)y t (  F. -w o.  Fzh * , "  haue 1-sznh.  [onveoeLl  I  p?rh " 'a  h4 p. ,  t . t -Le h lp.m",
SaEa-,  abe p 4 qe F. ,  s"  ?,aF.
(6) F *nh'ot ewh qi tf{. } aolqns f 4;, tmply b".uwe Z4t 's 'lhe s mall+nt ,|eal adarnng all lhe ai .
G) ine 'radt*[ol' a- {,eap b) ,t }hp nlenechnn o{ all {he pnne tdaal5 ''onlam n9 q twl b)-Hene'[

v(a.)s.V(tt), ev.ul fltw anh,nrn3 4 ^nlarwb,:o 1ff, a,[4.lheanvet ets.lear

Now we dehne a )opotog'1 on 'pecll by hktng the rubwh 4 thn ft'n v (n-) lo be he
v((o)) - SpeaA ; "d nL bmtm rhod; hal fin'k un.tons ond arbthag nleoecft'"ns
,l'lhal {rrn. ltene lhE do {orn the ref ol .lote7 rcls /o' ,+'}opolyy in rTec A.

,lorpl 5xrl>se#. No+e lhql v(n) : I ,
,/ t* "L+h" {.t* \/(o"l arc a7an

/t(jo'nl unPr ol ttt

Nex.l we utll delrne o sh"a{ "{r4g, 0 on Jpe,/ for eath prrme deal peA, le+ AOfS" lhl.  lo,aluqhan ol-A ^l yl.f-r
on,'pen tel | 9 SpecA, .^* clefine Afu ) .1o be*he tal J f.n"jvoo' s.0 --------1  )-L pe,t AF. ruch ,hd+ :(p)eltV fo' eath g,
and twhlhais u locollg o lnohenl ol2bnenh "/ A h te prectJe/ * *gu:,a'iul {or eath Pel) tjheve s- o, neLjhborhoo.1
V 4 p , - n l o . t n " d n ' . 1 ) , , " , o a e . l e m e r r k a l { e f i , t u c h l h q + ' { o t e a < h J e V , f ( L ) " n A : ( r y ) : o / g , ^ A y ( i o k f l v
and twh lhal s u tor-ollq a 1u,r,henl d elenetth "/ A n l"

,  J ,

srmi'lanlu wth lhede,hnth.on dthe requto"luiclwns on a no^nI'1. ti,u ,), fkLt e ,, lhol- vi consder fuic4o^ ',rt"
.jhe uo*luo local nngs, tnsl-.od "/ k;^J"ta) 1Wa.hn" d{0-Oj(rl A=O s, specA. o'lhen t9kfl=O)

Now tl ,s cleou thal sumJ ahd pro.lucL ol rach -funcltun, c<rc aqan ru(ht a*l .lhof lhe elemenl 7 *h,<h Euv 1 n
each Aq tr a. r)pal,['1 rh"<' bP) I a Ll,mtnLtkhve ,tn1 w,/h rle'r,ll4. Tt \/f U a'e z\,a open ufueh, fhe "21.,-l
r.colnc+i., nnup Afuf ---O(v) " ^ a"matno4ohtri{"ngt.Jr.ir /hen cJeor -lhaF 0 t a p,eohea{. Ftn<'l ly,l
,: cleat 4om -f1tz lacal nalu,.e J /hn deh'rrJ,.n *hal (9 ,: q sl'eq/.

oEFtN tr toN L"l fr b. a nnJ. rhe s plrfuz!) oJ ft r lhe pav "onsu*nj 6l*he /epologrol rpacz SpnrA logn)trw,
,''lh the sheaf o{ .rnqr O dehned ,rbove

L"I "n "4labhsh some br"m. pwperhe.t d lhe shea! 0 .n 3 pcA. Fo, anl elemenl {e4, '* clenole by D(/) -lhz open
complemert "t V((f)) /,/c/e lh'al opnn rcL '/ t'fu /"rn on fi,,- ^ bioe hr +h.1opolry5 "/ $ecA. rnlcey', t/
\r(*l r a clorecl rc|, an,{ f 4V/e),rhun 147 ̂ ,, sD}1'1ep uan f ea,,l4ts -Ihet' ' 

FeD(f) a^J o(f )Ov(c^)- /.

NalE 7l At0 andpeSPKA lhcn A'p+ osrru \ cannol be o.

,{o-re 7..6k.b Lf "laq", h1 a b ',, 's ' l  o, f,ae X ^ft ,nean a nonenpl4 allechoa lu \;e r" "l op,n rch ,+,lh tht- 
i-ge,r5 ihal g "[.^ ,tt f ," v|" ",t", coo o,unao ol etendnf's a [dt\ie:.  Ukeemfu unonyryfl3 p). eyvohnll '1
q ,w"  ie  Y :  X '  1 r , r  open)  l i  s . l .  -  e  0 i  e  A



PR|P A5lI)oN 2 2

PRDOF

Lel rt b. atng)ahd (f7ecA, A) rh specbatn

(") Fu, ony p e Spec A, 4he ialk Op oJ fhe .rhea/ (! ,s ,romorVhrc +a th. lo.-l
nnj Ap

(b) Fa r qnJ elemenl I eA t the nng 0 ( o G) )
G) Tn parhculqr, 'f ( spec A, O) = /1.

tt ltomorphtc k*h" loralued nn1 Ql.
rrf o(tl- * u [",ilpotentlh",

M u r q l l q { r = o '

(a) f 'nl w. dehnn a homomo4ohrm ho- Op k Ap bt sendn3 loal ,, "h"tns s th a npLqtlbo,hood "l p
-1o,4 va[ue , (f )"Af Th$ 1ie, a ^'ett-,1e.]7n"d homomo,ph,rm lom Oa h ll pt colt '+ y lftte map !
,s t u4erhue 1 ba.auae an:j elemenf al AF c^a b2 rcptaaenlecl ao a Ta.ohenl a/n w.th a,f 6,1, f Q p'Ihen
D(l)" utll be.an open nighb",hool qL F t and .a/l "/e/ro.e4 q reA@n.ot' 0 "ve, D(t) *hcte valw al la u !7.
To ,:hou' W Y r tiocL,"'tt te* U be a neghborhood a'/ p, and lel s, teglu) be e'bmeab havdS the'
sana v4lvz ul p By- sh,rnk'nq l) ,f necera4., we ma'7 ,*rum" lhaf s : c/9, ""d t: b/q "" Q u'ie,u
art,lgeA, )a 4,t4, Sina ^/f ap6! b/1 harle' 1lu rct tnz imqgq ,n Ap, it '{"l lau's fa6 *hz de.hnrhn +hal
rhe* r hiq r ) h(,a-f b)= 6," /. theehre, o/f : b/g t ' e@ry toLc'l rng A7 s.l . 41t1 h{7. Ful-
the Lel d such 7 s ion op"n tn/- D0),4 D{tJ,4D(t)., *heh lonlarnt p.?/en@ !-*t n awhole neghba,rhood
.l'p, rc lhey hate lfu ttn/ta fvm "l p - S" f, B an tlolnDtPhum., "h tch 7vo'"eo (a).

tb) ond (c) Nok lhal () t.1 spec@l <ote "f (bl ^h"n {= 1., and D(f),s'*eL-hde tpau. 5u,1 ,, ttf*. '"nl
lo pa,r (to) da "lehnc a hLmafttoupplm t,,It -,: O(D/f)) bY re:dt,n3.."/f " 'h.th"teol'on Je tg(o(f))
whLch a.otrSns k ewh p lhz iaca72.l ./*" n Ap. Frn) vve shon ltvL / rt nleclue. TF

Y(Tr"):Y("/r-)
4tenfo" evey FeD(F).t algnand b/f^ ha*+r. rane;mcL(.te ,n Ap.4ena fhe'e. rs an elenenl hqp'.+.

h ( f - o - + ^ L ) : o  n  A

Le- t  a .  b "  lhe  ann ih i ldo ,  " [  f -a -  fnb  Thnnh2a, ,  andh4P)  r "  q4  F '7h 's  ho lc l t  l . r  ang FeD( f ) )  tE
ne uon lude thal \/(q.) n DG) :6 . thee/ae ler6, ro 'aotz ?au/e{ } 

'e a-, :.

/ " (  t ' .   -  f^u)  :a
whtch shans lh ql- o/f -: b/f m tn Ay. Hena f r niee*rc.

''fhn harcl pal s k tharu lhal ! c ,rur|ech,r. So )ef se eO(H). jhen by dehnthon ol O, * .dn u)ver
D(f ) '-tlhopen tek V;, on 4hrc[ 5 is,epueaznfed bg a 1^hen[ qi/J;/ *t+hjidFh,ollp6V;, tn "lher
words, V; ! Db). Now)he open nh "f +he ./a,n D(t'i h,m a bae i, +n" hi"nqq, to we mapl .'lsqme
laal y; = D(h)) -fu some h;.lrno D(h;)cD(x;),we-l1ay2 V((r1, )) z v (t i;l),"intn 1ll1 c" ftl l1 , and
' "  pavh<u la"  h !^eb i )  {o r . tovne h .  - fo  h ;h :cT i ,  ' "  q ' /9  :  ca i l ^ . ^  R"pLaan. l  h ;  b ,1  11 ;h  ( tna
D(tt;): l)(u,")) qnd q; bg cqi, !\,? maj a4r ume )h"t O6j1 u couerccl aX ltte "pin t" ai. lr O(n;), "nd
lhql s rs ,epveacnkd \ a1/6t "n D(h,-) Nexl ote obrca.e +hal Dh) can be covered b,4 </rrrk numhr. ol
+hz Dh). rndeed, p(r)c Uo(n;) rlf v((f)) = fivfth;)) : v(2fu;)) ny k.i4 agarn, th s
eq4walev l  lonymg{€80^)  " , f  n€ z(h i )  . f i " ,  . r "m" 1 fu ' r . *nt  lhqt '  . , t '  . -n  he e*prvrcd ,u '
u  1," , 'k  su,n - f ; :  Z iE ' t ,eA.  r leneo 4, ,k  t " thn l  " l  h ;  q t t ldo S '4-rn now on Lt ' te  f ix  c t

f in tk  re*hy. . .1h, .  such *hal -  D/+)c-  D(ht )u ' - '  u  D(h. ) .

Fo, lhe nexl slep, noLe )hql on D(n;)0 D(\i): p(hh;) oo have Jro eleynenb "l At,l,i,nmely qi/h; ond
ai/u1 a.tn ol whrch uepvtze.nl t. flnna, ocJrd,ng 1o i'e rn1n"4"ll1 .l ^/ yavtd aborg ^","Vt'"a + D(hihj),
*. k*j harc a,/6; : !/\ ," At",hr.. rl"nu h, to-n n 

-

(a;t^r)" ( r',J"i - hr ai ) : o

Srna-fhete tr "^l1A,,blX manl ndwa nvolvzcl, uv- ,nog p' 'k n rc la* rhoL ' l 'u'ths So' all ; '1 o* ona'

Ret unk thr < q v.qhl;n c^a

hr 'nts '  (h; 'a i )  -  h;" ' ' (  n i"" i )  - -  o



'Men mplqu each h; bg l , ;" '  and.t;  b' l  h;"q;.7hedencnl s s,hl l  rupe.nl" l  b! ,q' /r ' ;  an,D(u', ' ) '  and'

$itr  evthore, we have i ,4i:vt iq, l{erai ' i . l  ) 'Jo," l ,unle /^=rb,h; a) abou'e' ' t"htcn rt  Potr iblzl t '  'ome ^

snu lh? D(hi l  atret D'(4. Ial a :  j ,b, i ;  m"n 4tu eathj w'e have

\ a " -  l , b : a ; h j  -  l ; b ; h ; o i :  ! " a

rv.t lq\rlta+ qlt^ - aJlh on D(h) 5. V(a/Sn):s eveulwhet, *nrh thows Jhal .12 ." Jt"Ye(t1'w, hlna
an,soio,'yhtsm. A (Ar^ 6rollau ,l A t, anu ̂nqand a,b hawllv tarlte cknt f i Hy v'F'rhen q=b ' ' ta(t

\ !4  as4a s1 / -U1 '  s  . .n , "6 'b )  .anha l  ba  P@pq' / )

'lo ec,rch honzen nna ^,e have not^./ a,)toaalecl < speclt'un (sPecA'a) fue ul'uld hk' k toy fhol lhrs cotepndenu
s .fu,aclonqL fi:v)hctl Llr neecl a sulkbb /al"qolg o+ tPa@ v'+h sheatu al v Mgt an thtun 'rhe e'PPo?Aat' no11b n t s
+he ,ale1o".1 "( locally v\t\g?d s?qa'a

DEtrtNtrtoNA nnoed spau ,sa paw (x,gxl 4pasring oL akpokgnolrPoa X ("' i !]Pil ondathea{o(
,'"1 gl-* X lar,atwattr or< o,nt.""AshA[ +o'1c)'o) A 99ryb'Y Dt ltnlea rPa@) 

-'arh"
f\,exl +o t-1,6)11 6a;atr ({,Q\ of o 'oflhnw( naP { X-)'/ and ̂ "Mavph(M af thedve^

.p r tngt p,Or-+4*Ox t f r  r '  - - f  +t4x=o) To,,  n& o \o,o{" ,11
'frto vrnqai ryae (xrox) ,t q !o-t4J9!ry9d-'l9g '+-6' ql) P€X +he v'ry Ox,r rr a l"<alvrn3 A aW!,4x
ol' lozdllurmaed tpqQt'ton0'wttn 11 5\ J wn4erltpaa:ueh fh'l fut all Pe  

 

lhl tn'Iuud moPinn.
"( hu.,l,lnq: t f, lO", ttot -- F*,t s o tu-i ,rni-oitnu- "l taal nngt L"te erPlan rhte lutt
\nt'tall, qruvna ponJ peN Ntwmorphpm p ltvtc p".Util----n O^(f' 'v1 1*"tt netlh$orhoods
tl .F ?. am"porc| i,fh 0t lf-'tJ)'---'> I\p lhtw-nqY induu . aq,,ryrwvrlw

/,' o",r*t'---> o,ttp ,;l;e'l#nhl
(v,') t.--'') (+-'v, l" ut\ ""99

Ne ,<r.1utr'lhal lhts be (^ Iocal homonoryhvn. tl A, B a,u local v,ngt w'h mat)no\ ftlea\' 't4h'tne it'\'
o ̂ o$hx- of tng f,' A-- B r lptd 'f f ' 'mr:mA (e'!u\v "i 'mA -+ JG) €'rnt)

C,rwn fu'a noryhumt (t(t)' tt,Sr)-'->(vrPr) 'ttd (s'1/') 'Upr)-'--> Iz,A -\ 4 "nycl r4ut +heu o'upo:rle v
+he p4tr  [q f ,3*M)y) t (L,A, i ) - - ) (z jgz) .Tnal  r ,  51 , ' l ' - )Zanc] f i l  vgZl f iLwtptun af  r tngs $

)te chqhs lhal 11111 46t7vt1/1ap 'nahet / q(d spau.t ahd ltar maqhunt tnfo ^ ctTrcgovJ'
s D.laA t, a novphttrn i1,4) {or whuh"l t a ho,neovnotPhttm a'd p ran nmotphttln
4 ' ,h jechw v \ i ) .  f  e r : ; i kgN l '?  l i  honeo-01 'h r<  * ' lh  'nveorc '1  ahdv ' { 'a t - - - 'ov
,s  'nTene lo  ( t ,6 ) ) .

"! . ,  6,-t
0 .  ( v )  5  o t$ ' v ) - r : - - - ) v9x (Gt ) ' ' t l )

{ l rs)  F--- ,  (  te+}" 'V f  , 'yY6\

|cleafu (ho)
a ih<rl f"oryrge4 and
I o aN nwaA naul '

AA Do!'nowhtJm ol t tnacd
"1 *a"J:47ng' f'r!
t nttoe *t q lhen ra '  9+* I

1o howlhal .ltt lvtcrll,4 ,tnqed sVM6,m o llbo+4ry (dhlt) ollfu naqed 'paat, |< rrlzd Ivtl! fiot',lha\ [
ri,$)"&',irl--11'd"i :;i ii'i) h,wl,-nt=lo"'\oG no"ptr,tm of t2@ty ,'"soa,yaut"txenn 'r (st's*4 l)
Bfi {u a potnl Pel' llu rnduud ma'Phum al tDtot rtnUt 't '-qurl nrorThrrrn (d,o) -a u

t s"o t)" 
rou';r'uS frr'-i u, p r,, t " or, q.rffi'*;ftf\""

A<r,tp Q*4t)p ts lfu u,mpwrk O,,r116119 tar,et4 L-t',r, ,n(t tI rutffl@ k Jhou) +hat 't n\s:)c ao
to"ot -oinint J lacorl vmgt ]heft (€' l ' ' ' f i.: fmn. But (e\)-"rn. -' Y-'(enfl' l='1-'T 's:7n&t a'veqt \re|q'''#;;'tu;';::;;;;'';;'i'a 

'it ro''^ " ';teqos A iorphun (t'fi ol toatts vvgedipao2 ' s an .'omovPhr'n '#

*:rr;l,-,y;wrilf,f'*l:v,irH4;;gy;";i{:i#:{;iifii"^r';::;;:ilil?i"'#;r;;';v)u' ' ,1,; '"? ;, i i l ' ,r1fi ] 'u) 
(! '  na P= rbot))

s. Y, --lf ', hen@ '9, tt a lo.ql mo,phrn and llft) t a nwphtn ol lotallj Ytnge() t1au-

r,tr>,T! Obvowly an!vt ged ip,@tsanwphrt 1o alrln c,lljrnged syart 's lo's\ tryed



NIOTE
Ne mabza ouPl" o{ tm/" obserualow '

0\ Auy lwatly nngtA spaa aeved bg rhenla r a rchtne. rnlac! the nvne n l*te "L q v49:! spaa.
(i;) rf f,X---+7 E dnoyphln dscfunu dnd Uex r opw,th" nzlnclw, ^flu' (v,9tlu1 ---+l 's

A *torfrum olnhenu (tnuthe nl6on [ur9lt)--s \ n1.

g;) 'ne 6duton (t)tO^li---+\, Ox(v) ----t (g xLvnu) hJ '<hchat sa molphtn ol rcheoet.

(rv) It ({ 9) ,A--+f s a moryhun o{ t,hevver and f({) gV u'hee V ts an ofl nbrcL o( f, ther
(l,V) dehnu a movpnrm o{ nhetoet X-) (v,ov/u) u lftz oburowt 'aa4, i +-hat 14u dq94m

X ---------------> Y

\n,,./
a"nm^Ilrn. S- ,npa"hcular (l,V) cavl \e y1t4w nd {wm X ---) ( V Ov l" ). rlqeoler lhe
mo'.phtm X-1\' s r41y 6akn1 () wvnmulc

(") Tn sane ar, (ir) a^.1 (i;) h, atotrdU nf{letl spaut. L ,f. ( X/ 0 x) r,nqej t paafhcre 't ,
^n oto\ ow noryhr,rn (u,gxto) -> 6,"evj"o"4 { f , (X,Orl -----: IV,O;) rr a tnotphum "t' i,ryro. .rpav a,,"l ftl:, V'iii-'lt a,unqw mn.fnrnl of tny.Gl rF@. iX,u*j -rtt,a"lvl ma'hu5 d a--d^

f r l



-lMlf (") tht-fdtws fum (2.2")

PROPOS lTl7Vf 2.3 lq)TlAualnJ,then (rpecA, P) vallaalU nnged rpaz'
(b) 4 f.A-)B,sahontnoryhtmolnngs, tlan 9 ndu@ a nalufll moqhtt, ol lD6,all!

rmqed tpaa.
(1,4) '  GPece,  Oe) -+ (SPec AtPa)

(,\ 1j & anrl 8 arc nny, fhcn any noqhvn o{ Iocatly nngcr)1patu 'fwn JperA h JptcB
$ nduod by a hovionov\hum-4 nngs I ' n--' B'at 'i (b\'

r r P  A q B a e o * e *
(t ), G\ crc lnvrql tle 114<vr tt
onll oar movirhlrr to,o).tlp.(q 9L

(b) A,rtn a nordttn ol-nngt f, A-'---+ B any pnypc deal peB udua a noqthum ol nngs

Y7' AY'o --; Bv
qls r--)Yk|1r,rt

fh t  ra locql  moryh61n unu fp- ' (qBf l= la l  l t lQeV]-{ ty lae l - ' f l  =  ! -  f  A, t . t t . t r te  c tehne . .
aMop / ,SpecB---+Jpr f fbV jh \ -V- ,g.4\ t [^ \  6^c lored rubr l  . l  ]puA ahen' / - 'v (q)- 'V lb)
wturc h E ltu tmallal aal a'nlannl fh) -honui tt nnltnrtaul.

Lef \/9 SPet A [e. open ancl Ie+ Y v ---> Uqev A7 be 'equlqr. Lompotthon wih f quw a mop
l' . f 't V --+ U.pel-v ftg-'o and .a mpouh,l/. 6fih |'ru 9.p Sttv Y't I l 't\/ a \)"pgq-'v By ,
aehned bg

Y"(r) - Yr.tv'(r))= yflY(v-'?) --Yr' l(qtu))

,le Llaimlhal'[ 't,t rc qul(.r. tl ?e f ' 'V lt,en J '7€V solhrne tt an oPen neqhbovhood U "f Y'A
t n \ /  a n d q t s e f r  t l  # f  U t 4 1 " n d  Y ( q . l - q l s ' T h e n V p ' e  f ' t U  v ' r e  h a r c

't"@') :'IFY( Y'q') - Y" [qt') : YHlrU,

VV'e 1'' U wehaw s Q !'t pt ond lvnu tH 4 Y'. J. f 't u ftgulor.'lhtt dehru, atmaP

f, ' otr,,elot) -"---> 0aao | +^ v)
f"tulw\: yFt1,0)

lI ueuilul chetke d'lhal Qu r lanary1h!ffi lnnE (tlv=l -' f ' 'V=i fltobunw noryhumt re wed)
andlhal f tr.t nalltnl tnnsftrnahnn.7'lun -a anmulahw dtaSrwn of ,tngt {n('FetP&E

^ 4 n
95p2a6,llpl ) [9spogft

, J  l ,. , . l ,
n  . -"t.1' -- ; ---------2 Vl' 1 ?

tmplytng t hal f r a noryhttm ,| lwlly "nyd 4taa.
G) toh,rencly t ruplrure tf, P) $paO, 9ry,6 ) ----a (spetAftp<) rawonhumol hcatlg anyd.yaun. Therz 'tan

mduud norytur n "(- nngt ' Y. A -a B

BItprrA) /'P*A ., o( sped )
,l 11 Yto)-- f:''l:"::'(:\l;'Ei,i,i\,+*"
A - -  -  - . Y . .  . , b  ' * h " " e  a i i l =  a e  A 1

the fiveopo[ lhauo 97"sA,.l P,P2-2t ^h11(0( ' 1e191\ uhere Oiil1"l= o/f eA7 s6lner1 s
a 6a3mm .tv,( an9 ?espcs



0(twLft) ------+ 06PaB)
, / t  t  \

g, n,{ s1p1 4-Ja----1" o, n q,
+ 4------J----) 6 I^ !  r , / ,  . " \ .  

l r ^  t t
r ' /  \  |

A c r r , \ . . . . . . . . .  - i__  "  -  -  - ._ . . .>_  e tp

1nema1>'l r nduwd by fr and lht nmovhtttttt. Jnrz qtl 'fhev/a6x'1 f lltu ubeufitnuk, eY= Y6 Heno

lw): 3-' (+@lAnd) __ trs)-,fu87) l(p r txol,hena f 6)
- [er)-,@Bo): J- ' l

So ] o.r,tncrden *,h llu mat> tpe(B --asf ecn 'nr)utd h.t Y. Lel the nophrsn f',\rp*a; lo O,pns,nluad b!
' !  Wecbin lhdld=f ' .Le| \19JJetAbeopenond B'17->1qevh f tgu lar .  t " le  thorp lhal  lh t  mapt
I'utd, fi, LO), i- | V'-> Upef -tv B? 4Jr4 on every ? e /.-'V ,L;l.tL<ch a ? be gi'an.' a^d4.1\c\ 4n open 4elghbbYhood'U 

l  f$ i^" la , ie  A s. t .  '474," t t  1eU and o( t ) :q l teAT vTeU Then ma bv 0 l  Y- lp :A 'x ' r t " - '>87

l i@o\:  yr  (g( fh)))
- -  f y ( q l s )

!'f n-t ( D(s)t [qlt))
= n-, il,ro (o{tl, 1e1t11
= n^ ( f  rD( ' ) ,  l rh(1bJ)\
= folq($l;111'P1
- f o1'1( el out\k) - f u lo\l Nr@) -- I, tol 1q

llenu f =/', 'o[l,p) 't thz morythum nduad byL fir pa,hculor 3rwn aty nvryhum "l local$ rrnged spaa
(specQ 0;pn"o) --) ( 5pe< 61 9speca\ ̂10'vt by -

9tp* (v) --) 9qete(!-tv )

0,V,-> 4euh t V -------> UqevAl

I
f^V - - )Urer "vB?.  A

LI Ana d(tol"r u @leqon4 ol ze L0 tnqr and L-ry4. lfu categv d lorltllg rnged lpa@, uIe harc t.hown+hqf
i' "-i f sxr|, Otporr\ ta1i.takn""ob1ect of Lpnq *"&9 'u1rd i' h"q' , ant+hcl therc s .a b;jeclnr'. b.dveen
i.;;r:;;,'t;l A';g'"i,] ^"npll,si,s lyl..!'a'po)'-'lsp<A,,a1'pa4l I fry -:,::Yi,':',!,1!.*")eili ̂ "Afui.' s. ry':l1!rt,'i,thnle^k ti.u not s ,, "a,trii w""h* it"lt" 

(r e' f ((Pec&&44(e)
=' Uwe, @rp"rs) th^ {=g)lna i a'fuallg tnuchharder lhantfappeo6 '

Let Y,A+B qnd "f B -)C be nnqnovf"t .r., G,f ) (!pe9,grye'e) ----t (spzt,A, fupn) anc)
if,,1"*1 , 1gecc, O'puc) -----; ( syec B, ,i1*d) tW *toi"led woupht wv of to calty nvrgc4 rya'bt ' suppe (lglY)
r  antornkA tp lY,n-- tC.Fo" VeSpkA and 0'V--)Upevftp rcqutau, " / re ctqtm rnor

' {v@\ e 07*c(Gd' 'v )
: Yf,"Yf re\

1o l{jl +h,r,lel Le (4)-' V.Ine,L' 
Yu@)tV)- 1i111'd(r+o)(1))--  \Yg1(e(rtr(nl\))
Yf-' v(t', p\x) - Yr ( yi rol(lr.l) )-- "t193n1(o(t|ilil)\\

* n4tr1td.5 wl * \ <\eat thql 5 pvwenor rdentha, s t <(un*or, a"Ab5 tz.j\ Jr41lly

( r\rzcata wheu ot 4 A t B t c t
z.wdeqjJ

fatlh{ul t-vt\ou ar'aal \



caor t ,N  2 .3 .Ostalenenl (,) "{ ke pwpotlwn ,*u1/ b< 'l,a!e, * m ltvde*r,lwn ol-amo,ph,ott .l hcalll ,tngecl ryaot, w<Ad' nol- Q9
nssf 4nol *h, ncluad mapt on slqlhs be p3i homono4oh'<nds a{- loca( nnqs.(Fu z.zz 6elo,^t )

Et ,hf lPLL 2.1.4 Lel hbt on olqsbrarcollcl closeA Setd q,r) rr,ntder the a(hne plane ov.t k,4nfipJ*c

E^ht lPLE 2 .? ' l

ExhMpLE 2-3.5

clorrd punb

pEFINITIDN An afine t heue u a locdlj rnlecl sparz (X, O^) uvhtch o ,ro.ort,, (at a lorolLu rtoqecl spatp) 1o.fhe
s V<tfat'n "[ sone rn1 . A scheme ,s o lo,qllq ,,nqed spacz ( X, O,, 

') 
,n wh,ch -"nnrj ,u,'r, hao .n open

net3hbo,hou! U ',a,h-thal lhe np"lyual s p"a@ a, +o3.+he, *,4h +tr'e u.zlz.ckcl she;l Oxlu, a an affine
s L h e w l e .

we 1all X iIrc qnda!l'!1k]3]y,rol tpa'p "t lh< stheme (x., tC^) , o,nd (! " L alurc4u,,e theaf B,.t obuoe ol
nohrhpn ., e -tl "f lei wr'le smpl,l X$t'|he scherne (xr9") il u'e ,trshh *4ii.tt" "rai,t,|iq .lopotolua)
< p a@ce ,,i fh bqf B schew. s.luachrc , ,r. ,'rnk .p(x), read '1 spoo of X " . A ryrrp\frn 'l trh"u"nh ,, "r"moryhn n
aoBcol\ nn3ecl sp'a<ea. 4n comorphrcm * c1 moythtsm o,11, a d,n sded tnv.pe.

Il h *ct$elA, sp"117 's qn affrne :cheme- ,,,horc-]o?olo3rcal tpaa epns |,5-f .oe p.rl, ancl whose
sfuclu,. rheaf rcotE+ "/ 11" /eld k

ExAFpLE 2.3.3 g k ,s o geld, *. d"hnelhe olfine I 'n" "u., h, A;, 4 be Specp[.r] h haz c\ po,n! J *"n-ooncltnq lo+he
z uu,cleal, wh|p closttrc r-| l-.he en|,e spau thr: scalled agenent po,nt U"halnaf lhe vlher f .rL , *n,Yh
qweapoodlo wa'l,tmcl deqls h h[xJ.) are olL clwecl p,otr'E me;1 are tn one-1D-one ,>'*) pon4;n* *r17
-Ihe nonLonslanl thonrc r qeclqctble pol3nomols 1n 2( . Jn porhruiar, f k o olqebraroll1 clo,led, +he clotecl pnk
a| $l ave tn onp -L-ong- a*-l ponAZnt ,rrlh k. "lenp',* 4 k

A,'5 - Spec k fxrll

'lhe closecl y"t,rls "[ /AtL atetn one '1,- c,wz ,orr.e.op,o ndente wlh orAerecl patn o! .lem"nL "[ k
Fvrlhev mort, 'l[w xl 4 ql\ .loseQ 7e1n$ "l /\'u , - thtlu ncluad*.poloSy, rt fit ry2t,s"n6ypta1g 

'16.1fie.

,tql<\ ,^ll"ct /A2 'n Cnaple' L J" c.4d,Iwn)" lfuJos.cl po,nls, thcns o qenen( p6t4l g tnne.oeonetna
-J6 +h.ezeuD Aeal 4 klx,1l, *horecloruve s'fhe,whole spa'a At o, {-i "o.h , ',*rl^r,bL ,.fr 'no,-n.rl I
f(x1v) th.t< ts a ponl ! ,6rve,tpoa&a3l- G@c)), ahor< c(osu,e ,s V(f("ry) ) ^n"t m4lutuX ^ll4h.
clwet) potrk (a1b) $, whrch -f(a,b) :6. Ne ny thJ aZ o a 3e_J!3!S eM J fhe Lt we 4(^.()V): D.

Lel X1 and Xz L< ,.beynat tel t)1 =X , and (/1e X2b1' .,y" 5ubteE/ ond lel

Y ' (u',, 9^'lu' ) =-= (u'' (9^'lu')
be an ts omotPhrsvn 4 lo tal\y rngeal spaen.Thea ap srn d.{rnn a s chqne X, "bl"t'ud fu 3l"el3
X, ad )z alon3 (),a,nl U, l,^ in ttomarphttm Y. Tlvlopolog tca.lrpot'"f y 't fitluniert.{
a6 [,s'p,t] u,rro=r Xi U X z h .fhn e,1u,, ol rntn "etd,on ynenlo,ibl z, -!(t,) -$, r, e l,),, w,lL
+t 1ih""l 4opolojj. E*r"tt",tt9.,'ltu oyn ttk "{ XtLti. o,e tr-j"i} unLons I O.a whae P 6,6Peq
,,-/,, ord.Q ', opui". Xr.na oyn t"'lt {X on tlns" oh P0Q, whvh 'nv"[vt{or eacfi1,€Ul ether

z1€ P ancl f(r,) e Q or zl ( P In parhculov' an opnn td ovordnS V ( e't\t/> ) 'emctns oPen

iervlherearemops 1,,X1--->X anc, i r :  X,-----)  Y. ' "d ' lhql  Vt\ ' '  "py,  '1 ," 'Mn,\  ' {
b&n \;'(v) oop"n 'n y, ar'd t r'(v) o.[, ,n l, tue ,lu,.clurc k"a+ U* 's delwd u hllows '
6' qry op"., pl V s X

O^(")-  { t ' , , 'S)s,€ox,G; 'U)\  o,^, t  fz€(9, .( ; ; 'U)) ol  J( ' ' / . ;c"tnu,)  : ' " |+ 'u)no, l



6,)\;/I f  , :  n. f  ho"d.J" uu'r !  thof (9^1v1 y atubrmg "f  .0*,( ; ; '1 ' t11 xUK?(i ; , (n\ \ ,  and {u/ lh"v f l4o|  y lwimaqe . l* te
co,rronrtal ut *'rc-!r,on (-t" (v) -+ A*!l) ,t oo^krw rl ," Urfu\. Jqppo," V9 y',r opnn anJ c sa *uu4 vy "ien t"l, Ui ,
\t '4h sechonr (si,Lt\e O"(0;) all a{t"n,n, on ovprlaTs- r\un b\ A"l, n'*vn ol tha neokchon, si ts t-nn'pqh|/r- ontt-,over.
i1 'p;) . )  1. i ' (v) ,"^d | lLevtt< t i .  Heny-p*duu (r , r)e0.,U)u ey,f t l  ,  'J .  t l ; ; , (n)Or),  c. thelach.onon ; i 'U)nUt
unrluclq de.lerwllned \1tlu ft,mly s:li,^1u.1nui r qnc{ hehtl Y( "l;,-.(uJnu, I " e J..;,1"f nu, l-lena 04 rr a sl.ea f .

Gyrs rde .  a^  ope^  s ' ^b tc f  \ /=  X  w ' fh  " t - ' (V)  - -  6 .

x L i r ' (v)A u,
b v 2

u l
- l  

i ; '1v l  f l0 ,

17te ogenrel V Aeprckd ha,. nonempll i; '(v).nd i,- '(vl. opar tc* ,-rfh r: '(V) = $ ^n--'tyo.A io oper';el: \,/ e X..
n6 \ , ,nsehn1 U"  L l  s . l " , r 'o ,a  lhq l  h r  r r . , t ,  V ,  C, .?v t :  f9 r , (V \  r . ,a^y  NeX an lqnec l  n i l vau l lqp .  1 i , (v ' t )  can
il,.tenl'f 'c{ t ino"'cal!1 q'lh (9x, (rlv\ ", O*,(wl t}t, .overtop,i ), Jw**q "i". '" v, "+nd{ar ae'\ +'lu 't le lt (9x,* (<,".ve,E)
-  ,a t  Ox, ,z  :  ( !7 , , .  wh,<6 ' ;  lo .a l .  AJro  a" te  tha l  X , r \ ,  fu "n  opn r , , l " r ih  o (  X  .  'o  + l 'a l  lo r  za  \  z  \  ov iu tcp ,  Oxrz  \s
, \ , ,aY Ox. . t  uud lh twte  rb .  teX,  \  o , rev lop .  Hevrcc  X ,=  \ocq l lq  u raqed-  Fo ,  on  open te l  Vg \ ,e  X ,  'n1e-echn1 Oz. ,  ̂ o+ ,
iL  "on1 'k  tee  ho . - . '  ' d<nh[1  Ox(v)  ^nh  Qx.  (v ) .  aoa he t ' ,e 'ho ,u  

- (v ,  
O. )u )  =  (VO" .  l v )  uz  io .a l l y  , ,n ] . . l  tpou ,o

Hcou-  X- ,s  a  c  ch  eme

E X A i P L E  2 . 2 . 6  A '

^JoTE

on .,ronple "l j lacog, tet I<
s Wte po,nf ornape'q4t"g +o +1an
b. ,b+q(n"l \og Xlu<r"g X'.r/ X.

bq  a . f re l c ! ,  l e f .T ,  - -  X , :  AB ,  t e l  v t :Vz - -  kL - {p } ,  *h " ,e  p
,-a,Mtql deql ( '1, and tet Y, V, --+ l)z h. f i i- rct<nhhr Mi|,ap. La+ X

along ur qnd Ur -r" Y. we X.l ^,, " off-ro" l,r" -,+h +na"p","i P l..t/ed "

-Tlrrs r: cn exaw,ple o.l- a rcheme whrch I nof an afrtne tcheme. :L* rc alto an axawple "l q norucpmkd
' . l ,eme,  an wt  r . , l l  tee la l<r  (q.a. t ) . rhe " tnq. l  qbbal  sechont tonstsh . {  pat 's  ( l ,X)  *bere f  e  k f r l  an{
lt t<pl ar"A t, 7 "1'-o o\ 6tt ol rpe.6[a-] i^r"it{., f.l, f r"rnt(y) .- "h^l s. I a,d 1 on,crenl{ecl 14
U!, ]pr  " " ,7 ,4, ,@)- 'npcr 'L1616y1!@b7*r= h( t ) ,  avr t  lv .ue l=1 +enLL rhrvnS. l  3612ol  ic6 l lons r r
k [r], r" tbot +I'tt schcwQ '' ,.,hnlJ N ^thnz.

(.onsrc)tr a 4"ld k. -1,.^- polsr,ounl'o{ kltf a'e "qual ,ff. lhq horre. llu nm" r'a tdbta m zath mar'mal drol
(v,.1",1 ,: rl,ltevl) o^a rhrq i* alto qual df . +htrJ'ajtw 'n ziy loc '.l,tal.r,l ( hl' l ' o downr;.lr). Nhen w'zXwr
sc.,nhltf (mor,rn^l 'dels ) lI\ rouol o.14^n, onih "7r-rln,o .lan 'huctf Dff) .-+ kl'7lt - '+h r}:.' l l< ktt] no

.t " oo,nt .rA., the sheof p(t)P"") k[4T ,'",^ t " n Ttin-| by'tta3 'hca{./ 'ech.n, J Jn"", Zt":f '"c+'w"' "" D,(f i , -
on l.^ncl^- Dtf ) --------'.4 4 b'l mo *'hlne uual pnye'iez. 6tteetthi qnonrral ma>r RL" J^;-: RLtJm"f vhnhl')na
,,thrch,s.juaf t = hfit;; ' ' i*h"nh al.'.,lo,ed) y ,'e^ove',, ' lhe uz.tal- "fu1 *./,J * tQnJa'os A'^f M +1^a {1ancJ:,r.,$

t,-- /-. l '-"d ;',, ' ; ':; r-. .q "nod'rn, t )nct J, ' 'to'1 o9"z ol +n buL 'hr fu rl 'thn'I - hena 1tu t"etdvp't

4 { <nA i, a"rh1,a I t S"iq}^J1 ̂ dpl_. unval haw fi u1. olf/1,ene n vtah [xf ^^ aa elentt'nb 4 k [r]rno.

1M r, -the iun g"t,11nom*.ls u3r*t oJ tn ,f! - 1h",, ,q rt/1191 f/,,3f m le["Jm o* cqctol modulo flh[{-, or, equvolenllg,
l - q e m .

rrr o@ An,1 lorallg vrnged spa@ \samoryht( +o a sthene $ ̂  t (heme (uomo,ptv annnyd tP.a@, = tlo d.o l\x.vtnged Jpaqa)- rhl "u, irueri r lp,o\,s an"ffiv2 sthteme, ata ongvrr,ge4 spo,a \xalll lsrmD'yhtL k 4 sch2yno ,, lt ca'l,; tngd oncl tt
^ <,Uem2.



€*ArlPLE Lel X be 6 t(hen\ TeN dnal @rumt 7fl1 u
^/, ,.|'odrr Soer tQ' * ---) X wn

L e t  t \  . E  6  ' w t t e t r ' )

a morTthsn ol rchena 5 yec (9 r,x --1 X, -*ffi^fl",
i-)i,T o,r,i'\' &',,- i'p',t',"t

NOrE

in)'."*i "l,i^ b9 p'lu) --r Ox,i ='7 lspecrgr;)'

ycl fibeavnq, sefl nihpltcahwl,l elesd ! ' [1'----c r'tA 2o{4ontaL €'sPcts'.'A -t rgecfl
,i^ ii r."ir" bq ezzlQ & r X monomorpntn, tlne.y ran ryimotphun o/ nngs 9 ,vv'a-
i'ii.ffi Zf' sp* s tA wn h,t tuyrer lf i iA s ' f ] 'l svcA wc ctdim thtt s a h6ntcomotphsn '
slnaanu raeal{ t ' tf l  6 ! ' ttL dna

g(v(s"a)l  :  l7l  s ' t(  z s' 'a! -  vi4 n 1i l9



?XAvPLE2.3z  f  Rrsadr r rw le  va lun la , ' t  n tnq ,  111sn f -  SpecR, ronaf$nethcmeuhu le16 lony ta lsyou.

ROrc  R-m=unb,  f t t=R) , lnzo tuvpo,n l  ) ,=O 6 .opena44denJ€ (opzn tnu  T-  + ' .=  $ .z lon{ )
*'+hlounl,tng elual )" l< ' ttuqwhent helA "f R -W tttdtfrto'' ma\ R'--K u/ruPoncln tltw(

mowht'm s|e(K--.--> f *htch'senr)s tfu ,lnqw po'nI o| 'Fx k }, '  lhc"e ,l 0 o|he, n)lPnl,n
,J i4qe,l t iaa Spacl< -) f ahrch rcncL fue untlut lonl ol specK lo L

'f

/(il\
/ -  )
\:/

,P.ht qr€ 1n \t t

5pecKo t-'--_*-__-)

f{J = l"

\/ (q) : I .F eP,ajs I oL eTJ rNd" o|^,qqs les,
tez h Lrl no\gj

' to dehn, f :9, -14yro17 ue hz.rd rlpqhmt Ar0) -.+ gspecr(.) dn4 ̂ 0r(4 
--)o..5o all lhct+

jsrctluttpdDanlutl\ntm tl ,rnq: Ot 0\ ---+. K B',I a 'eqt't la' /r.ap [ 'II",) ' \- ' '  eo t< canhe
uapled)" ftl'lee'ii i'' )n 'lot o lno'ph"m ':l t1'u^lt'i 'n'1c-,l tp:ati't Yoyi fu tlA-u-y dlaP an
,dlt; '; i; g"," 

-) 
g,rp,,",. >K v,---tr€ r:fri*uin 'mac1e '1 o c- K E hal m Hetlu (hd)

( 4y! Mdure.l by an! rtU bvphtrm A'_) F

r\0rF l?l A beq,tnq, K€ tpe(A.1he rna..'rnat tdeal 4 9sloA,F o,tfhote elulav lunch'on' f *'lh'f(p)eAAv"- 
W, an tnsdii ,tquta' lrndnn t lo haw valanu /r21ds wnug Av -'-r trltl = Al |p4 ann +ht rtrlfimul fieol dl
A spu A.,p are thrti rcgulot ( 't vhrth "vawtlt" al 7 h tlvt Jenle

Ne<l we *,114ntr " antnpa wl ,!au t srhenu, Lofthudai lnn ,yaded nngr, wh(h arc.anulJuk k p*fchuevoneha
tol S bernq,a;id'nnc, 3: Aao" sa. w.a*k ta s+ ttu uleaf @a,osi w"aeh*ltuni PqS ia'be lht teld
all homaqe' ow pn/rte v)mk y whtch donol arttain 51. Jl a ': a hornogenau) eal oI S, uw ilehw'&u tufuel

LEN1A 2 + (o) Tl cr, ar.t fo as tnonogenou't denls n t, ihe" v(okl: v (qJ U V(k)
(b) t+ I qiJ 6 qn! lamiry ol honagcu'uz tle ab tn S' rlen V( 2u; ) : nv(q;)

( IDDF ( tQat '  - tu2q.b { 'p? er6,  Fzh,  and ' l  p>-ah a, rL!  raq hgF l t rn l l rcrc  r  q  beh ' .1 .  b ip l t ten- qbei naLr^ mplu all. toi p,in+a'nt 2q; ,ff. l anhint <'clt a;, e tzlply hecane 2q; r llu tnalleat
rdeal r.,t:/famitg dll lfu q ; . n

Becau,tc ollhtLtmna vw can dehne a hpoloqq on P\-s tty kkuq t ,z dad r.tb"L db fu +he rtlbteh 0l lhe fi,,n. V( a) hr
htnaqtnoul 111pa,15 q <Jeo)4 v,o) - P;ts i7a vfsl= 6 (an v(s,) - d).Nexl ,nrc urll dehne q sltea{ 4 ung 1)
on P,,iS. l-r,, ewh ae lais, he arqder heu,ttg s1^ o{ ele.-mpnlr ol,,legre" ,e ̂  tn lfu lo(a\$etl txl t- t,*'T, 

nu"r*oolr,.' 'r*1"rt"f f 'pt""-t *' 'r ',1, ̂  *ns,th^q "t "t holmo&llb Jonelrk .f s '" tn,'ln arc no+ '.n P SMa 5 rinoJ qdonat
'+ uiosl,vi b, f tq = 1'6 . --'5 t^+rt 

{ h"ro{to*t ond f 'noa-V'noynouz 5"hlo'm+tt\rJubtfl1..sta)-v\t2'aB'

*lii::\.;tl'"1;l,jl;;;;"tiijt;ljTit, xr;r"*:,t;;;,r:i,?:i:l{i{.'Lh';:i
))t,inryiitir-"inSnV ftXo,n i1p4ii,n, t/t+o\('t+Beq,Vt6&e"v'l'ih=ttb andleF then {'e'F)'

(6r awtapen subrcl lJ9PniS,t,n dehne l9(v) hbe llv pl ol fundnns s U-'-+ )Ipeu541 .'uth lhal'{o1<ach
1, ii . itil, iir,"*A sTrn +lii i u loi1,1' ) lu.oncn 0.1 ,tewenh ,l t , €", eath 7e U,'theno exi'h " net1hbo,hoocl
v,/  xr,nu. an.thofl tDq(nowetPrsr**; l+ri+n*t ' ; ; i i ; i i ; : ' . ' r 'Vie v l4f ia stt)= s/f  . ' :  {H.I 8(C)'  D)
Na*',j ,trpl* kal $ i a prethu[,ol ugs, wrlh fkrz nalur<tl .atu(hD[]i. and I 't alJo.Jear 'lnrnrl)P to.at naturc

)'W ai,'iiin^riif g 'r'a rz.aa[ 1t "5.6 )hen Pnir = 0 ahd 0 = a

PROpOt (Tt1N 2.5 Let S be agaded rtng.
(a) FDv a Y Ve Pais ' {nz :tal! Pl 6 uon\rphtc to +tu loul nnq 51pt

tb) Fbr ayr4 homtqegao fe St,let Daff) - { VePaisl f 4Fl. men.D.t e) s oPeft.
,n lg's tu"l"he"amg thae oPen nE nvei P,oisi"nd {ov each such open rcl' "re huv'
an sdmovphtsm o I locallg nrgecl :paa

(a+H, 0lo, fft) - 51ecSs1

wheit J1e1 sllx trlbvtryo{ elemenE ol d"gte zen n Sl

G) TrviS v a sthzrne.



?R{Oy Nole$nl lhal (a1 sagr lhal ?,o1S 'ta [ocally tuT,ed ryae ' ancl (b) kl]s w t+ 6 Lovercd bJ oPetl
- ofhng Khcna, \D (L) 6 a onJel'ltnu ol (qJ 't '1d (u

(q\ 5anekcrrntgw st (2.2a\: finlwedel,nta ulqhtn ol '1v115 0rJ-> s1o. b,1 nndrng any
{v,i) r--+ r(g1 I\e map ,s suriubn, s'na i afl ( Jta iih f4F qntl cL ho'.noqenoun +hen
i+\,iuhoroqeno- 'deal, n "oG)= Fois-Vf(fl) uopenand a nlotnt V t\e nai T t-+q/fesG)
dn D(t) 'soq;lor and nap 1o ql€ t stl-o^lht tlalb< To sho'rtlhal 115 'rtnrltr lcl (Vsl,(u,*)e(9V
b e  q v e n .  t e (  Y ' r g '  h z  o p e n  n t t t l h b o , h o o t u  a l  V  o n d  a t [ , b t 9 e S ' 1 - , s l v : : ' t l€,  a n d  I l w ' = b ] g . 1 +
,,alha) +n she* lhal ' l !(tv'sil -'Yq!,1\\ +hen 5,1 ̂ Tta o^ a nerlhbothood "l 7a
tn, ̂  s(,f"\= + l?\ wPltq 'lhat .af S = bl1 v 57p1 Yle,n& thQtr tt w+FhDm\fnrw wtllt
, (  to ' - ' t t " )= 'g , is .mrrr loo 'a16='dh 'n . ) ienJ loulnry 57q ' t  l '9 ' 'J ' !1  B" !Y. t .d" j * t ! : \ , ,

\o lheopuntu l  D6 )  nDh)AD(v ' \ ,  ^hrcLianlAtn s  v  He u s  =1rna n€{ghborhood Et  Ftarreqvtno

p) Frutt nok.lhal D+ F)- P,jS -Vkil) $ o.len. Sn@ lht elewenh ol ki1; aft lhote hbhtoqwow pnne deals
?,1 S *htdl aonal nrrlin all ,l- St , I l"llo*s kqj lfu oPennk D, h")-f- honogenouile !i w,e, Pai s.
NDw4aa homoqQnoL|4 f e 5+ t,.te wlldehnz ar'ttomolPhum I9/ti) oL lotullq ')nqed )Pa/, ltorh "

x,(+l n specli tf -o "I *u.o io*t+l,t9t,,ri =(d,o\ = tt*o = 5ri,s,i, to rhe &tutJ tthual'
Tiai""'a'o,til=i"s i ro:ttpolut,t;-; i';1)iTiiwinoi,iqiii"f "'p,'tiii6 ',a f n':t nitpotenl
,on be aAtriid f n se4o ai").qin 561 r {fu sbniq oi slois,thni .ot' lu" "|tl/olrnu .to'ru oI fadtnttr
a/fa ' 'hew .4e 5^ [47/o) 'rw.[ cw;tnilpoknl,5tnlo 1tl ?6i5 =-S lhen i ' i 'dearlg nfl 'ne ' towtuvte
P'1;sf$ 'nth't lncae fnis t '  "4"'ftd W Dtul4d).
furanq homoqenon de(1l q.=s |er JB,): (d,s nsH lanqlht anonrcal S ---> Jg) . ' ihu s an dealol-
Sytl aicl v ',n-pay, yf wAltlt,{ '  , J*f Aenn h'Te U(ll !(T) r ' a.Pnftu tcleql 4 -t Ul,h"^" on
el'et'nenl ,t Jpe< irr t nu drhnn" g ,'Orif ) .--t Spu 51ci. 5," lhz nul,.t- oi 1" tli*'ng yoga l,>" +tiz pn"[ rhal

htt tt a hofizothwPhtSv 

t
Next we dehnr an romoyphutn 0q""fot L f,* Olprel olrngud:pau. Ful we hw-that $, alt 7efutA$terc tt 4 na+aml uon1eypfi151n ir. (SO)V@ ----.> 5At 7he nq+u61nng n.oryhrm 5l ---+ sF ndwoo
a ha n/tbvno{ph$n ol-tfu)ubvw Sa _> irr., * )n lh.r,,Jb lwtry dog,zm , (ca5 +esd d> o\

s -  -  - -_ )  sP

.- - -t- - (sa) sF)

Vere J(?) =Atf n kf) nnnrL ,,!-thase daa ql14 e sH \xtlh q€ 1. Henel mt^Pt e)enznh no) n9(7)
h wttb, nladuinrnj *, *hvh tt clehrud bg

'*(Yr,'tri -- #
ft+" tp le (q/ f  4)b l f - ) rzewn (s6.1)  gr1 4/ .314,y^a ' "o, . , : l - / - '1 ' :a  xr t r  j lo  dear  l tn l r { 'v
n1/ thup.  rorcz*v l  I  r  tuv lech^r ,  t " i ' ' t )ces.o\ lxgwn,  * ih  14! 'men q l l :  q f - ' l f  ro  uare muy

oitu^n 1e Sn4 ardheni aeSnd fi,Loi" n >,o' -fhcn

Y ( q l f ) q l . . ) : c l X

s" | .s svg'dun, ao requrrvd. rf *'e are oonsdennj mulllpk Vnnat, uu.ie1pn6|e lhs t bg Y7

L.e). :/ = lpe. s &) 1." ,orternply anol epen a"4/ J ,V -t ()7, y-y (so1) y* 'eXular. Del,wv a nap
f"o"t' ' tt > uper'v 5q1 be 

f"*)&l- "rrrst'ttn)\1
'to *p lho! 6ulg) r,equlo, ld ptS 'v be qrvlq, fil flAeN 9v ond "lf",blS- c Sat uu,+h bll^Qf (t)
$ ,an  TeyL ' t (  o "d"g( t ( r l \ -  1a19" ,v15-1  V1€t - ^ '_w men VTeY' 'N

q"$l@-- 4*/  ar"
s. t'u(t\,: ftttlar. The wovPh\t$ { ""3t fv o clea'4i r$chw '

,P( q b\ o,e S ndJ
56)

l
I
5y

I
5w)

-.'



'o,i'lhqf 
fu oc$o n!ecl'<, lef [' y-'y-; \het'\t@, be veSu)at anA d4rw Fl 't/---->UFer-'v ( s,nlt,14bl

Fl(v(?)) - .fF'(h(f)\

fh t t  $  r "gulot  rua [  ?eV the,e r  Tetn l=V and q les L ih1+q !7eW and I t ( | )=a1,  \J \ew.1 len
q,  a,bore o,a mW o/ , rune qr IeSnd.(ot tomr n>/Or ta  (q l fn t l l f " \e  ( t t+ t )y , l l  VqeN an( ,  n  Vtk)etW

l-t( j t t l) - f /t,r ' t l t")

t" ?lsrcq^lcr. cleo,lu 6,ft)-L, v 6 aon aomowhvm, ao requfled. (6 ,s cl"alt no.l*al\ - s" OtG)
anA,9pec"r14 ave uorilsyphr;.) otnigea lpav, hena oo'loallj nngel tput't onplehig the 7ai/. p

I lonro5cflor,l,

L€M1A 7he open rch D+ ff) 'fir {e t+ $ryn ,t bar,u h, lh" lopoiogg of Proj s, oncl D+ r+)ODr{gl:" D+ { &)

rcagf La+ U: X-v(a) be open, cufh rz hofioqevoul. x+ Fe\J {hen p? a-. r+ **.\ft}in^
exrr .b w*h 1d p,  lhcn FeD+(t )€ U a ic l  u '< aredont  soruPPole F la-butVz s+4a Le*
q e a.n s" bo toho "lemlnl *th,a& q.Then kr al 1e S+ we hare 6i54v713 s c? + 3eF Bi]+
't'tpn Sr 4 P, *hch u a anlvadrtfion. D l'r,irqe*u,

N()TE L. l  Shnagmdednng, S-- PnJs, ?e hojs-7hen I 'Fj- :  V@)



LENflA Lel S- @a>oSd be alnded rrng, ad f.a howojenow ehnenl o{ S+.tnen }t nilpolenl rf.
! v wnlaved M ewnl PYM| ?e Pni

* ' , ) . e1

then ),I,eT, aut )1, = amb^+amq+ vbn + p1e V snu ab eV 'lht anha)rdun sh|us+hal
i*,r'"i,ii's',ii-tii', ^i'i io ,f +k^i 4,ot 4i pm1's. *ht,h,s o a n1adchon ttw l htoryrh alt
i,,rt.,il-. "+ 7ry1 5l Henul ,r*i iaw hcen nill'oted" q '

t-lsnp {or I homogenan ollegrw. z. l, DtH = / ,f . /,s nilpJer,l tft. 51 -- o ,l/. s1+1 : 6.

LE.ntl A Lef 5 =@/2i;9 be ̂ qqded rnq, /e5, n"l vt; lPolenl. tnen lhert rs a bnulwn beLn'te"
- 

hornoqenou't yrme r)edr d s ,ifranlanng f anA pnme fitqls ol St*1 1'en bg

?RDilF Oe()tlu ,f I s n polenl ,r belonqr ,b aI llu homoq<nn pnna of ftoi 5. hlveoelrl suppoe I t nol otlpotenl- 
but blll l4s k all.Fe Pwis.fnin -r=lt,f,l.,- 

| r a mulhptt c"qhvel!. c'loid.:el n"l @nfunt,\ o
Le\ Zhe'lhzJel ol all lomo4ernu 4eatin S nol meehnq T f* rt tpt ho fooherh lhql T tft11uyper
bauncl s fu, atl tE charns - tni Zs, ]o Pnd a a maximal- homolenow, d eal F ty'e.Iai/rt ts It Prne
fi r\1&@k sho +hc+ { qtb archonaqc now then abgT-'+ aeT- b€F SIVP:Jt. ab e? bula,Qplh(p.
lBn ta')l? dnd (b) tT are honl6gqnoLt tdedL ?"crytl\ onlamng 7t hQt14 no/,t trtt.qz4 T. taq

't j  = bA +q

D+ (f .) 5pec 51a1

7 # htsdAscl
J-'@st) <----1 L

PBADF N6le lhal eD+ltl ,t. k I bomqepaq r P.tr1t dot n6llDqhto I o/,1 clounl nntatn S7 'e' l l !t!,-  
s o D +  ( f )  | h o m - p i ' * ,  J ' t .  L " +  4€* G )  t h o v l  r : 5 f  n a p r t n .  e q l  J q  L z t  l a i t ; t ' l  b e a t e l o l
howoqenow qenenhq hr  F ,  anc l ' rou ,  q ;esn t  n ; -z 'o . lo , iea  ine  6<, "1  ( f  s t )A5G,  . t t  ' l ea l l I J  ̂
Vr,,"l t4671i 5e) a"d nn lb,m I o"j"rerafrrt  ̂  5H br 't; I 1A' Suppse btsn ana bl+- e (ys+\O51a1,
'o  t l lA=  a lg  - lo .  sonv  deV ar td  n>/o . tusn  l+ ,  soou l> ,O

f r ( b l ^  -  a 4 - )  =  o
hf i '^  e.F =+ \o(Jt t r  -  Na;r ,  r ie5

J s'-->sp

. ,11 ! i ,  f t  = $azofa 's
t u e r  1 o ,  t l t 1 d  q ; e q i  < o

I-lencc
, S) a;/ ;

Z,; i1+,"i-+n'- z, fi fi,,,^n,
As nqti,rcl..\o@ l({ ? ! S1z1 fie rt'r\r. Fou d>o Jel qd - I aesal q/€d'a ' r  

obehan ZwuP. Wtc la i tn i  r 'andeal  'a1 S F;-aor  '+a4eV
q ; l t i€I . t i b e s )  s r y  b  - -  b n +  . . .  t  b e  r  l r e n  k (  t L > ' 0

(oh \ , ,  =  2 , , ,= , ,q . ,b j

Buf  f i r  i t  j=r  a ;b i  l+n -  q l f  4 /q" '  e  \ , ,  t "  @b)1 e q. .ThM? t t  a  ht )w)qenaaa tdeql . r ,Lha<l \
'5 (l4ovlq ivDPev, ttnu-4 leFlhe^t/te1 , wht.h tt a r;nfrar^,Ito",. 1, te )hal p'c 7v'vw,"i2l AeSA aqcl
he Se 6e homogelo^^ qlcl rullore at)6V .1hen dbe lak )." ab 1 go+e .€ 1 . Yen@ "/f 

1 b1 +n e L. StwuT
l s  p r l r x .  e r { 4 e v  a l p 4 , " t 1 1 c  $ n  T t  ' o  a e 1 !  " , b e i  > t i u l u p * W , , } q l s o f " l l o w s  r l n a l  y e D l ( l )

Le l  q$ b4l tw Txlznsnnd qk Sl . ' rhen 45t  9 ?sf  r rnuzl {  a fg^ €7,  lhen ae q^af  5aq/ f^eTSf
Lonviwel'4 ovrq rdeal r"r 5 "ontatntnq q mwl -nIatw FSl, stnu + aeqd' dva 'lhzn a[5c161 6nte6
e/1 sn t fu tdehl . t  lenu F|1 eI4,  t  i ry  = qt f  Hen@ J t (q. t | )  - , j ' ' (q t r )= V.



1o stnut),nat +t aDto.t6\o1, ts.bileclwet u'e $nl shou kal y-'115r) l*s 7- (f' 't1t45t1 0!14 5nu
y- ' [qJ() , tpnna auoing |  ' l  u f { td tk  thow 455/ l  5r r t :1 ,w ng A 57a1 = q.ancnr l rnbq ? sc leat .Bul
t l  a 'esn anA q l fhe Ft l  then aef  )  q / f  eL,so = tsc lzar  v 'e l l .

,Q) FeDt(1) be lvrnand pat 1= hoSf )r|Snt. Laf ?' bn fht hrmoqetbp ptrne deal @a=," gd SMa(t!'
are iolh homoqeioa k t how llfal V= V' t tulfiu.e k thow fha( fhu,1 \arcjht tame hDml4enDw Aefienls. B,l
* aes4/ d7/o,--)han ae7'<=+ ae Vt' 6 qlf.te 

L<+ qe7.rhuknplelzt (ha7nol . n 
-

. r,ro+ \illD6lerf

iheuvrt a tinilQrwull when f har, qnl loti11l' dq',ee 'l> o B^l kpnrclhu ruull ur 'r''y tnl''1n' +tu Suaded tng

5cd) :  @"uo s,d

\\:"h .h* vanuhtvtl 3mcled p,eua u deg,ea not d,t.ut1t,6le by d. stna (Sra))t > S,n'[x7f 0 - Xl),ty wsr1,'rn1
\ ilc degrce - { (*1 lu. ner( rng, ) tue ' M.j (s{at)p. btoua^Z- Janed, *\ere s ll ^ r an t rqruct tlt2 degv.ee
tleg(r) jvrd 4o' i69a) ho.nogenoua. ('. vln.yta,ng yadtn! &t 41,-o al ct'v+;bb'4) 4 k--n"l lhin h< gmdec\
pr iu" I  AE,ee r . ' r  ' f  15{at )4 fumugh<<o) zue s ins 1,s ; /Sn;  wherc degG;)  - ,a ia  =rn)

?ROddddddddddddddd 1AJ lTtaN Le+S- @dvo SJ be a,lndedug, f ang tnn-nilpolenf honogenu.to .le nenl oL aleXvee >1. 1Lan fh.L rnap

Y, D+ (fl ------> St2ecsqi t'ven bi
l@) -- (Pst)A se\

I ^ houte| moqohln
PRDIF 6,  avtq honooe oM tcbal  aeS * le l ,ne f (a\  = (ots t )05ro toranUFeDt(1\  t+ 'e  ch infhql  ,- 

y(o'\;Y('F)'e> at1 0,'^u lhts'spn'ed., ] *1lJ/ol.lou1 lhal,f 'r aile'hJ nlerhve fhe + tmplcltla
i)tui*'. ' ina{"r rt"'onvevt" r,1 t^lhu4io Pw'e, fia} f aea' 's a ho n otl"enout elemerl lher ae? Lot
^ : deqq ?/ o an4 lQf cl = deqf > O ''U lall\dt rnar

f i '  " tgn5e --  9f t )=X+)=VsPos,rs

solhe"e exrtlt horngenoua *"F sui]n llvl adlf " =rr14^ n Ss wfh' ,fd = deg1').Ihatfu llnz e>za

j ' ( !^qd -  a l " \ - -  o

sna d>a andf(p we talhat aeF qr' rcqt\trid. i]rls thows thal Y x riJechn.

to show lhut f u t u4*hte ,,c beqn b4 s haw'nq lhal euer4 p|ne deal q "l (SF) ) ul de+evrnhtA ^ -h\fiDrn!&t
f ,Ms \de4l t,{ S 

"n"r 
,onhrn'ng {.\ql q ve-qruvt., ,and rl'ahe S'd) nk o qrudetl vnq qnd (5 ("t)f 'n*; "

V -e,aied vtiq ̂t aboup. Lel n' v! iu vtt otoaehouo tdui +1 $lqlf fnQbk"cJ \ tla elenenls "/+' lr ^th2\2
xe\a. on,) 1/1, , of , and i e Z( u- 1' 't d,v fieal Yneva)ed, whvh" r cle utly )'ovf utenaM)
st \ / r t  I ' " I  'L  's  r leo i  lhuf  7 '=766t)p

v,)e claiwt fnal X' 4cl,.Lallg annrhof rumt /; ' ' /g"t p" wtln ,t;651,., cln.\ r; eZ.To t<', ly1s, lel q/4"e(5td))t

bzgrwn, wtfl, ae 56p.1new

(2i ' /r ' l ' )"1t" : Z,l#e I" 'e-^
taowowr ,l ,/t" {' ancl 9/}E J' on *w lqemkd + v nmt degrcz, lneo tum s (xk. I sltk)l{, whtch $

ol lfu tawknn. Hen@ a homoqe.naw tlenenl .l qt nwt +ahe Vat lo"n 'tL lp" j ' fo' rovllt t < avrd r' FYon'\
fhs st2is',y6,\l5n 'l fullows tmrndialely lhat I O (Jt.\u\ -- 1.
tu l  Tfufu onl rqr lurn o l  7(Sa) \  t  unc lp,  5(  - -s  (s ,d))c .  met  , l t ' (s ,0, ) l  f l  ( ! ,a) ) ) r+;  = 1 ^n i  dq. l

5 tnu q 'uahomugenoa pmpei  rdeal  (  1 ' .w#.ac l '  h  1)  r i  {ohws+f ia l  V '  s  a l to  pnper  andhonigenonn tnol  onntn
Wc ̂ ;\m lhal Fi B prtm?. Lel a,e'eSta\ behonoSenow wrlh deqne,t dn, dnt ar",t\ ctnsum2 e1q'eV.ThLn tJ

,,,a'/l e.L' ,ro 
'aat,f 

t .= Glf)l ' kr sone (eZ/ xe Sed, "/t. Z I ta^pa'tng Azgru1 ,,yy hncr lb,!l.
c | r=c ln+cln ' ,n  4an'=r .  f len& qat l+.  - -  (q l+t (qt l j " ' )  e  (Stdt )g u  ̂ pm. lv+ '+ ' lQ\mt ot thc l r$.0.
Flou,ev?(/

(^tr)P'k' ') -- x/+e e 7



stn@ q 6 ptmc n (Su))ut ,j'f"thw lhal one o./ q/fn.) o'/gn' blotgr k L Henu aeV/or "'eVi ca relwnc).
i.r*ol,l pr'r" dealv (St'))O ho't fluk'n T'(SGl\Ei ( SLd))61 h"nne" howogelta\lti ynme deal p/i{
5u\. ukih doa nol a nlatn L

tel V' be a honoqenorn pnwdeal o[ j@) v,o+ *,"lamuT I and tel a be lht honrtquom pt D,yw r.leal denpn]<d
I all honrogzrrort,u hes .'i lh qd €F'! 5d).7he^ y Aooiol anlan ! , hnnu p{ D+ ft).'sloveaue, 5ttt ,t o
ladecl subing d S and I 's nol hivd h ne fhat ? fi st'l) =,F,. Henu any prme deql n (sldl)p1 can
\e an,c\urad .ri a.

ae 0+( l)I F ----)

f i c  ( TAs(o) g 5d) t---', (FnS^'rrt'otr,

1

LEHtlA Lel S be a qmded nng, or a homogenoua rde"l. t( a ts yuopr., |lterc u q howog enout F'wa td"al
- 

u ^lh ra z'a.

PROAF Lel Z bp lhe yarl'al\4 orlevol xl ol all p,opev- hDm.qeho u! rclealt anla'nnq u. 'th en up pethound' $.- 
"narnr (tN qven b'.{ t.nrr^, ro r,* ron apltrl Z-o,n'>" Lewnah padq.e o iaiwol elekui V. w" tlct\n
y v ?nm<."n' +hs'tl rulhut h t how ]hal 'L atbe S ore hontog<ndu,t aa,l abeF lf ieo ae7t "' b ( 7
Suypi'. tn"f "47,b{T7tkn (a)aV/ (b)tA caP hohloqanouo delab wrianrnq V,' henq m""tl b< 'mPtXi"i"On+^
s)r4 aal=l,is+ 1) t.. ' th.n ,-b,' i  a"1+ v'p '+ 

y1 '- I, *t*ch nplrci leV tn*ob€7 rtt ' t
shdwlhal ab€ l  4 aeP ot bef 0

1.po s(o)){5'"))r 0 U'o))ul

'fru vclwton Stnt---+ S rndua (ftd))s - J{ whtch @h, Lt tD 4^ romttphltn /' (std))trt ---a J7p1 thal
tdeuh$a (.pA 5tat)(s@)r 0 (td))o ancl tst+n 50/ Tnv,nglha+ f r tuypdrtx'

A clorcc\sfuel tl b(A v Dr(f )fi\l{q) k, torru horfll4ert|La 4=S- Bnl thBw Y 'denhha Dt O"l[sJ ur]tn
rz( Y{r)) 7-ro !t a honeonorphtrfil . n



N0TE Polqroflnl qmdnqs

/ 
r16{Ze€

Lel 5--e.l>..oSd beanonzefi Sraded "ry.La.1 zez- beany plegzv. hlalzfiwa Z- gtadtng on
5fxl ao {rllowr,

(stt'lh : I I', x'' I l,"fri,",:, :!,ll"n"* on|

so /, hco deq,ee E antl honoqenow e.lgmerft o{ s heep lhzv deqreu (n;=o) Eath (s[Xlh " 4:"!:,lJ
on,f.fr"^ qkup, "d ou,"tlfry 

?:({:;f_Wf;,l,uo^o92no- 
etenevrk t rs readitllrcentnar'

2 ^.o Glril) = 5[x] If reina

bla neod\ shou thut st{rn( stKl t , . . ' . r  s lx ld-)-o {o.duhnct d,du. .1d- s*pprse

Z:,x."' - 7s'.,,{"t , " +Zs',,x"-"

th de!(s) t nie'cl md dg (s,;,;) + ni,it- + fi' t.j =vn B\fr lhen

< r / < .  -  \ . , R

4\  
o*Jt '  = 4- hq >; ' /  ̂

-  2o(2ar , , , ,=d-1" . t )Xr  t '  '+  I t (  2ag, ' ; -q ' - t . i i )Xh

5".Vk7o $4;=d-rys; 
: 24s,,; -At-Ee r,ti t- ,.- t 2,i5,-; -- d^-\o r:,', t'tl 5 r grodeol

andsfo * f r ] low: lhof Vk>o laq,;  -_d-ke s;--O,.s; !s i  x; i - -  d,  ̂ r  GluN<d'

l\t7TE S7 s Z-lradecl

Lsl S = @azo tJ be a nonz*w jmdlcl tmj, fe 5z bomogenoovt ol- degtte 72 6. Th*e s an $omot7hbm
ol  r$g t

i.tLnlftr -xj) ----) sr

Ihut SF tta V-q,addnnq,tMa |t-xf) 6 a howaqengn deol. tf T "ary Z-<1.^4ed inj ra..T ̂ V'ofrlanoo
'aut, i l^ o z-yJdrd u'o' (, la)t : rt+ a (dev)'. Fte nu lhe gvac)ng on 5S u ddhnecl \ '  (ae Z)

( s+ )a  =  y Is t xh+(Fx f ) )
= | 2i s; I f; I tr huv$o9eno@ ond de3(s;)- n;e - d I
- I yf I sltomolenom a^d d'ec|F)'ne--4|

whvre pul ltu drye.I X: -e v ll'tabove



,|AHPLE 2.5.1 , nu ortn!t un ctehne Tytjecive n'sr.atz o'e" fr'Jo belhzr&ene (n"o\

l?) -- PwiA[2r", ' 'x'7

rn oa\'htt\or, I A u a]qddrullq clwec) and a f,eld, lhert IPI $ q schene wharc tubryaa oL clorcd
potnls u nolumlltl hofueonoryhic h lhe lglghJ .qlla.l Fajech'( n-slatP. (n'/t)

.a jurymante, Nu - Spe, k[x,, ..,r,] h, c*t alqeb4talhl ,10n4 fiatd k nu 4s5p6-7o,nh rn bilVchan w'l l '  p^
",,i"4:iii p"''a")'h k;',;;'M@ t"it"i't ";; h;';I;,W|'Jt * lo,ut1 ,"tta")i\L n-,po"i ,''u a s'tbrct o[
k^  r  t lo red , , { .  , f r  ? (qJkrhn tp  o tL f .u ' . .p " - l

1ka uatldl
n t r6s lo lpwjedwn-gauuc lo ted4. , luz I r )h 'ap lT6 /hmaten lL toe l<nenb, .h , t . z t r )=z l t r l l so* / l rz (a )
frl, a homoqeniur, deql a- c-kfxg--lal !,terc Z(a) den ea zft;) whett r' r lht rcl.t' lt6rnpq,enou, zl?h7elh h ft.
h*,;t ;ii;ri; ;r-oorr)rnL i"jr*in ,w*lni . pnielu,. n-rpaa an'1 hvnugent"'"t'ifl'fitt 'n 3 = k [t"1 'ztf
olhu than" ir, 'duhh[ni i*:,. uqtn *ra ond howoqa,ocu prina.:ne St = b(., tn^) o maximal, Prol S Lontrlt /tmpy
o+ q l t  hbnoqenoo d ;a l i  i rhu- lhan s t .  tu r  a -po tn l  P=(a . , . - . )ah) tT(P)=(a ; ) t . -a "z ; . . ,4 i2 . 'a " r ; )  ( " ;4b) .
Dg del" xft) " the,deql q?r,eh+ed 09 qlt ho 0q oLt4 ?len?ltL (a,v|hhr 6n ry n k, {e S homaqenoq, f €r(P) tf .

t ip) - O 5" {", o homt4enow rld(l l a, lr-l '  T be +tu rcl o[a]t homilenow stqnpr* a{ r -

?ez(q)  e  V fc r  f t t )=O
€ Wer  fe r?)
e=> a. e t(P)
<-) a(p) 6 v(q)

llrec+tcthne lhal lfu cloted po,nh4 f,pis (.t,e ltu r( . lo, p,tnh P "f llt'vancl! lf^, ctnd llu qbooe
jho.wr .lha\ fh/re clorccl poyh firm ^ nbtpin honeono,pi,, h tr^ l/u varcU

Np-tE tf n= O +hen /fi,'p : Y) = o Vn.

t\jert a.e u,rll shou +"nctt 4u qalu,, af 'cheme dou lt kcl qenemtrc rW nolwn ol vanely Lt ltnollukhvre llrl a
uqr,,,qfu u o rcniie ht+honih on4 taneh.t ! o lo<a117 nrfutt ryau). frs ,,,< have alrc.ody s<en abow, Ihe qn4evl|,tnl
)opulialcal Spa ol a tthenY ,uri oo 6i , IA\, hcu-nore povi than lhr u-lwDondtna vavie+u ,low<vevt trt trttl
show' that lhere 6 ̂  ,o1r r, *^1 .rZiali,g' 1;iin, prn'lr / e'2 1) t'' ii" '7'''n'lul;bk tihrct ol " vine! n lhal
lhe vartell b.wn 6 t.nene

Ssl 5 bea ltred xheme. A tcheme ders 6a scheme X kqufhe, w,k .a vuoqhum . X ----+ S.TlXandY
^vr tchewt4 ovr S a moyp66fiil-{lj-6n rchetlTeA ovev 8 '(aln allecl a s -worlthum) $ c\ qot1h$u
|,x_ >y naav\ 

r _L, v
\ , /

\ r /)

o t^^uk.  weclenok bq q lb(s) :  s-4/s+la,c 'bqonlu! thenetr ' re ,s .4f ru" t1ng, thenbyabuqo/
n uhdwn w.€ warfe Sch fpl 1* scl, I spttl .

PRopoJ rltbN 2.6 tel k be an algebraua\lg c6ed freld. Th"rc r qndunl fullX $lttalul lun c,lu-

b , \b!(t<) ----+ sc[ (E)

fwn lnc caleqo,l oI vaneha over t< k lfu caieTo'! ol s<,hemu oye' k , rur an! vqfiely V, It
-tooolaqrcal ioal* " rovwtph't.kltu rct of clitei p0tdi "{ rfIt/v)), and th Jheq{ 'f.elular
fu;rhin, 's Jbla'ted tU w dnj +he Jhaduta Jheal ol t lv) vt4' lhu hanebmDtpr'trn'

vggup 1" baq1,t&ih,leI X be an| +oldaqttal rpaur^ndlel t(-x\be lhercl ol 4l (nonenply\ n'edqtble clued nbteh
'* ;ii't';i\':''l-ni iXl 6'i"/ r i!'-n^ f P]-e.1.!,t1..:?.:lxt 'r non' mplT n Y c actved ruhtet o[

xYn& b8N)98(x)  tu ' rne i i r 'ove '  LO '  ' t ' \  L . t t t  )vL( l ' )  amt t /nr ; l="nt ( r ' ) 'sowetanclQfr rLeo'
+nobo)aarl ontU) btt +dRtn(4 M (lwec! rclt the tubreh of the'/omt t(l)'altc''e /9'>( 's t' larccl Qwtiblg il)

; i i"U ;\ ' . , !o-#" **op, cbhne b(ft '4x')- '-; t(x'I by
#)@):  F@



Thon t(/)u wnhnu,pM ttn@ t(€)-'( t('Jll: tu'y) fu'J'-X, "land Fryherno'e t s A{unck", ana 4
X,/ \Lt'13 arc no^eml4! dnd - +

x ,  "  ) X " - X :

rtx,) -P4s1a1 t(ti o t(x,)

L({9)

-Then -Ior e e t{Xr) oc have t(t to) - fb@f; tutd t?)tls)(a) - }1ffi cleaty +ttt n e t@l
-Io thot,, , |h" rcww tnclooton, , t  tal{1q2}o thou f l laf 6rtq opeowl U m"rhnq f ( i(E) u)Jo npdt f  (  9(a)l  : l
V -..8 +(1@-)l thrh f t0 6 9@l 't noneny+y)Jy.e7 ''U n J(a) u nonekply lsue alheuwtn (f' 'u)c 0 il6 ^"i\d
be a.clospt',tel wnlatnng j(o) Poptury,azlelnadn/O))1 s, finatlg U mreh ll ol' l aa Equtrtcl. Hen@ tffg)--.tG)+b),
And t t t  a+Un.+of.

uteclehne 4 tothnu'ot maP q ' X ----) tf') b'4 "tn) - lel . tn open tubtel "l ̂ l(x) .rs, ,r.(.,Y)r 11 ,sone
alotec) f lxu bral- "x-'1e(v)') : '/ ',;. d ,"h up ,,|!,iE!br iehuu.n.lh" "2'n rch of x a'tl tU), vr< !<--;4-'0
h,,, i , ' ; ; 'J",1*:; ' , , ; ; i i i lL'xqo't ' ;" ' t"ft i i-uu' rf uet(x) i  nonenp\ ?Pex ' l  d(Pl€ u.

Now lel k buan alqebra@llLt ttored fietd. LeI \/ be q vanelq ovet h, and )d. Eu lp h thea(. ol .rcgula' {unch'ons
( l .0  t l .wewl t  sh iw fhaf  (+N).4xgvl  l tq  r .hzme oiev k  5 ve l l ' t  la lha of  oP€r4 J t , tb lc t r  I  romorynt(

:+" tlu' Ic)lhu 6l open uhteL 4 vi4rgv ira ov orc 4!en+ott'i +h' Mn'

To show lhal (l(v), a*6,11 u a t(h (ne t t,'tLhu k how I r averet) Q o1en subnh, u'h:! !e-a ' !:lu (4hr ako
;h o|,J l+{vr/a(+ccrv) o llxqllq rtnjzd) Rql ang ',.que\ tt Lovercd byoPen afltf uanch-,lr'.4 Jl )uptsJe o'e (4^
shor t t ra l ' r+ iv) .a*O; 'u i th ; "  *nen ' l , t "q f r tne I 'n*V ' r  q ' .^d; -owPa' \  w taAMle V-  U'u .ou"  o ' lh
; ; , ' ; th; ' ; ; ; t2;" i '=-r," 'n'  iu '^; ' . ' i=i tpl- t(u, ') tn nt.(u;) aT'tne\ '@ t(v)6tDvTed.b:1..
g10,.f , ." ' ' , ' t iv^'Sl i ,  ^,, i t 'shornthoi 1+ lr t l j ' ,  t"-g' t t" ,r . , .  ,1= (t(u;),a;*9r,) *her<,4r 'ui -- j+(0;)r

c^nontcal. By utumph,aalfur ltwrtd rugec) tpau u aftnc,5lno*'nq lh al (+[v),4"61v) ts ̂  !<neflt '

vt" dehne Y' t(/i)'-'-+ +(f'')' by 'i/o)=6 To b" expttul

t(\);')' - lA.*vl A dored, rreclocibb an{ Qf d;'}
-- 

{O;v( Q "lotzA'  tmt)ucibk a'*t O nu;* {}

1f e =t), r dwcd and tvrc\w,ble [,n lfu tubspau.hpolryy on t/;eV) 4pn ]ht clotqre "f A,"\l belorys k -l[0,')(.
: '.r ei w ctoim lftaf fu qe Hu;)) 64u, ='a AL,ii-rnts tJear - 'nlhp -olhtr dtret)tllw, nole^ldql s'nt o sdoted
rnVivlrhqw Q =1.);(t Zlor rvrz z2-V'.tona-fn* QgZand coneegu'c4{g 60t1,'-=oi' =9 ^tl"'Y!,:'U:ef
t{t Q9 V fu Aoted and wedur-ible,0nd rffie A noi+ f Then qn'r' --'o rr a c\ored:ubref ,l ' i 'o'talYrlng-Qn\J;'
"hrrh-'r 'p"n - t$,t tiubsPaulapotulg!'* Q S,nu Q',s,rniitibte, q- onl,\ $vY +lqIAMA +opolDq{.o^ enuia-ui
s rtu ta6lsel lepelagl "t env;:tg -^diid,"ai|v,''ror"i^9\ "ii tui)i"t "n "nau,cibta lpqQ Hfllu by (r'r ?)
QnU;6t fu i \  and ! , '  " f  sabTedwn

11avy 6p tl '1ovr lhat "ls ahoneamorphprh Let z=Ybeclarcd'lhan

^l^ 1+1"1nflu; ') ') : j  Q€ t{0;)
-  fo eutat

Q ' z J
r l ;  znU;J = t (znu)



' t+ Y\9U; $ dated lken

Yf t f t \ \ :  lA I  set( , ' r ) ]  : r l i lnr tu; 'J '

S,neh, Qel l ) ; ) ,  -SeF " l  Qef l  (nnUi = r t ) .+lenu! t  a h[r teot l  oqhtm NerJwdeh"t  an r to
f , tn"gi l+nli-'--'>laGs1t,). br an of,en rhbrcl t(z)' e t(ri')' (h'ttq- z'eb) vn h^w

f,  (d"ov\(+(z) ' ) :  0v(2")--  0v;(2.)  .
== (4,*Ot;)(t(z\|t) ' \
-- (d;0t')ft-'(rt"J')\

!.uhrch $ dtqA\ an uaw],fhun. Hrtu!-M 'l(lined., Ufu;!.'t U* 0'\ln't:f ) = (+tui)'4;" (96) 'to 'nnykk tfu pno{711sy
( +rul, an*,,l is cr thene, ,f rrf,,rr r rLo,^r fll1of:"f '/ u "tft* (t.". an'anth, u o ia,ph*k cn qhnt vaneg u A^ sane ') lhe^

(tt'ri a*0") v an a6nt rchene

tl avanelyY r alfrn<,, sa!i rs wvnorphrc $ f'9N, fl,rn ,| rt rcad,ly kecbellfial (+fi, q,Ov)z (Nfl'40'/')aA
nnqa spark. we may lha'wclurc lo'ftu tue uhtn Y ,s'athnlltl a,, ot'lrne lanely, *,tl oi4tn, lpn"chiok nng 4, ond lel
( i,9^1 = 5petfi tue d<hw a matPhtrft i t laa\!,t/tgPd iPqu

p (t, ot) ------+ (x,&x)

an {-llo,ns 6t euchponJ fey, kt P(p):nnp, ftudealJ A oontthnq,f olt nq,alar {undtrw wnthng al P'lhon bLl
(T,3.2b),Fi qbiict+wn olf onh )tu rc\d c16p4 ponh ot X r.l ,s ecaq'lo xlrhdl p is a hon<"nophtsrn anhh '
\mage. Niwhr irg optntlt U.-\, r. tlte w,tl dehne'a.tbmo,lnorFt t.n ofmy t)xful -,---> pr(Ay)(u) = CV(f' 'd 6@n
^ tealwn te Oylu)' ".t< 4(kM ̂  '"e1ulat mae fG)' p-'g -'+ tr u {olluat

pLs)Q\:  / r (stmeJ) /e 'Amr-1 
AmP/m, = e
e 4lmp\

J 
Lel ar.l\d' lnaP 3. P"qG)-..Rb. g$n.

then Db) s eqqlat tnu/,aplsk) = u[c)fupt.w, <[am lftof lhr tnaP 0^l'] ---: F<l9y)(v) ran ryonophxm a[.
nnqs.' l lne rm Di'+qrJ {at[ $ lhql srn@ A ,s aou henf "l h|x,,...,x"1 b4 a a'nv deal, A,s q l-lrr]"rl Anq - \nPavhq \at)
+lv'vaclvql olqnLdesl a ltu uleoechan ol ctl '14(! wtct '- i rnal ubal, 

-r"nlarn'ntl 
I s".1., z>,am!e '[ !1X,tn"renp\

opent s10-y(q)', 'her).rcme ctoteclPo'nl . l X',^tl 7lh ujbe t7 t anlauad n e\.9 rtl l \. td?ql) henq,t O ( A cl6nAn).
9, 1 lne; 0 -- \l(",), t/,nuld be .nPhl - a t'offtuadt. hh4.

Let ut thw{naf 0"{u)} 0v(f-'v) u thJedl'"e. LelUJf [, cln f 
'u+l bx]fu ab,veJ anc{suppor. reox(u) rrr.}.

86\.  o. ' Ind r ,  VPe P- ' l )  s(mr\e:rr , -pAm" [ ,aJn nen i+osho,x lhal  s(a\= O Vts€U. L<+ a( t )  bnqrwn, and
&nc l  FeW= U^ th  Wotsh ,  o , i t  o ,  +a  A  * iV i  14 t l  V le  

 

and  s ( l -a11  eAqVqev" ! .An jop "n rJ ' "  sp "<A
rt  eopered b4  opewJ4fu  & ' 'n  D(h) ,h64.  So le l  ve  D( r )=W Lc l  m. -Abea,  mqr i rna l  t t rea t l  u  '+ t tL  h4an '
I\en "lf = s'(m) e mAn.{enu ae m i+ hllou's lhol qh belonE ke.\eu1 ma\tmql @ql "( A, awllhutoh"A.
5rn@clD{h l+0 ,  ux  rc t lna1 o-6 ,  ond i * ig in l l y  s (1 ) -6  5 ;s  7 ,^ , f i , ' ^ 'b r l i ^1 ,  we an ' tudc  +h^ l  s "  aan( l
ilu vnap rr ln\e.\{e. (h)( a .ata, g"1q-'oe> v=f )



7he oneh te+ €-'D(hr) ̂ le" F''D(+),- {vruq?enrel' Of h?),Pe|-D(t) ewr' D(+), t a4 rJsV ote ol'eu seh n
spetA w,lh 0 'onlanuq alllhe dored ponltn Y, l ',1'zn g =y, :mu rl g=y(alc, V- \f(b)" w,lh qtA adt(ql./ +l4m
q c- 14 b! dtsqnPh\^ aqi h= x s tcz b u tanlaued M e v€t! wlqK;ryql deel conlatnng q, an| t tt Htlbell

trreadtPA"*n" qp, D(Ec) ----> (Jqeotp,t At L,t lpfu\:aPlh, t6y rcplorqg D(he) b9 DlkeLe)--. dhr) 0D( hr)
*  moy-utum, hr+7 Vp(  D(h)  - ' .n . 'a ; - ,p0471 tu l "  r leat l  loeAx(D(he))  io ,  d ,s in<- l  p tqe F- tD(+)  fhe
M.tPr  3P)3e a3e1q "n p lkr )0D(bo)  5rh(? + i r  i=  JeLl lc tor(ha)  -  SqlD{kr , )oDtEo) eox(  D(EDlnDfhol )  l^ 'e  h4r" t

pl+)e\ -/u,( gp (lrrz]r - go(nz))
= )r . (  

o ' l t r -  o"/ha)

-- av@)f rnr1z1 - o"(.7hu(r\
- Stz) - j(z\ = a

ze { '  (o( tc \a 'D(Fa))
-- p- 'D{Lo) n e- 'D(kQ)

5'by llv njechwl! pnvel ea rcr, .9p lrthot0p{Fo) : Jolnr,14o1ho.) 5t u (tt r asheot{ fhew u ^untqu2
1 ' e  0 I ( D U J )  w t h  3 ' l o ( v  ' -  l r  V P e  p ' ' o ( f ) . H e n t e $ ,  P < - P ' ' D t f )

f l1t)(P) -- /p ( 7'(mP\)
- -  

/e(eetn )
=  / lP  ( ^P  l ho \  - aP tP ) /hP (P \ :  J (P )

so OI(DU)\ '---+ g'{p-'otr)) ,r ru,ieclwtl at clqrmed r+ U9X tcMabthag'1( fth\*,:::-? u"th D1{;L sat

u:-d4ol+' l  ,ni^ p-;v lulp-,6rt l  odr{ Jeay(,f-, t t)  r  regul" 'r ,  ret 3; e_6.x[ o1f; ])  v t , . \ .  f  ( t ;)= Jl p-,wt)
sna g)(o( t , ) t lo( r , ) )  - - -1 0"(  l : ;H,)nP- 'DU,)) ' i ,n iec l in ' r tu9;de a . ' . 'c 'Lh"ng k^w' i . ly  than&haw qu \u l
6malgaf ia+. , r ,n  ! ,e  ax0,0) .  c lea ' l !  Ph ' ) - -g,  5"  9t lu) - , t8v(P- 'u) , t tuyet tun ' tu@qutrcar4A

Aeno B at\@ an sonbmhtttn e1 nally vuqe<) r paut 9x -> p*0 r'. Stnuz lhe Prtwe. dellr are h | -l "o'nnp'denu
*,!h hl v/raurible ,loteaubteh"t' ui, +te'n 'r onap Y X ----) t:(y)'?F) zft) n-hrtntt eotti.ry th,'rzcctta be q
;;;.;;;r";;|^ il o .r+^'itu on oorirt ham olnryecl t paut ( x,ar) = ( Ht), <* a t ) , a' tt eol'i.t! .<he(Red A" te-
( +u).u, tt r ) t: n farl en hthtt< c cheme., " clatn (d thtt @nplete, il )'t'lf inif i+(vl' a* oi) $ q tchewtz hr
ang vane\ .rt.

1o qt? a noryht t r ( t  o{  hLt t l ,a t0u)  r  5peck,  rd n4?A onl !  3w arnotVht tm "{  nnT k - - -+- f  ( l (v l ,a+9' t ) :  O"(v)
vt't 'r"nd Ae E + fut anrlanl !"nt l1p,1 )' on V -rhu't t I v ) hewne,t a rcheme o'rer sPe.?

rNIJE ̂ 114-4 atsnnnent ) \fo(F)-+ s<htk) ,t d.hq!l! tryhdwran obi,ncE Tl VrN are,v arrehot ,q ncl ll(v)/d+gv) --

:lyt;l;1""w,',;,1-,-,":l',r1,=|\,lri:a'l;,r,1':",frf!;:,,r:tr,",i"1"=i'!i';::.,*;iff'::k:,
U-o*q." i , .  V oot oope"r '" lV.!1ewuV= W qt tPctLlt  Jl  E l t ten QMy +D Jalhal @v = Aw' s" t /  and |rU av^< l tu Jq)o(

v^'4(\J

Nexl ure dtlne v on norphums. Ld J, v--'>w be a mophtmol tantp. fuen t0 )lvl--1 l(w) u anhnwu't.
i" i  "". i , ira,"t l i{t"=Uw.l, , iuhi (f*a*)(x.t ' \  - rtJ't. ' l  -> av( +-2") --@',av)( n4 +(z)') ln 

d' Iae "buw,,  wq4 g\v lnq quovphl rn o{  , r i l ^ . 'n" ,  Srn,k  7t (v) ,a*(9v)- - -+(+(wr,FrUu' ) . t ! . ' : l - : l l
i ; ; ' i-t1^,;; i l ;^' i '^ ' | 'rd,l lr-] 's: i t ; i : '-; ' fu; 'rh"*i ' i i i ,"r",tsth' l t*Ivtty{.ahlut in'po'1'otav,
4, t t '  v t ' l l  r t ' p l '1 f iq |  t (u \  t  voma, 'phrc  1 .  1 (W)  / l .V  u  u  6 r l tovyh t t  ) rW.

$ ts claar luorn 'ffu wns\trclwn ||tal c{ : V -) f(\/) tn.llrtuz q hot'l,teovnonPhrs vrr ft- V "nlo the I e} uf 'lur"tl porn}s
"l t(vl u-rhlhzrndaadlopologg lrnopo,,rh.!\/an da,e4, 4(p)-l?1r.y*f ,:fr ' ,r:!.;::J, ';F0""" 

! '<t", '6n\/

ryplg ftX tt a tLherne anJ b- a {told, a v^otfhum 4 scV,"me2.a ---+ Speck a,no y"ndo yr"cts"g t '
a movphvm 'f tMgs R --) f (^\ ltct iz z. Qtfu yneratu rrn. \.

Lel frbearn1. A s.hevnewer A *n"sE '( y--- specA whrch ts o'nq movPhtsm A ---4 0x1 )4

vnorphrt m c;/), x-+-t .t ',n"-,n'"'l omo7nlm'"1 '&etnca "*i3 A "iii 'tit"' nj dignrn ̂ nnu)'

6"11 Jz-> a."61

lltnol,r, fu ,t a ttnvPh$'m J 0'"r\1"V'<''t



NOTE ff"' = specA

Lztr A bz a"trtg lti = ?vai Apl. ue zt'aim lhql lli z spet/t 0L tnune -Dr6\= fi1 and lnnu I
X= er\t4 = i:i, 6*brel= il*n[,!6'5. wow lh^e t'nj wovlohnn 11-:+ A[z!74 qHqy't "dh
rr onorphrrm oI ttr'51, so l?'p = spccfr[t]61= f|an'

cte'tltt I -p€ y; rahono7eno Pnrrto, pnA- a-'( ?ntlvn A ['']6). Ch,ckrng lfudthnthas oJ lhe
arnryift'rronirpktmt, we )ce'lha,f rhere r'dn romo rThtrn ol't(hemot

j:lffi > tyece
f(.p) : yo+

f \, t'l tyl - Yy ( s ('n o 4 )\

'tp' A"pne -1 5,l,)
u'e?h)'- o/'

(he rnophvm ovt global tech1rs,J 41_.1 o1, ,,o,ntacl f ts the can1nCal norphrm lPfi ---: SpecA
(rclaleinof?A\ "



N\r. AL'L,t, . ,n"/',J,o1"; = Al*, ra^] (*,,.r.) i + h

Lel A be o, al:,nq, n>, 1. 17 p1' g +he ahotre rsomotyth,t,rn rt lnu'al, .1s otol,qnp A+ o 
."1 :r7\. 

A' * 
.d*' 'r,io' ,y"7t ,1,7^{ry:;, :il,"ji;:!;f,il;fy:"ffi:;}l:fi'":';P;:;lrtri::-,:"f#Ttou,,)',^:,:,t:;ih;,iT :;?,hii!i T!1 ",t v,a v , --+ v s-; i st*', i' ='ir.", ' ,4t ' -

Ule olairnthal ! 'deniha p(tvlt\ and D+Otr'E)1D'6;) n,D' 6t")' tt^@

f-, D(ult;\ : f y eDrU;\ l "l,; 4 Vs', O i ' l l
I  yeDtF ; \  |  ' u  +  1J

= O+ (zi') n Dr 6b)
t Pt'

o1 *roa D7ft;xa)=tnL*., - ' ,r"16*") and D ((bl,t).= 51ec (sas)"o1", = sfcA[fuoh;./ " t"J"'7n'ln, '

luhng thae l"gelltzr we rct'thal ll/tt wtorPhtsnt oL A- ^tgebrdt

A['%i,.. , t"1.;] '  , 
--) l1ftto' '- ' tcnl6*'7"-1

,J7"t, r-----+ x1 ̂ b/,axn

llapt 14/r; h a unl 
toxo/.',^o hnte,o /iz/"izu\ qocl lht rncluu,d morphttm "! nnjs (A- aliebtat)

K' A['"/r,r. - . , 'n lr,1i;;-/,. , f l fz-.,. - ' t^) 6,xL'1

s an rornorphtm. tsy defnrh,an tlu {"lloarng dngmm rlonv.,vkn thrurolltl &r trr1r;l = f \

spec frllo/x;,. . . ,,(hl,;] q:

1
Spec Afx', /al p1i x6\ (-,

Y 7  { ' r ; )

TI
D+ 6;xt-)

5pec5 t * ;1



Slll anmnS i+h, the 'soJnorPhvms

A f"%;,. ..,t', /t ;f "u.p; = fr b"' -, r -l 6ure1 = A [xoltu.,..., tn lx cl t ; 6o

Hao xoh; ,_ txo 'o f  * , r r t "  =  ( ;x ; / r ,n , ) - ' r - ; ' /1^ '17-1  and f im i lo  q  qonq n .qh f  4  1 .1 f  x 'h ta  rs

rcl elvthhecl wih '/1l-r1*,1. Sapporc (1 u un A- algebra' and b1 '-/h4e? ;'h b;rbn unrh' O"hne

f , A[r'k;, -.tr.l*;'] -----a R
'l . A[a"/.o . ,n/*,1 ----n o

Thnf ^apr zhlt; hau and f napt t'/zrkarrnl. Ne daim+hal lru nuet tYaE n+fia{bJlow y
d@lnm n@mfito I

Crr/") : bj b;'
f Pthr) - b.t'b*''

(')

ft [ *l"c-, .. ,xrlxnlAf"/"1...,t'/r;'l ----z -+ A[/f',., . ,r'l,f'u1^. ftfa/xv,...,
\ \ 7

f \ \  /
A[m,-ttn']k,x*)

Btt ot tr anepimotPhum. soo{k, }urrtrnq f aaund 'l rul*ut h checE cpmmulahut\ ollhe h* "nap5

ff:;;;;|: i-;; ' ; ' i ;; i ' i ' . ' l '1ai-"'1ii i1 t ',-,"- 1"ii,",, i".nt"y 'x'.t1),.ra5and
the'1 (xr /zt )/ (xi/zz), )hen 91"r:1,r'1'71L).ri ': ' iLba-\b;bz-i)' '- btvit= .Q(i /7.;) ) 4nrcIutftd'

OrO ir,l"; i iy' 1" ii 7r,1"-1 whnu k J(Y;lrL)-t- beb;-t= / (zvlti), rzmqleing tht Vroot

No-lE hftc/dnwlg, 'f "r on XLw^ aA fi - alSebva
and liiS,a-= 5t, , oh"" -{x at'1 $red ;-1k 6a 4"lrn -p,, y r"1
awl '-niuo all *he mo,Phamt h (' )' 1t It n6f had +o chech +h

9L\ R  q n d  f , t e k. , t
,6' os i,; <n^,-,+h .l;, = ! !.i/j/r.Y,- l): , liJrkr+ ljh

z <i al sq'iaft rhll Lomndel.

'o/tof"o1,,; .. ---...._-



EXERCISES (T, t2)

lozL 1 6Le1 hbz avnq,  J '= 5qrh,  le l  leA and D(f )e\be l lu  o, 'n  @ evf tenl  ' l  V l i l  n tn (0 l l l ' ,0^ l te t )*;i";";;,;"i'n*ni'iv't DUi-)s7,nit u" r/r)=tA+ fv't+r'c't Dtr\"fl f nitp"t<nt'4
ir"='n'',,i,, ri'-,'i'i "ri.,.i'ia ut,'n'n oril+fl ften Y ,i a lolzchon kr ar'q p)tme yeDG),ond
, jeqr c gA ] r cnty chtcbr) +tar - q A t s rAr c> "tr, " trli,ilXf, 

i f :ilh::";:ifri,kv(")4gft) e D (Pi ' slta- qng deql 'n Al 's "l lheh'm a'tr )ihu t

'P.LAl

I rAt It /

utt dehne 6 ,gs p", A1 ---> J*O * u {rnllows q'} noh' +hat $' V eOG) llu vaw'u 'anotrcal r.n1
rvronohrsm/ mclrc an ttomotphtsth KT' 6l)ts/ r---+ nF

A ------'+ At xr\ole',ilY) - !;; *r
l ,/ ) '
L .,t J r"{'(ala,\ = (q/ ttq/t)

4t-. - . (Ar\1"aq
\.e

Let \)=spec|| be opcnano) s. l)  ---) Uaev' 'o (fr+)y4a. oeftne l"H,:t^U---+Uyet'oA7by
P"Itl:ril: K'p[st+tr\\

-rj rr deq, /rtroi $u(s) rs reqular antl thol p 6 an uofioryh\sm thrt vuorphrr V tt tfu uvne k lhz
MalPh[m Spe( At ---1 sre;A tnduud bt/ A AAc on D(P).

16r . . - .z l  te+ (X,Ot \be^ lhewe qnd U:X qnu open rufuel . lSg= f i  lhen (u)Oxl" l  4 lwnl l14 a rheme. At tvne-  
u*d nv l4 a l t ,  6 ,  reU (0x1")" r= '04t  -  (0 ,  ov l , t ' )  s  a to tqt !  ,nged. tFac!  i lq  fh  a l  ( r l rO" lu) .
i r 'o ' r"hn*r, le* pe\)  and I 'e i  v i 'xafc"n, '  iJ  , l ' t " )  o " l f f in i  mi"  0f iv s 4n open iubel  ol
Y. IP (v,dxlv)z sperA +hn lheve tt .li A ".l pc-offt E Onv.lhen

(D(P),  {pxlb) lDr!))  -  (Df] ,  0, ln/))
_ (  op],  {Dy lv) lar+r)
e  (Spec | ,  g : tc , ; l  I  o . r l . l l )
=  Spcc Al

vstng Eaz.l.| ' laftt tuz.0xlul t oslheme, called ltu v clw4 scbenellachtn onU, and' 4c rxl<' lp
(t ) &/,Iv) a., dr' 9?:!)4b420-e .L X .

JQ73 Kcdr,"od schemps ft s.lwrc (XtGx) ri yllgL P+a/ eva!apent*Ltex lhe nng gttD ha'c no nilPtlenl element
tr .?.  fh, (  n ' lYtrdtGl  i r  oJ

(a) 1,:le ttain hlvl (x,pr)rr'duud t{. gxrt hu no nilplal etefieni VP?X. Suppw< (X,A/l.v.rcduad and
o:(v,s"\--tqsr {arrome (t),)eax,p feu..rnewthercur)r*rri;,:,ttri,ftiil|j,=ri,:!)),*r*a

(s1u1^ : 5"iu '-- g ,' ' slv eOx(v) t ni)pok ' Herw 4'.:1,^.
lnnteoelg, tuPloft Px,P t *a't-l'oilX anct lel se Ox(t)) be n;(poleaJ' '/n 3n -- 6 men YIP€I)

Io/) ts atpotent h t ", r' ii' ?")') i"'fii'iooa "l n itnn"r'' o '"^ti4 4 c'r'tqwnQ



(b) tef (X,Ox') he^t.heme.lef (0r)^d be ttu thea[ .arsocr a+eiht +1'u Wh\af Ur.-+ dx{U)r""1 ,4, j^J^"'3^lL^^
n"iJ.r.r, n gr^oheni ol & by tL ntndrcal Le* P be llu P"aheqf ? (t) = (9" | !) I tu - o^lv)ved lhen 'eomctwn

@grlrr)......-rOx(v) br \',te\) ,n')u@' oii)*o ----+ 0x(v)"ed anA rttih rhts delN P s.clearly a pvwhea{ ol nngs

fa, zex $! tlalb. ?,, ,s4aeolryxl el ftu cltr4 'grknal'ngs 9x(u)/n,.x€U BuJ '{o, xe,O fhev; tt..1
*irpitt^ J trgi 6a1u1/v '---- Ar," /n ,^-7ihbl, w'lln lhit dtved sytlen rtenu a morqhtsm 6+ ttnqt

19*. Yn -----s l9*,"f I
(\), s+ 7L\ t-> (\),t) +'lL

we clairnlhal 0a L trn [Dnottlhtw VxeY Tl 9't(U)t+7L\:Ot t"
hr  )ome n2/1.  l lens-  Glu)  = O ,n Or( t r )  J" r  nnt-  VaU fnw
= (v, 4r+n) = O, lo 0,.8 nle<ih/,,P.Its ' uta\\3 tuledvg henu an

Iv) t )e |L)  then o = (u, r )^= (urr ' )  r "  @x, ,c
s l v€V c -  g x ( v )  s o  ( 0 1 s + 7 L \ = l r r ' ,  ( s + n ) l r )

tSDf ibr(kKf i .

1 + T
t1" (a+n, X+r) -  q lX+ nAt

ruo-re Af.td = A/rr

ftv ant4 t€X, (g*i,ed, x= ?x = @","./n. E,nt 49a u locatlg ,rgecl' 'a 6 (gx)r'J l.e c,laim ,lhat (X' (04*l)
;;;r it;; 4,s ui*,ot', i ,+u r*e tdo) = ( l,E" ) t44 thq" (!t4)n,! t Oi, to oo"* .x+d,wn. bgy by thow t,nE^thaf

|o ,  on | ' , , ry  A '  (sp<a1n4= spec(A*a) .Th ts  r * lua l . |p ,  A= o ' t  roao!um,  A+o ha ' l  o i l ta ,c | t ta l  ne  A anc |o |qhne

f: (sVecIl (91 --------> ( sp4.(A*a). O,,aJ g = (gseeca)r.d

/(A = f +n 0/€d = OtPot(A4a)

Ilu nap { r wrll'abhwd a1,4 bilethn tre 1t r tntlqnccl h1 eveu.l Pne deal 1eu.ovzu | 't clea'ly a I'ameomo'yhun tl
'piat i"'d"tru a mofihum A*un<n ltu thurtno rheaIE *e we an $\m6vph$n ol tntt n?: (rth)r--: h/ne,

A ->A?
t iAh., '41il1,
J , /

(tLn\r' n,

Lel P fu.|fu fottowrry p\.c.4h.a{ o^ spetft, P(0-Os\"ftlt)ln = (o,p",t (u)),pd lnew I $llu eqhlrralrln ol P
Therc is an (omotprtm Uo,ngnu lo<tfhal lo@lttl+'on Ptvenu mcllalt)

P, >= (gsy",a,71^1 = (ft),.td ' A'rlnA'r =' Oln)F

(rJ; rs i? t )  (u) r )+T.  dp\+ 'n |y  t< i ' (  5( ts \  +111\ l \

Denofe lhrt ronoryhun bg 7V'lV ---> [Pla)y. L& le sYaftVoyn 6nd s o ---) UptvPv .an elevw'ul "f o(u)'
yet  f ,g \eO- i fD v"- { "h. i fv l  +  Ur , .u  Gl ' )p ,  f "g)k+.n\ -  l r ls (z .J \  L^ jznz.4}o,hor , { }hqf  /u{ r )  u
ccqu\qr :1{  FEU { i rpre r t  F6Ve U qnA +t .ne p(v)  ( -  t r ts(Alvr l r t )  :  t  vq6y s(1\ -  3Qrm1( + ) ' t1- , , )  sva
+e 0tp" ,A(v)  +hew (  at i€A.rnd f€W9 \ /  s t .  441 11ev\J , .vrd +h)- - ' ' t l le  /1q V1e[^J ln€KJuvqrr

L1'ne +(w) wa hare
i , t ' l t1 *n) : ' ln (s ( t \ \

: 1 r ( 3 e r n 1 U t n ) \
- K1-'( t(xl t nAt \
-  K { ' ( q l +  r  n A r )  - -  L q r l ' L + ' n )

5, $uU) ts l:.gular'( r '" ' c v &ndlv)J

6a,tuelg lel fb) E sp,c(A* be op+n and s' llot --a Urrv (frln)v tSula' D"hv- Yt{sl ' tl "= UF'u FF b!

Ylt(?) : 'ti'Is(?+'n))
'ro Ra ahql ^l'(s) belongt 1" 010), tel yet) ar,d Snr) TeVsl) tl fuu'eare,a+n'{t:tl l: ', ' l f{,1^V7tV.and '' l '
Vqttl <(qtln\=(itn, f +z).'\hm (at'n)fa'h) e (nlr\.p rnrreaPand'tlo a19 + n\n( (47)*y' + (0+z'n,'p)'a tlcntt
+hLI',, ";'";"";"t;ubornooa i 4 7 in sp'ct oa+e P,iuafu) t + cfl+r1AF tjrr<4.Pand' k (ut'+\+71 G"+?r.)=olp)
i l ; ;Y" ; ; i i ; ; t ' ;e  wsV l l *  u lew' ' l 'G)( r )= 1; ' (s(1+r) \  -  Y i ' { (q in ' l r " ) )  = (hr ' r . r?)  = lcvmt(} t ru)
l-r4v1 tt5)6O{U) <taaly /,ttY" dtc tnveoe/ ro fnalty wt rorclude lhal (9puA),;d7 Spe<(Aaa\ M 'n^3al sya



Re+wktnq +a lhe qener,( twe, r.heN lx,t9t) t ct rcheme und ( X'(ox\'pJ) a [occll! vnged 'Pa(4 v'a 'an now show
111^t  (Kl (o^\ , . ; \  n  . \  Khen". Ie lZcex b2l tvEn ana f ru, !  xeVe Y'  s- l  (u 'o" l "J= STecA tof f ine Then ' l
\t eatitq cheched.lhrtl (01@r)*al")= ({., (O^lv)..dJ ond 1y,1trxl,)."a)s a!?ec€}ved > SperAfti.tlerw
(ar),ril, s afft"e, ̂ *1wnd. tieclenok (x,(oxl"d) fy Xrel.

thwersamorphrmoJ rchenu f ,X".a---X wh,"h v kn,"le4hh on )'!u under\r n! rpaM and $. uex

t'u ' ox[v) ------> ( t9x),4{u)

9"G\ . t) ,-) u."u?*
/"(s)(-) -- (O' t + 'rc)

1uu v rcadil5 rcen.+u bea qwphrtn olygy6lpOr-. fu >ce-X Jltr ud..rcrcl ,hovlhttn d1J+e'lht b

l. '  gr'- ----> (Ax)-a'n 7 r* = ex',*/7L
(v,') -----, (o,4"6) - '1(ot s+t1) --) (\J)t)+'tL

wh,ch maha p.learf r q morlohum .f rhenu- 9S6al2qv *hal X..,l rrt rcduad schcne (nu@)a,*= @rr'/n)

&) rhe rcdutpd schenet lulyn 4 JulJ sabtaleryo,rj 4llu,"legor4 "( qll fthtna, cqtl t RedScL. Ne 4aim l'h-al'
X '-) XEr dzhnzt a fi!!fu - , sA ---. B"as,r. . iei (P,d), (x,ox) a 'Fllb, o nlryhrn o[
tchev\d. we tp\th^cf at porphvm (1, {') . U, ( g/),ed) -+Ur to.iftd) untf nakmj

(x, ttP,.\"a) G'b') > U, @tt*a)

\ 1t lT i
(x,ox) '  ,  , t , t t ,

e,9)

@anul2 clcatlg llu mapoltpary uadetlyng t^a --:Y^d nwf b.l fa' +n t dejno, h numlk fzt:c.e xthe
Io.al ,notphtsm /. , Etta ---) (9x,' r,4uu,

'|hn 7x ra local moqhrm ol l1al nngt. Fov u9Y wc arc rcqunnq rfu /ollaunn dngmw Jz nmnu|.

( f -u) ,  Pu (o. i*a(v)
'( t+ U"tt{ul+l+ h)

(ot)e'' 0) €|-- ovtuJ _
. .  t l lI r o L r ) ) < - . . .

{ s ungw r ,li"nt. wc de,hne fi',' . (o"),"a!) --+ (Od*"{A -'u)

l'"@t,l: 7-('(t("))\

0",rc's ln
ll2

Pv, +(")

9x'"/tt

It
"L-

(o)

Pv{ v) = 9vU) l'tt
Px (o) = 0yU)/4

T,Nt++.tL\  = (r . 'V 6"t . i l f t )

(()

(0x ) './

I
Wh,ch nqV./, rF tkqv liqf



tt B eurttt checdd thof d', @")^l ->h[O4*"1 's unorphunof rugad qqut rtu anotryhtsn o{ Iocolly
,'nqed ryiaa nna lhz l.t;lloplpg clLogoam wanukn

(oY),"4,*r4 -! - ---> @r),ta,,
It lt1

pt,t1\ ___ ___ ) px,t

the moyphtJm 0,$ tnqn-- (o) Lommuk, o'.huh ott hux,T tlu funchr r'5;a -> RedJch ort movphtnr ('v u
at lundor urnS lfu untfqnut pnpe,lg "l g!'). t1orcove, lo. e.ve! tcllr.me \ the,e tt a vna.Phtrtk
7*, y,na -13 4 *nih Xrv.e't a ndutal havh$n?q+.on l, ir --'---> I (d' R?dJ'h '-- sch benS |l't ncltnton).

'r" acltlall| onsunv 4t1exQvtse., tu'plaJe Xe P.e49L dn4 lel (Ntd) 'x-----)f beanorfrUn4 nherneJ ' Th< fiot(hvth
'( (f )'f) ' N,ted ---)'lred u unqw nahnt fha dagr+n

'(c'4)
X'vl --- ----) )re<l,l L

J
X -------+ Y

Gt9l
tanmnh. Aenu GtC) 4i-h$ wtqwlg lhnutlh '/rd -----s Y, s'narlX 6 ft4ual, X,d-aX ran trorwhum 'trtote
pnv4pt6lont shaw fual i ------l -r, so+Itncfwton "f ved uqd tthanu ha,t a ltghl d4jotnl

Le lAbeavrq  and le l  t x , }y \  b "a  yhene.  A&^en a  mo/FhtJm {  X- - - - ;SpuA,  f * ' t *p ,n  " - ->  A  Bx  rhe ,es
an vduq<l ,inq nDrphrn A ----- g,(fi.

4 . l-lorn;r1 (Xr specA) ----> HongLt(At OrU))

ute clctim thal "< s bijeclwe and nalunl. hnl we,thow 'h0[ d rs bij€c+m by dehntry f,Hony, (Art!x(x')) --->
I-l,:w r,^ (t<t Spe<fr) Noklhat,l (x't9^) " lfu zeuo sch<w. 6 rt) * A=o d r:tuutolly btie&R .tnwe w\^1
c.alaile (x,ox)*(6/o) 4hd,++o.tuoklhalstnra 0t$qr.beme a,'dy-4$ 't{, r' i ' JhqJ Ax(x)*o

r-0, be g xlx\ lel D(b) : f *X.l (x'b),r ^uhrl ,n Ax,'tJ 6t,.4ain lhal D(b)'X uoryn. 5,t1.tp:re 0&) + o
o'ncl xeD(b). ru /h(E u an 6D?n oeqhbo"hoad \/ "1 z and s|Q7(v) ,.' lh (x, U)( tf, s) = l '" O x,x Th"l 's,
+h"n,s xe t j=  X r l  b l , rs lu  :  l ' ' .  @xl1) .5"  b le r5 6vn, ;  nO'10\ ,  anr l  u ,nre(yan+ly v  tga,5 \ t5eU H<no
U 9 D{b) ar?cl rl l-llous lha} D(b') tr open.

Lel 6 nas4oh m olrmqs O A----> AxU)fu cltucn. ,6r an deal 1afflal fu't'el,oh +hr rcleol n 1p/r) gen2sakcl
bI  E(h) . fu leX le i " f , . '@x(x)- - ->0t , t  b2 (aoonrcal  anclTt lz ' -  A^ l  &t  maximal  dql  .Ne. lehnL^mqP

l 'x- - - - -sPecfr  b !  

f ( t ) -  (y-d ' '  fu , )

To tzz tlvl lhts t wvknwrta,lel V( k) be c( olorecl rcl n sperA .l\en

f- 'v(b)- lrex I ng tJ"c)- '( f i ,) ]
= lxe(l b" < Y'-\tn"\
- nbeb. DP)'

a,z wl kplollou fnnfl,q latl lhat k' beOrlr\, ,.e D(b)( <+ to nd aunt ,n $x,x € belitmx' Henq 4 't athnuouo
il".i i i| i i"i i i",pnrsm /'tl,rna ---: r*dx tnt t)!specfrbeopen r-ov a-eI-'t) lhercu amoryhum t:f
vqqs t<x: Afk\ ---+ gx,- ,n"tu,tO bq 0 . A-: dx(x) --+ Ox,r (t,nq-ftt)= O-rty;'fi")). tWelemeoh '+ A ̂ 61
'n.l1x! o'a piittel4 fho'emqryetr+ infu n (9r,.. F-o,669 oni st Ft") un hav.g-

\ | , (q / ' )  :  (x ,  9(" ) ) (X,  e( , ) ) - '  € 0X' , .



'tne map t' a tuqular nnafi' ze/'' U hbn u an oryn uerghb"rhood V *f b\ 'n U
tti\=qlsefu'vyv. rtuno. (xrO('ll eAr- t aunit-sag ,negxfuv) afl,,
Oto j l *ne Ex&) "nd VgeW (we mal  ootunr  Wel ' ' \ t )

+'(ul -- K1( t te{y)) I
-  1L(q/s)  :  (  uV,  0(4 l lw/ ' \ )

5huwrnq* ' Isvequla( .Snu 0s r  a  c lual lq  a theal ,  lhex "  unquj -  d ,0)e Ox(r ' ' 'U)  wi l '  ( r40,  / , (1) ) -  + ' (^) ' "
@t,x vle0 n,bdehned il r hagd {o, uiard '1o ,heclz thol Fl }tp",o ---- [,0* 6 amovphtn ol fuavea4 rvgs.
J /re IG rr lwvalll a local rnoflh\n of locql ttngr antl l1u dtegran

ospnA,fr") c" ' ",,"
112 -

^[rt\ '/ K'

,otnnulu - xt fullovns'lhqt (1, C) , (x,ltr) ----> IJ te,4t0., tz,,+) " a mbryhtrm "{ s"hena mc clehw llu nap p

Nex| uvr checb ynql d, 0 qrc Mvetle k eath olhen Luf (1,!) X '4sP4A bz glen aud leL 0 ' fr--' 9^6) be
9b)'=yx(d,\.'fnrs.mo,phtn Q 'nduu't t<, ' A 16-1 ---+ O xa va A --'t COr(rl -:Ox,'c VxeX K' $ utlt4Ltt
ahthg +fu vV\ev +dQ to nukv?

8,6){}tfE x \ ) f f 0 5 p * a
Y /  ^ ! .  /
/ ,2-/ 

''"'\\ 
/

o^"' {=- ospu'"+a)

Q,nen t e 0 sp<a (0, s' b ' l.) -----> U nv hp *e def'ne tl1f 'tU---)U,,t''uOr,x b!

J'C)-- K.(t(Pc)))
ancl a1J€A wih q4, V1e\/ orlfi
(X, 90o)(WtnI = | u 0 t, r. then

(sp"a)

rt-{otlows }hal tfz:ft*a+ Aqt4.,rH \ a,,,'. Lat (r.iL). x ---1Spe<& be f(O)= fq(l,V) Then ftr xe\

ft(,<) - ff 'g-'(m*)
a p) (!,-,:mr't

=  {ae A |  }^(4)€ y" - '?n, }
= lae A I Y,, ("i*("\\ e fi"]
= 1"e fr  I  l " (  (sp4At a\ \  et \ ,7
= lae l+l (sptc|li) e m] 'rn e (9 rpe.A'+a\ tns * I*ol
. \ a e f t l  e / t e f 6 l  _  1 1 * 1

So ! =!,.'t'thowlhal $ =f 1al l= SpaA fu open, an|lef l€Oqzot(l Il sorf+atk show Vxe l"l)tu|
k4u , ^1 " ( i l \ -U - tu , , ! " f t ) ) , , g7 ,yRu t (+ - t i , / . t i l ) - t 'G )=L t , ( t (+@) ) - " f " (u /+ ) - ( f ' ' 0 r yH l ' : , a ,
E4wreA. Beq& pd. --1.

Tf O. A ---) dx(K) a"d (r,$= f(e) lhen a(Pto\J' fr"-0,(x) ,s f tp",A ' 1957e'* (JpetA)-"= 192(*\,
6, l f i raeA1 (x, , l ,p, t ta\ \ -1 ' f  i | - -  1<.1& t+h()t)  = K,.  (qh) ' -  Ut e@)) '^  $\ f l  Vaex -Hew
"(t((gll(.1)-- (j} Lq]| , so qF = I abo.l4cvtu c1 rs .. byeclin n. /* olly ventans l" check' lhal * s nqh"ml n X
qnd A.

t{ GtY),y\---)Y r any movphun ol t\emu,la blluwrng drqg'arn annrqvle'c '



1 H ow 5r1 ( x, s 1t et h) -----------4 Plffi us( A, 0 lx))

1I
I

Horlra (Yr Sp9 1\ -------; 11o* *

11
(  A 1 O . r

Thrs q6v6fu,  lor  anq nq A,  to  o l  s  nafu in l  12 t .5 imi lar ly  J l . ' . f i - -+$sarorphumd 'nct rs  ancl
s?e<n . s?ec7 --) tpdA '\fr arop"ndng MolPhEw ( sthettet tlv 'lollowtng dwlm\ bnmuJu

i Ho m r.,. { x, ! pec A) _=--' l-lon sa, ( 4, 0r (r))

1I
l

e"" [4 o ̂  [x)\,@E;a
nnu (spcc"L)qun (;\: 1(aJ . Aene- d' tt nr l^ml 'n A. knsd* ltulup hvananl lunat06"

T. sctt -----> ry"e
sp". . V,{--------> sot'

The abore dIt(MrDn shaar llql 17ete r ar nc,rluml btidnn Hons4( X., 5pec(ft,\\.= Hon aat+ (,r{ ,n1 h'!'! "y-!
and nheme X. r-leyrre-l- u tefi adiornl lr Spec. -l l"llwtt llnf ltu antravauanr futnclof have rw fulltt^tn\ ?o?etn"J

Tn parhcul3r { R1S ayewngs 'fhut a1pnclucl n R$s .R-----+ R 62 S +- 5, so n l4 Jlw l"lloy1ng &agnm
tt at Pnducl :

SpecR^ Specs

\  rp*1xoor1/

ln (acilhqV T wayr eyi lo ponos qeans lhal 'f ! ' X u Y p a, elrno,phtm .d rchenu, yne -v(r) --+-T (xi t vlechw.
fut uni "l llys adjinc\on s 7, t --_) Speca g,un gr a nhevw \ L1

7" ,  ^- ,  specr(X)

:tnts tt p(lrrdri,, s"'?,<= (trf) -here !(r): Y"^trt, (9'r Gx(x)---,@x,' -(at ontccll\ qn.d & tlr 'T(K\ sp1'-s 6 '<,2 -
s  del . r rvd bq '^ , lqh\ :  (x ,oxxrr l l '  t tvn - { . "  ue specT(x)  aM Ie 05pa,161(o\  ht  e lewenl  fuG)e0x( f - '0)
rs lht-uniw *chnn w)h (+-'u, d,t+)) - K,(t(+@\\) Vre!'tA.

i f ------+r"r^..---.-t----f
I o'--+ (t+*t)g),*t@l

17 -----r oxc, I ')
lqe t"( f 'p*t(a))  |-.---z(------------

;

@
(vl)

o a Q s v u s l l i " )

I
l

Howld ( \ lp<B)

speL. fuj ----a s.\

T : 5c\ -_*-->

T ----4 SPez.

flaps whm$ n B!! to hnfu n sA
rrop, ugi notp\tsils ol Brri k monono'phuws ol 4

I-laps almth n 5l) k ltmlr tn $ry
na4,, npi-oqrt ,'^ rn k\ 1o wronomorph't ms tn $ai



syecT --'t )

I{ vte exhnd Mftih k mzon oll affircuhemu 6" W v ntlat replek), thetu 5lc'-11 $ thll Je# 4cljdf'+ 10
ltu n|^dwron. 5o AftSch u a relletlwe ubtatg"g "t &b.

@71 fv," y"tw, "( V- arc th' prncrpal rdea\r Ly), p ptme (2o).. J" g1er-v-.- 11'',,13), ts), ( '. ',i tne dwed,re\-  are'  \ / ( (q)) : {  Q\ l . l - j=k) ' \ - {  (p) I  p io} ; ,nc v({ ' } )  - -v(-"} ,  t l 'uc\oted t*  " :y: :  b9"c+ni3 tH^
spe.Z, 4'kqelti _rk h" ;"i 4 i,shn"f' Trrii drvtrto o( a> | ,n z. (o" et-awtplu v(e)l = { 6.r, t:r}.
a\ Q?.:4 "i haw 6t arrJ rc[rqme X

Horrr,r5 [{, specv,\ = Hornr:lg( V,r(x)\ : l*\

5mcV B/t@tnialwnS. l-lena JyecZ s aina[ ofub"] 'n S'L

lW fhn e wm o( ttuzzo t'ry , bo), whr h s dzat[,1 on 'niul obiecl n 5e[

l':rn Lat x. be o scheme hr ze\, tel m^ be ltu mqyimal |tledl uF Ox,z. Lel kk) b< ffu ,srdue iel| {9x'"/+n. 
.: 

in aa;n fha\ i, .ni gelc) K, naphtsnr SpecK ---) X ae "hatacienred bi iMng ,. e X ancl aad a tn, ,ttorpthtta
hfx) --) K(rtT JrLh norphtto It tlJcLfive )

Iej g spect(---+Y bea mogzhun. Sntt JpecK=I@Jl1ainagz"lS '5-a gor.rl:ce-X The tnoYPlltst^
3,.9n,. --+ P'pe.t.,(6\ : i u locul, ro K?vL - y,:!(D) -'n4-." itn'z }. '  ht'c)= 9r' ' l111\*--'- K 15
,tXechw.

(,o t,r evely, tel xEK and njechate moryhtsm f , LA1------> < be3trcn. Lot (f,Y)'sp-lr->X b" C'elrruA b!

J' s7e.t< -----a x rtucr\ mnlnwo19.

Sup-f --a sV&, f S $ ̂  .ytAg And X ---) S7.LS a.nlotphtn ol xherttez't lhete v q, uvtqw aoryh'm o{,rngt
s -5 r(x) nahnl tlu l"llowng cltogram t'ommate

X -------) SPecf (()

\,, ,/*'* Spec5

g{ wuoe Y r jr,vr+ 5z (9necs(srccs) ---)x.utwqfwT Q.i and denohng b! Mtch. thl uleqory ol offi* 5"firaso
6 4 ll subtaliqor't .l L\ 

'ant 
rinq 

-"1 
lrc 5 V /c ?tS - r.u. ttu acfual rVccfww, nof etrl .kl icheflr trD' 1D 4 rpe'tul")

,l ti "lro,lhaf"S pe.T : lch --+'Hl[lL s 111 aijont ]v tht tn'lw,n Afrt'] - t:!

E , -  t )=  X  op . t "n  *hem arc  I 'u ,p  cao<t ,  .  x@U, ,nwhtch ta . f - ' v=$any ' ,Tu ' t9x l \ - " :  g 's .41z1wmaP'
i^^riv, ,^'^h,"u *n h t 'fne'*mpotl, Ox lo) ---s 6t'a,. ----a kk) !-) R = o'p**(l ' ' .0) J{uecvlly
checked ll lql l+t' '  l t&na a nw,ph.tm ol schenu - h' xe'/-"1- t Bx'a --) E(.)--ar< wht".h nc' ' R'Ynet 7r1*
t,ir.-6 ,"iSrr\r*. norcovei, lfu a6ovu aa.'oPonden@A qte rnvew, amplehng{h" ywo{'



6ff131 Laf /', bea scheme- lor ang po,nl xe X, wedehne )h" 2antl; la'ng'n\ sP@ -l; ! ''. ql x k bejhe* 
;;l;i i" h@)-wcbr tpicz'.ta,lm^'.'Not^t o/ttume 4tql v' i q.s,'itne orcr ea -4eld E, anct lel hf91l2'be
;;;g_l4g-rU", ovel k. Ne ctairn *hal h 31* a.h-mo,yhnn o( speckL'Jf 2r ,1. { rr eqr.^va)errl}o

S-MC;i:li ,"x, -+^rybYlL (t "'!lch thal t'(t') = F ) avrd an e lemen| of T*'

NbTE 4 x B q tcheflp,ovd Fvw a'\--->speb ond,f d' k-+ O'(x) r ZspecE t tll laevery bcal awg
0.,y be camet q k- alryb,a.rrc k (u,:) '- (v'rok)Jlql = (q0@)lv s) ru ur la(*) r ak-a\Tebm
^"d 1-a.:afuml ,gE € Eh) 't e4'tol h * nbf eD a '

LN+ (, P), Spzck[sJ f,. -----+ X. be avnoyphun ol rrbemu over h |-hn'e rz[z]f"z v q h a!1s$a @lon"alli)
Su1 , =. f( (i\, on,jl,1ole lhal f ^ . O *,u ---) '^ttJf tz .6.alfiorphvm o( h- alqablit 'n@ 4; 'O \()<).--) RFy," 6

6q atum1lun.-the 1a6'rnal fit'i1;'\\ ' -^* ,"!'ry'fi-! freue rt an tlilechx\ inorphun "1h- olgehru

i?ii\''1if i,'"\ / al :'i ir n\tow thqt kh)= h and * u 'alional

5tv Q(x):A, m"lm; r,alttal\t b"um- a h-vclo' srye a,'d h nduw a b-hn@Y maf,
m^lm) ----> (2)lG"\-k. w"c6 91'rsa q k/,t)' l,near nap mzfuz -----: tsl') - LeJ orelenent b' 1i

1o qo1 @edudble .1o1a4 Nbtel ,1 lpec B t wh*h hot q ut4tlttj- gen aoc ?ol ha ""i1.9ar.p.nl !). Thz closure.
,+ i";"- 1';d b';'i-tiit"a trt 

'e 
tgtry v"\*^- \t; nL;il 7 $ul a1, o, nonevnlq "pen 'rbel "l 2, x! ; oz ts

dense, so f . " ynrl., ̂mII :!,i,*,.,^r.1,

If Xta.foplolrol4ag,*4,?.:,'4:,yh*dli(lti.H#,*,*:"?r:":l"li:.2":l"y:,kt;it\
L;;;n']:;;,E;l; a"i*^i":i't-6i"*,rtJ\'*9u1,--au tl*frulIelhy'.!'u?'c,yf",!:/:'\,!l:?\2
ffi "";^;';i'";:i;:;;:ii ;;;#';" ;;;; inii+ i. s"e v; 0Z + p avten .'+.v i--- SpecB, ''!; A.z ataY'le
iZi"*iitat" .th,@d'tub;ef ,"1 ipecB,'iuuu hat c^ uv.t\;t qenaoc por'rl7 ( v(t) hao u"i1' gat patl !) Thz clost

""')'t"- t- u 
.r, irolXer gbren ?or,^F.fz

Surrtor <t e Z \Y i ind let O i b. orc 4 +tk oPo
v; ht:; iz tnurt be nonem'plS Bvt +hon \)i'
iurl'tut <aez\yi d^iJr*'0,"b. o,-7#ff!ffffl,tirlf"fi?li1"y;:{ffi,,';tri^io}.ffi::+x:k;
!';i:l:7n:*5,i"Sf W*Z":,klojurr47-aaanrradrc*ronr""*';eillilt{n:,'',";;.i;"'pa clorf,cl s4el slncl\ coni'"ii!,i,lo,:ti#"5il"5?E!*,1-;w*',t|";,it i:^"-;4-;,*;;. tk;:.iz i1-eq?r.!ft;e.:tJ!1P'*
.#,i,"""iii"S Jr y "la y "a b"th fnenc Ponh 'fn, linZ Aen'z 1a -- 5 ancl lfit linen< portA 'tt 2 $ untlu&



{vuq Lenma Le+ { Ki } b, a no nemp\ io y.o{ s1l1e,n,u, Qwlhl tn$nle) .suppwe loc ea.h
;-, ,i ^* 1r*" a, opt n iuhrl 0;1 e X,' tpoo'/ty "nply) anA lel t have lhe tndual rcheni :ht'htrc' sunlate
# .;-^;; 4,;;; "{,\ :;i ^; J";,;i;;":i Xr',hii t1 ' uvi --- + \' ta<h that

( t \  6 ( a & \ ; + j r  Y 3  -  j ; - '
(z) For each tj i k yy (ui O uir\ : t)JE O Ujt Ana

Y,,^ - Y:a. Yrt ", uj ft\)ia.

l^loAehw a,chene * *5,r1n {t qluu" ifu Xi olonq 'rtv l)ti finIId \' = l1i Xi - f1i,4 lxe/"'J bc /hz.
d t r lo rn l r . rn ron{opo loqrsedtn l fu "normqluraq , { f i "a1  t t ,Y f  Y ' : ' ( ;  - - - -+X '  \e  u  ' - - r  ( i , ' )  +her '  \ ' l=  X  rs .Per , .
(t lV,' ' '1vl ,s "pnn f; 5" 't l .V " th",r. io'. on", rof ar spar rel t eac| x;.-the # l lowv3 deirrtt an-
agr.{rvalen@ vela+arn o^ X'

( i1z )  -  (  i l z )  V ie f ,  ze  X;

(;,r1 - 11 ,9- 6'1) Y;+J and ze Uy

lThere Ba;,.rp|pl oro on "qqtu.Eh(wn no ntzd +' q"nerql"\. L<l X - X'/- w,th 9' 4'---- \,.avanrcal (ovd

,)nhri* ta,azf " d/rfr< lahatl hy qi ',. 'x 5o 
-Wg.X u "7cn fl e-.tW lJ hPe^ ahtch. r: 6{'"*"ii:i*'tl, 

*"n Ur. s kllnnq |, ,-'x, |-\ y-v. 'tftc Lon+nr,r,!'h na? (9\', a ,ub.rel 6ls X 6 olevr r'ff

J"-: 
"W';r- 

T.^ Viea. r-o' W-' X "1. n we delrrz ̂ v'ng Qrtw) "o {otlot,.ts

O " [ w ) -  | G ' ) t T T , - " c l x ; { J r - ' w )  \  v ; + 1  r l t  r ' I' J ' v ; 'wnu j ,  \  : ,  rY j 'wn { ) j i  )

No l "  lhq l  Y ; i - ' (  1 ,4 - ' , /0  u ; i \ :  ( * ;Y , ; ) - 'W l lu ; i  -  Y : 'h ! r |v ; ' t  r r r l t . ! ^  u , i  ' t  t tea t  t t l  <hechzd |ha ! .  YJ f i :Y '
So rcthntt< 

"o( 
O, .n W'"* ,ecl^n,inl. *,.- t 1i1 *h,&, "r" u il,racbl"t' hgilher' ll tt ivvnedoJ< rhql -

Bg:'iii':*;ru;t*,';'gt"Jiy&-,2ffi:k,;,;,:i; ;:;;:x:::ti'',i)ffi ^u
fual lhr gx, 61p nll shutet> * ta lhoj Ox l* r a sheal,

- -  t , l t t 'w  no tJ



W clomlhal Viea-lhu map 1l; s a llovveomotphrrn onlo,h imoin. # V'-T; s"7e.a Nltsn Y,(v) u opn"
, [  u i+,  "r- ' ( t ,1v11 u"pin,n \ ,  Bal  Y^i ,UD: ] .enl"Q,4e"r;w)) -  ' !J: 'Y,whtchtropen,aa
oluired :Xpo,h,,lar J''(+,(v)i = U1; "

Lel W9Y(X;)beopeti, oy W -Tr(v). fuen lhorc r o^nont cal mo"phtm ol "'n?t

9x(w) ---'-----'> Br.ilv) /z\
(sj)j-r t------i si

whrctrr rlea y aalr.tnl *,th apeclh opt nclwtoa' w'e ws Y;(X;).'lhpte mays ate ujeclarc tnu ( bi),(+r) e9x(w)
and s; -l; "men {- j*; i.}.i e 9'y("g:'w| - O5ft1-'t V) - ali(ii,-'v)'o* by de}N "f 0r(W)

sj - sjlriw ovjt
= Y;;" I y'*6x, 1 r;lt:'w ovi)

'  \1,o I  r ;*nr, i (+r lq; 'wno5 )  -  f

thevnal.t n (z) x aln-tuyedwtr tnrz !_,t ._t ":!)r!(f I - I,ll,nug(s )unvi)
i \e r . fo r  8 ,kez  e lFa  ad  <+t  R+t  n ' /e  n^ve  the  to l lo -wtn  '? l4 f  '

No!" !hal  Yq;- ' (vf iv;e\  -  " / . - 'Wot)<; qnd fo,^ (vov;L\- ! i ' | | f iUr"; .  to y<;- ' (v0v i . l ; '14- 'w
an4 Jr.i -'( vO u;r.-) - Y';'N Wewanl lrre.rhowlhsl

fr.oly;'r n 9.n( s"l u'wa,t,o) - skltiw A,ye

Bul 'l<''W nueb: f"i'v OOe i\uelL = 9<:t(vn ui. o|tE) i,nd b! a'rumPhbn (4

Yr.e* f y., [vnu,"nu MyIe;*[e;y;"lu;p(i ] vnvlenu;r-)
'  Y; l* lvnu,.nu,6 f5Jvnuienurr-)  = sal ! r^wn r)" .

a'.Gqund br l/ru c*te whevp €--i otE=i w- a.oe lhe lacllhal Y;" *f. i- l cleq'U (sj) s maypdlo! va (2\ rw\rch,
$ nun ah no(norPfu ttu ol t'ttyQd JPa@a.

s n u \ t " o w e r e d b g E z o s e k , Y ( n ) * k r c h o e s c h e n a , . / ^ , 6 $ q , ( a t t h e w r q n d t f u t i ' \ t - - - - > X^;;;;'';;:i;.n*',\ii $,+ nq:::i:;:;i;iy::;t ''i,,:';"i"h,;4;;; nl -i,ir,ti=r1x;n 
! (ri)arc worPhtsms of tchkns) t ' ' l

antd.thal l,=at,1 "!, on 01. hn rnl omtn5 t?a(,tql Lare r wb.^ lVvlafln\X; s out>r+;ry bul thx \Jr.  ̂ *. l l

Vier, i 1 ;. P'al s;= t.

.nvrpb.



Tnlhs cae X:11 X;  andf i ,  We Xopen 91111, ,1-  J Ie,c)^ , (y , . ' r , , r i )  , rha, .  e ;  'X; - - ;  Xrs
.qno (41. 'fhen /ht rcheme N 6 aalletl lhe dulonl uttton .l kz 'L,



@ A+golStccl syae. s yual;=cornryl / cveg opu t ov"r la't o hnlp tubnver-

1a) A:yaa X. s noe'lhcnan tf. ryoh.l r9n Iubte] r fuati-.onpacJ. m< tmyhalnn 1 shvwlsnabg
Ext-7L),+ch 1 I X )s nodhZna, ,lx qnni -i.ompacl I and any rulx"g'a sl X sntdtuwtua, }eurn lunni- o'npecl
ro t  € s t4Ppote  Q{ery  o fn  nhd ,s  luu i i -amTat l  and le l  0 ' -uz . - -  bc"n" -cn&n1 .han6t  iPa)  JubteE

, l  X .  Pr , , i -  V- -U;U; . ' t kL .V  ts  quat '  - -awpac[ ,  V=UN- f r rome N.  Her , ro  0 rs  sUN:u ]sJ , -  -  s6
ith.. ohavt Le,mtnqbl n by Ex cr.t I.?c\ X ,s n*lhenan.

(b )  Lo l  v \=sr r r l<A lp f f inp  4 t  ' ;u , ; lqa t ,s r  lee  DE)=. lqesp: .A . l l4 'F l= .sp(x \ .  L  s ' f  . sp(1) -  $ i . rV ; .
Svewe.anqnk eoch V;c {4ar  unrbno l  D(+9) , ie1 ' ,  i  su lha t  l "  how +haf  ak t  cDwv 4 thu | ' "n
tP(Ia) = UEeK D(p,L) hM 4 4ak rubLDvrr' B,^f

tpec\ - Uat([r)

4l 'daesPaA h' nne {e, V Q f z.
'L (|a.)ue r 6 mProPQr

Bvl{ (?t)r.et< = p, fhereaTe aSnrk n"tnb. '{ t l<{a, '""! 1,,,..,1;*LtlA qif:,+"'+ o.^li^- l- Hena
(t,,...,1r"\=A and f'hu Evea d hqrkt,ab.o'/er. Hena ry$) v quMi-tottlpac+ t I'rl nol m fneal n9ellpulan,

lot el.qmple, hke lhe P6l4hom@l vnq k[<"m,xz, - . ) ,n- a a"un\d"t nhnk tel ol vanablea l+ ts no+ noetnenan
(p. ftAirol-^ ft,Au nit l '1 u^<J (, ',) <(-,,x.J< O.t,xL,xJI. . sd s#'cIly anzndrnq charre{ Pnrttr4 ' ?tutn)
A stxel\l de<teattrng <hatn o'l clasedsuwe\ V(2,) > v(t,nL\ ) Jk.t)'\aa\, - ol SF.tul*"t'",ttt, ).

tu ta3 lhal a rchene X s fZ_:toryf.g! rl s7(x) 's-

k\ Lel ft be a noe*hengn nnq. ue clain l'lral specA y s nplhenan lopolo.lcal spau.
M|une A +O. Lo+ 2t > 212 23 2 - .-be a d?2.et\dmq ohan o{ cl ed tqbtdt.
va fiq artrume u,i $ raatcal.'IhetL V bt t) z V (qL) 2., : mpl I u qt € qz € . - -.
ro t l l t j ;  T  =T/=- . . .  h4n. .  2 j=z j r t - -  .  a t  'e t ) tved-

d)

-r.{ A:O +hu Elnt'tdL ro
5ot1 z; - V(q') ) ̂ heYe
. ste A s noelhenan' k.



6-ir in(q) Lzlskagmbctnry ?ajs=/ 'K.v[es+ p,(+)-f f f .  vte, l ini [p"l inl .
(b) Le!-Y:J-:-tT be ct gvadecl hotto woryhrrm 4 gadd nng: (pr,efrlq dery)"Lel.

U - { v e ? a J r l . O + y g ) }

-'l pe! ond rag f e s+ ".J,l^ YG) +? lhsl- fTlet+ ancl 7.e D+(l({\)=v' hett'z 0 v oyen
Nr*I *. c\$4tni or mov'phrtm o4 t<hcm Lt {. o ------) Pv.oj s. finny derne

tG)--e"?
-ftns s,ell-dehwdnnu( nel *h"'' Y-'ts \'oho oqenan pnnc n"l avlnnml 5+ rf o.e5
6 llrlmogehoo, thzr +tz rcliql ,n T 3cntw[cal hj f b) '" hbvttd1enqn 4nd J-'\/fa) = \/( (J(q)l \/) U
to ! r ,inhnunr,u

N" xl,"w d"hne q monht m o { t h"ana.{ nng: 9egs ------t I* U9p"r' 1 "1

ror ?e l) then ts .a moayhrm 4 -E fr ' 5 e-y\ + Tr.py dehwd b1 f, 1,1,1: rr"t6ot
th\ r,noyphun r loal narl tpfl"J?tn p lhow€F 5o 4et-IF.P.hne

!f;, 9oy(u) > 07-i7g-'v)
f  ib@: rp( '& ' 'P)

l"*tr::i 
,:ffifhitmala (kl*) ,a---+?'lJs oh a morphrtrn o7 nt'reuui melvr lacal; aad lhz

(!o,'p 4 @t4r17

t,
T,rl

0Pds/9''?

I

? (")Juwan fhal  fa ,9-- - ->-ra t ran uo ophudkr  ldzzdo.Then t )= PrDiT snuI  VePtPiTa"d.vz'r6,) thew k, sufftuenttrrt;#i,,H:9t;r{;1#,X(,!!;tJ:;:l:lr!:,/;1{#?;, *
t:fr""*.* f e p - Hena F 2 r+ r,
LEnv' ALetps:easacii;:u,y&'::li;,i1rt!fi f ,,it;"#'-:,lt;y!-;;,,**t"
?rcCF 8a nduthon on dolot ft.u'ton,rroft pvecrnlg). tf d" -O !t! a13 doru tta lo' qn-qhomoqenDw- 

tdol c, q -@dlo qd (c{ = unia)- For lhz rcc66tre t. lel we afiume do> o-and Vdztdt

!{ii+::i::";ni:t:;',:::,:t;:o{:;:,';tr^':f ,i:1^tr;:;;*t+1



Ne now lwvrc +haf f .l-1f-r?,,jS t' an lton4orPhum, ndet 4he hl)oung aosunphnns

J, s ------s'f Xaded
. 1 d " > z o  s ) .  V d ' . d . Sa- -'-- Ta tt tto.

o lo rs rn).q,al over Yp").

-v z, p4,*,ula, ,[ f" ,s tu,4'nchne. w< cnukt prcbabLl ,emon 'lfu rebnd \polhuv b1 "honognvwtnj" fu cunj ve
tnircn. finl *< Lhorl' Yhal' I r a homeomov/htn

qA-d 5uppre y,7e Pair ard J''F-!-'L 'ThenVdvdo L,'e haue tsd. =a4 6nql heft y=7,
6G;ha |qI pe PoiS beguen. 1q7C he fui yleqalclorure ol !(s),n -11 Then C-T lthe c,'nle'nt' 

T' ina Ti.1 '1. e ( bq asmvlut and ,l /e7+ " homogaho4, jh.a f"e-la'$r stYw dzd. pt
e{'a$!lq larqe-n, ro 

t+^ -it ' \ 10, 'e s, or4 t"re7 u l le7ml over f1s) 56'7 tnlega)
^i, 961 ay'i lv'qi '"{ "p ntion* 

-+her 
e"'"+t Apnme deal 7./1 1u'nh ! ' '1= f 'yvo"ieha

-r4 o. 8"+ nr T= 6 thin' tJ -- o V)zr.d, an"l rl l . lhwt'rhy .P,y 5 7 
'p ( 'r rcne2o Fn 'o torl\z ^\ '

S i1',, tartll o hrwal n lfur cane, and ute @n ary.lt Q T+ 6,



whe'. Y; ofLu" vavtehu wLh Y i + 0 ; Tt\w c,a teduola lhe tn". whet< y 6 e,y1q|fine va'1e14. OvtQ chr.ht +hqlt
( , t lU ; )  ,  a t -  19u, \>  Specf i11 ; )  \n ' luq4  an  towovyh . l  lo rq l /nqr  ruh tch  6  o tn  ' somovphrs i  o l  I z -a . lgebvaa.
:^noott u^z t"tult l pwvr tlte na utl ftr athne \ anehdt aod l.f P e t(v) LI P6 clwed.,l wtl lba closed nir afftne
i-rriUr,t ""j oia' neytq +ttc t<4due ftet,l al P '.tl bz h . sulpon W rc'tvJue frzd ̂ l F ( equat 4i h '7hen P w 'l\
;"1;;;;;; i '  ; r i"t;, i  porrrl 'r 'b alhn netghbatho{d (+(u ),.{+oo;).H?/e '>,5q c'o.,ed, r ie ct'^Lthle tqbr<l "+ v,^n4
p e ft1i,):, *+ i* U,' e FnU,. +f . v,L th" .ttomotph$m +[u;.) '--e ](0t-) r P uztwp6^da.h ltv '\ntad '
t, *,t,.,,ci bi tubJal PnU, J (/. f lr" hrl !h"l 1$Pbnj 'r clor?d '^ +.tlt) (k a^Lltfaa \ and Qet(x),{1r <lorqrt
"t, ta7 ,n +lx\ ' , ffo), ro I q! u.loied dl. Q,'o'daut n" pnper ' lptedw.lu(ibt" Jub!e$) nednr that then ate rn
"lop,i,,roiu,ibl, t"i i i t * o, f@Pz\ty hnlq'(tel h ?n)i

tal t(l V b? q uaneV ouer 'lhe aloebattall,t .lwecl /,eldk.w"clqtmlhal a po'nfP. 'tckrcd (Pet(tl)) {t
,tN ft jt.\ue $eld o( (r(vl4+gv) X+ p a,^riaco c-th tb "abl.eld k. As rn lht pnol of Pnp z .6 aE Lqn tave r
\/ *,lh apen crfhmt 0r . :" u(vi v a,nnd by open "fftne rclr t(Ui')' L'th'

( r (u; 'J ' ,  (d1 i&y)Jt ( " ,1 . )  = (  rQ;) ,  d  ; * t9ot )
2  5 P e c A ( l ; )

Naw tqpporc Z r a clond, we4r,tcible pwpev tube| ol P Svalfuli aver V, lh<tv I tode Ui n tevzchng Z
tD rn* v;aZ s al clore4 Nedtlcible 'ibtd.l P/lUi.l ' len@ ?)-PO\J;. gu.t P kAt t: a nonernphl opinbtel
olflu wtdutibL tIMa P, heua d.qra, rc z= P, .hr"h r a anlracllc*Dn-fhtt tltowt P lt 4 clond Pohl in t(v\.

llrcnans no* )opnre fhe votuh fvr Spacfr whew A t a !1. V-.do.man A p"'n\y,< cl"red r(.1 s
, r rax imal ,  o t4 t the ' lo ta, \  tn4 Aa l tea ve,d, te  [ 'p ld  h luth=-O(/ / i l .mr{"et lh , i "sqVf ie ld" l  Q(Al f ) . .
6n.llh$;lbfiel(l Lan(da tul* AlAry) 'lt.ei"u.1 ̂t"i .l i *nlont an elentnl "( k "/1,. lluimqgzolQ,a h"L1o
6 ffu u,tprc,k nng,whtah u f!.V 6 yn't4imol pma'kva$. cldt< d) fuu vrwtPl.k, thz Pt "t.

Lb) Lel l,\->f beamowhnn oL rchenuover kt dtnd ruppk PeX hot rettdue /,eld k |n"tu, +hu
wrqp l< ---a Otlx) "---) Ex,e -'-s Ene /+t1o t' rtlg'eclu,e ) tNe hqr,< q oovy'qu+a+\w dogvam

k --------) ox(xl =-) o x'P
I  1r ,'E" [ / )  ,  , " '0 , r ,

B 4 oannphtn fir o-e A l t o) lhen r 4 e l< rl. !, (o) - < t e fi p.Aev@ q - e' t e'm x'.), ancl
oi,9te1- h, olto'

(.) Let V W be any )tw 'tanehut oveu l<1 anrl wnnAe, lh, map

/ ' lD lv lvdr(v /W.)- - - - - - )  Hums-rg1b(Avt , t tw))  l r )

d efomd n yppetlwn 2' 6. trte show tl:rrl ths o a bTeclwn. Reta\l {haf gven | , \1 ---sW lhe ynovphtw
b,,l) , t (v) ---+ t(w) 's dehwd bg

3@ --  t@\ t , - -+ h l

\,r"1., ( f * 0w)( + (u' )') -- O w bl -----+ Bv f f -'u) : (d" 0"J( g-' f (u1' )

rnr xeV, l,t!e'l(v) dnd J(f al) - {fO,)!, ro * robvroan rhaL 14w a.ay n (t) 't r11'ethw vte'r'ow thow
4lal ' l r nietlv"*. Ltl a vneyp11116 ol thonea ov"v k (7V) {(v} ---J +1vt) be 9trn[. |ttnL Gl,lb) w<
tec lhal q'lnwl mop aot.i iL,ii n,n'"a potnE BuI qlv--tNJdn(l B w-4+(w) qi'e dbiie(h'b^

"t v ( rwi.w) "'rth ilu doted'potk 4 r(d'(,r',p.+fu\).rh,"a+r Pe\/ ",?lit-Fft)ew a" fliunqw"eremenl
4 g(teD,'" 3(t?T = [fte]3,v Pev ' -|" t<. |hdt t E onhnu'a64, l.t J€wb. .|o'<l..fhera

f ' '  Y  ' -  l P e v  |  + 0 ) e - t l
= i  nev I l+ci l \ett1)J
= I rev I s6t]terct)\

whtth s clarcd trnu q n nnhnLLux 

" a-'3'tLt)



Lt l V. -L(w' )  b t  oTen anol  kr PelU utntdov lht dtagram

L ---------------- b

It rr eq;lrt clteclud lhal (px0w\1gp1 -- 0w, r0l ttod 6tn,o = 1*,5u\o. Sns (q,91 u a movPh tm of rhemu
i""i t'7"-',' Ji^r-n""ptim'li'n,.i;:;lq;u"", b,i^iZa"J't Jii'iii"ih"'nduud noryh'n ol rhe
a,lrr"'ilfat $ rtu da*l,t'. a.{.ouve lht,*iot'k b" G:'vl ---o',il)r.,ap a voSuhr {"ncl^r' j: 1-'u -: h
1" ,h ui,rp g ft), so rn nimuhh tt't 0l lhz aborc dngnn neaw lhaf kr o ngtlur -fnnchnr' htU --+h ; W

(tlanyxo(al - h(tra)) vqev

5o I:!---->N u q movphlm ol vanehet - rf onl,.t remarnsh 'rhoa lhql 4* qll qei(y,gta)=rtA'61t=N
be c ioted.  Stuol  ts  ovrhnlwu,  5- ' l ( ' t t  = lF l fu iont t loed r l ' -V ' Ihen

re n e 7P! e t(r1) <4 #6j = 3(1P\) e lo e> f@)ef

Her,@ r1-- f ' ' '/ qnd q-'flt):l l I-tY). Now ht O€ l(v) be !ryen onct lel Ys tnt be cloted Then y 2- ftol 4 ,
q's i-iV 'ff . qe +d'"fi'- t-'r('/) fl. g,ol c-+ft) 'l' itel e v 'Hen@ g@) -list ^ r"1u"d, ompkhni
llu nw{.

(u1,



lqt6l tat X b" a tr'hent, f el" (x/ 0x) and cta*ne Xg 1o be)he nl ol panh xeX tuth lhal WhtL J', "{ t- 
,,1 t ,r nol *nktne{ n lLe mqxinal rdeal ft- J Ax,- -

(d)vl" rhe,'!ad Xg uoao oprn nlhepwo{.( F,xz. \aae "lh<r claim rr rn lb).
(b) ftssuw lhal l ' .  's Elaai- amyacl Ld A =T{Xr0x) anclld aeA fuan etemenl whw. rctk"enn k.

\+  ts  O.TJoc ta im ' ' fho*&v somtn>o lLq=o.

hnl we thout |hctl I u=- 5pecB 64nt&nz qpen lt4brrhqrn'l \ aotltf fe8=Tluto>lu) u *:vJncAnn ' l

l k), L'fi xr --Dfil 0il , h",*t fhu eiit'l tl | ,, nilpo)ril thnn teihnlS\r-- f. Lnun"\v , 'l xr = F
t ien te l ' x - - \ ) i \ / ;  bedn a4 tneopen ave.  i l  Y  By  aovmvlwn,  {  V  =  /1 " . ,  "4  hzw Dt t ,  )  .=  f  ^ tah@'i . :" i ' , , lv j^tY^ 

k' , i  n9 a,: 1u, ' ,  speL1i).  s,. !  i+r",  .1" '  :o 4,>, n ot (v;) .  rqr^uatenws, /"1u,:6.' ;" ; ; ' : - ; ;*: , ' . r ; , . t i ,^ -7:^1",='ov,t ani,ontelwint\. f- .=o -.oi( i t .r t" '^ 'h'  f  eT(x'ox),"X, 
=O 'ff i=,i ,; l f"t" 't l tteo? e<a)21ucvi'conrpo'l-n<ar +D:4{ N fi '4't ')

7o ,efuvn k l lu pna{ .t (a\, r{l s nilpkvl aa'19 ">o 'xrsb @'lh N'q = o- 5o r'ue moy onsume { r
, , ln i lpo te#"n i  I ' t  +d  At  bekw le l  X=\ ) ; ' J , -he  ano( 'ne*u" .  w ' th  ( ' t ; ,  & '< lv ; )= -5pecB;  oeno le
bq !; i lu elenenl "[ Ai ir"wy"narnq V flr; and timila '4 q; {-, + fh< 1"rl +ha1 o1*t -- o meanr +hal Yt

f7r" ,1i"""" ,"1 o n, ' , r i t 'a+t | t  a, i ro,r-o "4i ' *  . j ;  ̂ 'aP fe+<B; +" q4t 'QAf lu l  Nl 's,wenns lhal
,f I .ro rherc r t4' l4u,tm q,5=6 i ]" 'n) ' ' , r  fr  44 l luolht deal Anna, 'n B;ako u hrl :anlatned n'( fhtne?Dt

i^i if 'n -^ --V, lhen 4 e / uenu I e Fon q, and anteTlnt! +herc t' n 7" t bllh '/ 'qi -- o h 6i'
r"anstahnq bachto ox ,n ,u*oii it;\ii,i - 6 sehngt N i'.ma*i ni "'o rzn 'hol tna Ox r o rheof

Sn" O : j. n reTwral (ATan uLtrl laui -wnpactuuc 'D 9et 
-N fM'L' ) '

O No* ouu..lhat X. han o 44,!. Lorur bg opzn affinee t)t tuck thqt aclt iqlcv.c,lnr tJ;AlJj. ts^ ycni-anfacl
( n t t s h , l r t o l h u r s t ' p h s h e c l , l o " e x a u p t e , ' l t p l x ) , s a o t h e n a h )  L & h€ g ( X r ) . w e 4 0 , h ! f r a t 1 o ' t a u ' n ' l  ^ > A
i - U , , s n " t w t n c h t : n  4 . u e l e w e t {  " l t ' A .  i + t - = a  ( h e n e , l ' K + - - g )  t h r s  r l a 1 u a L  5 o  a n r u m t  b 4 o  u h d  f
L"tiiio't.ni' i)i i pni 

-n" 
not ̂ tt 'n I'ne caze u,hetp \ = srcce' ,, afd,u 1,trlh norc .l tlu alnrc unmfttu )

Lol 4eB.B.9 Exev,se 2.1 (DGl , Ary4.0 lb(+t) =- Slcet Al , 'oang
b€ 6rpe,B( ; { { ) )  v lo t  fua{a n  ̂ a(v) :qh.  e Af  VV( D(41 fot  tane

l,oA "e A q,,d q'>. o 'htn Fle61 tt  p t-> 1/, ,  s"

(v f ' )@) -  a /1 e A7 VlceD(f )

Hnna b (flote)" ,s lht valnchan d ae B, oc rclwwd

Relruntnq nou klheaenenl 14a,1s, tel D;Z Spec?; V;, so Xpf\ t l; " iAerkhe<J wlh 0(1i),
4 o  J l , t ; . i +  * l b w t  l h i r r u r n r a i e o ( 0 ; )  a n d  i i > . o  w ' l h -  ( l l v r 6 s ; ) " ; b l \ n v .  - 4 ' l > r n v ;
4 fun  u 'e  can labe q i  -o ) .  &nc t  lh t  co"e t  \U i l  rs$u ie (henuN,>6 . " "d  q ieO( / i \  * ' l h

( t + r  r r y u ' t " ) 1 , , n u ,  -  a ; ' l x + o o i  v r e  r
tue wav',| to 1a1,n lh2 q,r rnk a moLh,ng .lon,ly f?, 4,,.?. (". ,[b) 03 attsumplwn Qlu nsr'
quui-ronpatl :cheme hrqll;4 t * ,w-d only t,;/trtda' l;nAJ+4)

l\161 n lht schew | = Olo;noi a'. ha'e Y11,,nu, -- \t A g; n)r' , a^l

(a; ' lu ,nX -  \ ,  )v ;nt i )  lx ,6o,  oy
: [(phol'b) I x, Au nvj - (Qlxr)nb) Lrsqv;oa1 -- o

Hevr* i,orn (b),',te wnclude lho'f (f l,,,nu1)^i (a;'le;ou; -af lrrn,l) - o +r !ot.{ tr5 > o'

f;e B; an'aPttltnl
( [  X r A ] ; = /  

'



W6)fr ra , , i  ( t l r ) " {o i ) lunu; :  ( t t l , t i ) ' 'Uoj ' ) lu ,nuJ.  te t  N2 be thL v ' ,d . r i thum Df  Nt tandmS
&, z'tl i i. se+ a;,, = (?l,t;)N.qi'. 'rhe

. , ^ ,  . N  ' . ,
l l r l x r )  o ) ) r , nu .  -_  a i ' l xan ,s ;  V i

a;" lu 'nu; -  af ' IotnrJ Vj j

r,,,lre." /v = NttN2. snaflua;ocw a malchvrq hnlvl and (9 r athcqL thercB qeA w'lh alu; -- ain Vi.
A2n@ Vi al  r rou; -  ( ( l l * \ "b) lx+o,t ; .  i taqlhe"Xtt t ) i  rDver xr, , th l laut Jhaf Glx+jdb: ql \F,  wr
vtquffed.

( aad atrumvl X r yai - 66pacl1,hr"h 6l{0a15 lvon b"tng cow,e4 bj ̂  fintb no. 4 1.c seh)
(A) w,fh lhe hupolhar "l {i ,a,a a16;v7lhal t"(Xt, S) = AS. sna Xr = 6 ,8. t 'r nilp"knl ,1y'. A,c =o-  '  

lh ts tsWi l  X1  - -  f  .  Soa2sum.  y9 .4 t f .  fn l  ue , tho ' . "  lha t  f11r , ,  ^  un t l  ,n  5 l (Xr l .6 ' reX le f  V"k
an olzen ne4hbwhood of r qnal s, eOtvx) w1h s*[ly"--l n aN*).(rheze e\tt{ rmu f t c^ rntl ,n &*,n).
hv x.7ye X ;hd z€ V*nVq (v",s"l-- (Vs,t!),0 Qy,. sr.te behaY ntene+o (xr,f lyp) )Jgna 3-! y,a1w,t otiA
\l". ig "jrue"n o ^*" o'f .Q4V1 ao4 ni rhcvt e1aal. Let seO(/p) tu#u omalS anahon ol lfu u. tue'n
sll+l 'n O(Xt) ' a4 ft1utrcd

Lef  Y ,n f  -a  O(Xd fu fh .emduudmop,  V(q / l )  -  a l rps i  Suyporc  :?  FE)  :  o .  Th€h a [ rN= Oand
t " l c g ( r " ) t n a X  B  q u a t i - L s m p a o l  f " , o m t n > o  { ^ a = o . p " n - a / f  = O n r + + , s " Y , r r p j e t t F . T o R z t h < ^ F
Y riuSerlvte lel L'e'O(xF\ begrwn. fu(c) l,!, tottLn>o (flx..)^ b - olx+ c,' lh aefr. d"tlhen

b=  o fxe5  *  -  Y ( " /+ - \

Henrz! r an tsonotphunla.c clamed.

NofiE I Y- specA on4 f e Alhen Xi = D(l)

\Tz.dt A C^lpnon {,n Aff,nerex

[q) Lel .f , X---+ Y be t\ norphum ol tchemu ^nd <uppate +h^+ \ (^n be .r,ugrcd by aeen r^brd U;
such lho.l {o' ea<\;,}hznduud mqp f 'U, --)U; tt qn rroflonlDJm. hk d4mihit {tan mmo4ohum.
T\ 'l.O +lv. N--O ad lhu u la''ul Soauume -'/ I O.Ihe 'trldeltqtnq mat ol spau,o tr n ieclve tnu I
+(ej --+(/)=t4,lel ge !; ;o zzrzt'e f tg;, oa *hreh {t thl eL:h4e'. He;ru n'-a' J'ay/fivtj L alloe'zihJ .
che< lzed.  the '^op  l 'u  ^  horneomotpht !m s tno  fo .  U=X Jpen,  J fu ) - . j (O;un t ' ' o ; ) -  0 ; f  (u0 t - 'u ; ) .

lh, ,ryrhn,\ "f Av(v) --tt9r(f ' 'V) onopenV!Ui eattitg mplvo vje.hu'U h,.nevr'/. A' 1& tLalz<hu ' l! t
l twh-+€ A'.(f - 'U), the mctPr 0r(g40i)---+ Axll ' ' i t  nf't6i\ ate allLuleclwe, :a1 s, rnay 4'"
71r-,onr-,u,. )rnuf 't ' \eclwe on *chope lh' 6 mthh *, ltu 6se1 v, 4u -+ t); +a Tvr sc-9y(u)urtlnrr>b
Hetn,r 4s c\h $oma'lchltrn '

(v) $!e,lajw+hal a hhewe /', ,s affiue ,//. lheo ,, o hnk l, .., L o[ elewenh al A:'l(K,@t\ Mch.lhaf
fheopen rubJet Xp; orco&n",ad1,,...,1" yneual< tltz,t i*tdeql r,.8,

lelXb<aftheretft 'Tffna).6n+we shoukalX o ofine rft. ) l\canontcql dlP xLt1etA(E-z'+)
i an rtoaoqhun *p:nx u, of*ne aucl X -2; sp"'B an uomoqohltm ' Sh@ 12ec -1 T lhde t' a u7t1o4
wotvhtt m .+ nng' B--> n mqktnj .t-

X ------) S pecB

\ tp.l; ' /
/  \  / / ' e ' "

5l"Lf]

^mm.ak. J,na rpsc E full, +hen u p.. A-) B u,th lpzc p - f 'l''. urrq tlu u1,11q* nt, *O"tl4 ol-ltru un$,
tu lacl th"l * \s ep,, oiJ lfu fo 'lhat hu u larfhful, tt-t- thd d.P-- | cin..r'P.r - l. svd k -- sp.<f F
un,) 5p,<f ,Y ov" v"lh tsamo{phuy/t!, 'l {. tlir,us lkal y! rr an uonoryktsm, *t clairned.

un shorcd u,Ey 2.4 lual^undor  f ,X--asp<cA,  l ' '  0e\ - -  Xa,  r , t  X u at { . ,ne l fu  anct th4as
Aft fvwaltg tqt15.f12/ 17qr [,=t\.



Fotlht @vtueae, supTote hc f', ,f- oogwenanrl #.y,.-)spa,1 B.dnonrcql S:ntalh2 {; ynemklh,
unrlrcleol rn ai ni Xc, ave, f, Thetc opin r* on q:uati -*.mplarJr-oncl A';+t \ t"z.tt"oltlanfueclnr
XX 0 Xs, ww"tpndtt qntler \g, = 57e.b; 1" a d,uhllwslud of?n;€l Df{), *n,ih i !'t'u't Tucini-,hnPqcl tnL
X rl ow"ed hqaink nunber ol quat'tpmPa(t aFh /e$, X ,' 1u6o; -ovnPa"/ Ja L/'e arc i^ Paln)nra qlTly
F,cz.t6 (.\) th'a\ ,t, knn u an ttomo,Thum AC -> 0( xr,) nihtry tht hllow tn3 dtAlmn Lonnut<

0)
------_:-J

smahq aumPl,nn \F. u q(in, lhz canontcal 'no,yhtm Xh ----) syec ftxg;) 644 romophtvtr the vq[ve
ol. h6 futouphrsmqn s "c*ans r 4"tsenl.ned.bt lhe nopfutn lrmgs- (ot xq))y.-'ni ---) (Olxq). fo. *.\c; ,when f -, 0(Xf) ---) (glrr). and mL de .an*ltcq// arcl fhi f.11ea'1nq dtq.qran Lomnu]<t:

o(KF) =*-- 6'(KF)

I J C )
(oui\t, - ti, --+ (o I * r).

i#|";iL#"n"tubel 
D(l;)s 5pecA ,s uomorphrc h Spec+l vw{rumorphlm (fte)paq->AV

AIAs

o(Y)
IJ,

0{xA)

A

J
, A t

I t't
T

-+
s, L-1 67r+)

A7 <-- @e)1oa1

,pnn'1V. eg y",t, A,1 t,t"lh-lo.,hqrt.lhql+tu,rdual.noqhum !"(o(t,)):xci ----) DG;) tscn rromorfl,rm
fuv all L. bhttcfu lfu dtogtarn (p'cE i anc pr,r! { - | )

f i  - - - - -+  A r  -  t l < , t :

J l  \
A, -----4 (At\ror ------t (rst'tc)) {;n; '-: (glxe)_

r5np ,p X6 = f srrrz
2-lb(6.) t4\sdau 4\tt @g

tt iqlfiqnl, a h oa.) fhof )lu rquorc of moyfitgfttt ouj ol X+ uom,nuls. thal thz undorly rn1 malv "l tpaa amnul<
o ,*riq'2hrar"d. lhat ltv cliaqmn 4 mlrpnrsns oy' t MJe.l tPdLat o'nmuht @mq )oir hlh< c.'vrnrrrlqf '! a[
lLn l"fiow,n1 dtagan of r'ngi.

thu ftllows {wm 6lt@\(31 qncl ftp fuct-lhal p---t At, h+ + (\r)lacs ^tp eplmlrphttms. n



F

NATE

Lel X 6e a *Wmt t 0g\, ".pel qrd :e9x?).ble c(qlqlhat

X s - t z e u l 3 e v w , s E . m - j

panownsel. l,t)c cqn inmeclnlch rcduu hlfuate ukeve /t= syecA 's aflne'Then LUe dn ooter U by
oilanrcL'Db), gieA, lnQrL sll6;l avrvtPondr k a '/o bal ctlwn 6'/t efut and

X,n D{ei)  -  D{qr l , ; )  = SyAg;

f
------------J

- pnvrnq Nnqf k rs or.n - ff 'f--Y- --tX'n ary norVhnm olnhet**:'at4 -l-'#t+'e O"l+"Of+n"
r/.r€ clqi ltial t'-' X, -- >'J, wht(h f"tlowt lton\

f "x, : Iee ' /  | f (s)eY, 'J
-' lSef -'U I Ytrgsitra"S
-- I ' i t +^u I qe'wv * fi 

' [mY)l
- ' l i r r ' '  1Y 'nr t  &mt i



@El In th,t exe'xtte) &E LomPaIe towe yroyefian ol a vn1 hDflnno4thw h lfu ncluecl moqthtm ol- lhe qeclro ol "ug:'

ta\ lnuctl, vna ,[t - |.atg T.
( t )  te t9.A-- )B heamprphrnol  f ln7,  and 1el  { ' !7ecB--+ syxA l te lhe tndwed waryhPn 6 l  rchetru.

theng r viechte rFun,t only I lt iorentt + f'O,rn6 't tl1ech*r.

Sup|ote ! t t  tniechve anri -{or uespecBlel 91 4,r- 'otBq be canonrcdJ LaIl) ' -  S1ctft  bzogen'
t f  i l  t t  r r  nn i lp lo l , ' then< ' i  no i 'n i lpo lenl  qeh ' . i .  b tg l ' -o  Hene D[ ] l 'g) l  =  l - . tD(s)e J4u sn@
y , r r n i e c h 4 t , 3 1 i j t " l t " n " r ' - n i l p [ k n l , n ' o t v t t l ) - d h d h e o @ 4 ' ' u - s n " v e n y \ . L e + + e ( 9 t p . . A ( o \
b<q'nJn, | ,  l )  - - - - -> Up.oAp,  and ny 1+lu[+)-O.Tht+ t t , ' faro l t  7e f - 'U.

11( +( f -'t- )) -- o

We show ) = O bq thounq lhd +h)=o VFe0 IeI'neU b" qu-n.Sme I u relulor +hewuonoPeL
n a t q h b o t h o o d  \ l  A V ' r ' , ' V a a d q , s e A - , l h s 4 n u i n e , l i n d t ( n \ - - q / s 6 4 n V n e V . ' i h " L h (
7d  l a  V  - "haw '  v&) / v r . )  ;Y r (44 ) : ya ( t f y " t l l  - o  r "  BL .

s " k g n v  l 4 I  w l h  t J l q l = o  m B .  t e l m e A  b e  r ' 1 .  V e o ( n ) = V . ' I h e L  D & b  s { ' ' V  " n c l  t o
- 1 " ,  " t l  o t 6  5 i " i g , (  Y , - ) 4 7 t t h e v . " | ( 1 . " / . . n l l h ) ' g - r n a t  u ,  4 h n ( 9 l q l ) E  1 - )  y 1 ^ ) e ?  l - l e n n
f 6) e'r( flnn(vh111, s^y 9b)" y(q) - o Jrnla t njsahNe, m"q = o- s|nu t 4?, n'+T c^nd-
r+ FllDo, lhoi qls = o ; [? , o /$)--o, at ftInftd-

'|he @nuene r lnvnl, ttne d S# r roythatt, 14 pavhu.llar (9tptn (sfe4) :- 20'pcs(4nd u tlleotw
Aul |hrt n ldtt Y (upk nnoyhrn)",o P r rlichw.

5tnpporcfhal I s rr'ja,lwe.1her

f ( s p e c l \  -  f y . l  l l e s f e c ? j
'ftne.loturp 6 fuecA "flhr p+ t \t (ql, *h'\

l :  A t e l r . a  j - ' t
:  y - , {  / 1 1 1 )
-= 

: ' ' ; ;"" 
u' 

(stnatnlechnl

fhw \/ (q) = Spe< A, to l(spcg) s devce.

tpJ,4---+13 lr rorec+u/s fhen lhew r an tdeol q'-4 atcl a rcm-u*we r)oXm^

A- ->B-,-at/a

ar"d henq a aonrmulqi.tt dtalvaw,, o( rchenot

sPe. A <- s Pe.B
\ ,*t/i

We checV q Example 3.2./ lhd qecA/4--a lpet A tt c clrlecl ,nmenbt\,4ncl upon omgo..r r19 wrlfi {ie
r5ooaoqohjm Sl.<ftlq=syerg vre ra +hg sr."B---- specA s alre acl,"id rmmcoon.

6per ft

(")



(dl we now prcvelhe anvene h @) ,N,amclg., rp spzcy,: SPecg ----' sP€(A 'l 'i 'lwd t''ttit|t ' l+enV1t
sun'echw . Gnsder fht cornthu@nft dtqtnm 6l tclteqco I

spccl
SnPcA <-- SPecB' , \ /

N / ft tp".^lou"t

sntz A,/Key! --+ B a micchtn, ls, Oryt.ttrn! -a fa Otpce 6 UircLs' bt lL). Let' t26$ bt gtuen, altd
den"h bu Elhc NvetDvdvg llofoleshtn atr lpetB. 9rnq tP..9 6 a doted "no'rotot, 1142'" ttan6Pf tnver
SwrA'! U.ii i"a jec'lwi'"s, e arp..A(v;)'t l bl9-y, - 3#l',(';) whcn tyec! ' (e'7c1.

@;,
Let 4; = 11+ln,p;l e g,ptcqyett(h^tl;).5 rha j* i; iv,1e'4r" lhzl; an a m:ah:htnt fu"t!l,:!':::,,

+€ \re*tr1o""r i sp|.Atr""v) *,n +tui", -iiv,. Htnetltat" 6 )te AlKe'! nappngJo beB' showtnS
'thqf V u sq,fegft.-t.

tu\ syppote q B.!,y,eduq! -9,Q1Aamotphsn oI rrnnt t_,J. rh.Y!!@_4 ly s14,!) t lpryB 1
avn ! r miadw, snu ftt beB

YIb)--o ,fl. ttb)e'F vTeA
4'l  ber' '? Yle H
'tl. be fhJ vFe A"4. 

; ; ; ' " ;"* '"11a1- f(sYecft)- -  sPec9
,lAenld'.  rL=Ot Jo b--O.


