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Proposition 1 (Hartshorne 7.4). Let M be a nonzero finitely generated graded module over a
noetherian graded ring S. Then there exists a filtration

0 = M0 ⊂M1 ⊂ . . . ⊂Mr = M

by graded submodules, such that for each i, M i/M i−1 is isomorphic as a graded module to
(S/pi)(!i) where pi is a homogenous prime ideal of S and !i ∈ Z. The filtration is not unique, but
for any such filtration we do have:

(a) If p is any prime ideal of S, then p ⊇ AnnM if and only if p ⊇ pi for some i. In particular the
minimal elements of the set {p1, . . . , pr} are just the minimal primes of M , i.e. the primes
which are minimal containing AnnM . Hence the minimal primes of any finitely generated
graded S-module are all homogenous.

(b) For each minimal prime p of M , the number of times p occurs in the set {p1, . . . , pr} is equal
to the length of Mp over the local ring Sp (and hence is independent of the filtration).

Proof. Let N be any nonzero graded module over S, and let a = Ann(x) be maximal in S amongst
all annihilators of nonzero homogenous elements of N . Clearly a is a proper homogenous ideal,
and we claim it is prime. For suppose a, b are homogenous elements of S with a /∈ a and ab ∈ a.
Then ab · x = 0 and a · x $= 0, so Ann(ax) is an annihilator of a nonzero homogenous element and
a ⊆ Ann(ax) so by maximality a = Ann(ax). Since b · (ax) = 0 we have b ∈ Ann(ax) and thus
b ∈ a, as required. The submodule L = (x) ⊆ N is a graded submodule which is isomorphic as a
graded module to (S/a)(−e) where e is the degree of x.

Now consider the set of all nonzero graded submodules of M which admit a filtration of the
desired type. The above argument shows that this set is nonempty. Since M is noetherian, there is
a maximal such submodule N . If N $= M there is an opportunity to apply the above to the nonzero
graded module M/N to find a homogenous element x ∈ M − N with (N + Sx)/N ∼= (S/a)(−e)
as graded modules, contradicting maximality of N . Hence N = M and the desired filtration of
M exists.

(a) Suppose we are given such a filtration of M . Then for each i,

Ann(M i/M i−1) = Ann(S/pi)(!i) = pi

Consider the ideal b = p1 ∩ . . .∩ pr of S. We claim that b is the radical of the ideal AnnM . Since
b is a radical ideal and b ⊇ AnnM , one inclusion is clear. In the other direction, let b ∈ b. Then
since pi = Ann(M i/M i−1) we have brm = 0 for any m ∈ M , so b is contained in the radical of
AnnM , as required.

It follows that if p is any prime ideal of S, then p contains AnnM iff. it contains b iff. it
contains one of the pi. The other claims now follow easily.

(b) We localise at the minimal prime p. Since M is finitely generated and S is noetherian, we
can ignore the grading and apply (A&M 3.14) to see that in the filtration

0 = M0
p ⊆M1

p ⊆ . . . ⊆Mr
p = Mp (1)

we have

Ann(M i
p/M

i−1
p ) = Ann

(
(M i/M i−1)p

)
= Ann(M i/M i−1)p = (pi)p

But (pi)p will be Sp, and hence M i
p = M i−1

p , unless pi ⊆ p, which can only happen if pi = p since
p is minimal. In the case where pi = p we have M i

p/M
i−1
p

∼= (S/p)p
∼= k(p) the quotient field of

S/p. Throwing out the trivial links in (??) we end up with a filtration

0 = N0 ⊂ N1 ⊂ . . . ⊂ Ns = Mp

where s is the number of times p occurs in the set {p1, . . . , pr} (by (a) it occurs at least once).
Since as an Sp module k(p) ∼= Sp/pSp, k(p) is a simple Sp module and hence has length 1. Using
additivity of length and our modified filtration, we see that Mp is an Sp module of length s, as
required.
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Corollary 2. Let a be a proper homogenous ideal in S = k[x0, . . . , xn] (n ≥ 0). Then the minimal
primes of a are all homogenous.

Proof. Let M be the module S/a which is finitely generated, graded, nonzero and has annihilator
a. Now apply the previous Proposition.

This means that we can apply the same techniques used in the affine case to find the irreducible
decomposition of a nonempty algebraic set Y = Z(a) in Pn. Take a primary decomposition
a = q1∩ . . .∩qt. Then

√
a is the intersection of the minimal primes of a, which are all homogenous:√

a = p1 ∩ . . . ∩ pm. Hence
Y = Z(

√
a) = Z(p1) ∪ . . . ∪ Z(pm) (2)

is the irreducible decomposition of Y .

Definition 1. If p is a minimal prime of a graded S-module M , we define the multiplicity of M
at p, denoted µp(M) to be the length of Mp over Sp. If M is nonzero and finitely generated then
0 < µp(M) <∞.

If M is a finitely generated graded module over the polynomial ring S = k[x0, . . . , xn] with
M =

⊕
d∈Z Md then we can adapt the standard argument (see top of p.57 in our A&M notes) to

see that each Md is a finite dimensional vector space over k. So we can define the Hilbert function
ϕM : Z −→ N of M by

ϕM (!) = dimkM!

The following Theorem is an analogue of the normal dimension theorem for finitely generated
modules over noetherian local rings, which asserts an equality between the order of the Hilbert-
Samuel polynomial and the Krull dimension of the module.

Theorem 3 (Hilbert-Serre). Let M be a finitely generated graded module over S = k[x0, . . . , xn].
Then there is a unique polynomial PM (z) ∈ Q[z] such that ϕM (!) = PM (!) for all sufficiently large
! > 0. Furthermore,

degPM (z) = dimZ(AnnM)

where Z denotes the zero set in Pn of a homogenous ideal.

Proof. Throughout we use the convention that the degree of the zero polynomial is −1, and the
dimension of the empty set is −1. So putting PM = 0 the Theorem is true for M = 0.

Consider any exact sequence of nonzero finitely generated graded S-modules

0 −→M ′ −→M −→M ′′ −→ 0

Suppose the Theorem is true for M ′ and M ′′. Then ϕM = ϕM ′ + ϕM ′′ and we claim that
Z(AnnM) = Z(AnnM ′) ∪ Z(AnnM ′′). This will follow from the fact that for two homogenous
ideals a, b we have Z(ab) = Z(a) ∪ Z(b), and the equality

√
AnnM =

√
AnnM ′ · AnnM ′′

One inclusion follows from AnnM ′·AnnM ′′ ⊆AnnM . If a annihilates M then aa belongs to the
product AnnM ′·AnnM ′′ so clearly AnnM ⊆ √AnnM ′ · AnnM ′′.

Since the Theorem is true for M ′,M ′′ we have ϕM ′(!) = PM ′(!) and ϕM ′′(!) = PM ′′(!) for
sufficiently large !. Since these values are all positive, the leading coefficients of PM ′ , PM ′′ must
be positive, so putting PM = PM ′ + PM ′′ we have

degPM = deg(PM ′ + PM ′′)
= max{degPM ′ ,degPM ′′}
= max{dimZ(AnnM ′),dimZ(AnnM ′′)}
= dimZ(AnnM)

where the last equality follows from a standard argument. Uniqueness of PM follows immediately
by considering the number of zeros possible for a polynomial over a field.
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Let M be a nonzero finitely generated graded S-module. By (7.4) there is a filtration

0 = M0 ⊂M1 ⊂ . . . ⊂Mr = M

M i/M i−1 ∼= (S/pi)(!i)
(3)

where the minimal elements of the set {p1, . . . , pr} are the minimal primes over AnnM . Suppose
the Theorem were true for the modules S/pi. Then for any ! ∈ Z we could use the change of
variables z .→ z+! to show the Theorem holds for (S/pi)(!). Since M1 ∼= (S/p1)(!1), the Theorem
would be true for M1. The above discussion could then be applied to the exact sequence

0 −→M1 −→M2 −→ (S/p2)(!2) −→ 0

to show that the Theorem was also true for M2. Proceeding in this way, we would see that the
Theorem was true for M .

Now we have the necessary tools to prove the Theorem for all nonzero finitely generated graded
S-modules by induction on the integer dimZ(AnnM) ≥ −1. Firstly suppose that dimZ(AnnM) =
−1, so the set Z(AnnM) is empty. Then since M is nonzero AnnM is proper and the only
prime ideal containing AnnM is (x0, . . . , xn). Hence in the filtration of M all the pi are equal
to (x0, . . . , xn), and to prove the Theorem for M it suffices to prove it for the module N =
S/(x0, . . . , xn). But ϕN (!) = 0 for ! > 0 so putting PN = 0 shows that the Theorem is true for
N .

For the induction step, suppose that the Theorem holds for all N with dimZ(AnnN) < k and
let M be a nonzero finitely generated graded S-module with dimZ(AnnM) = k ≥ 0 and filtration
given by (??). Since AnnM is a proper homogenous ideal, we can use (??) to write

Z(AnnM) = Z(
√

AnnM) = Z(p1) ∪ . . . ∪ Z(pr)

So dimZ(pi) ≤ k for all i. To prove the result for M , it suffices to prove it for N = S/p as p ranges
over p1, . . . , pn. We can assume that p $= (x0, . . . , xn) and hence that some xj /∈ p. Consider the
exact sequence

0 !! N
xj !! N !! N ′′ !! 0

where N ′′ = N/xjN . Then ϕN ′′(!) = ϕN (!) − ϕN (! − 1) = (∆ϕN )(! − 1). On the other hand
N ′′ = N/xjN = S/(p + (xj)) so

Z(AnnN ′′) = Z(p + (xj)) = Z(p) ∩H

where H is the hypersurface Z(xj). By construction Z(p) ! H so (7.2) and Ex 1.10 imply that
every irreducible component of Z(AnnN ′′) has dimension dimZ(p)− 1. Hence

dimZ(AnnN ′′) = dimZ(p)− 1 < k

Note that this holds even if the intersection Z(p)∩H is empty, since by (7.2) this can only occur if
dimZ(p) = 0. By the inductive hypothesis there is a polynomial PN ′′ ∈ Q[z] of degree dimZ(p)−1
with ϕN ′′(!) = PN ′′(!) for all sufficiently large ! > 0. Since ϕN ′′(!) = (∆ϕN )(! − 1) we can use
(7.3) to see that the Theorem is true for N = S/p, as required.

Corollary 4. If we have an exact sequence of finitely generated graded S-modules

0 −→M ′ −→M −→M ′′ −→ 0

then PM = PM ′ + PM ′′ .

Proof. Clearly ϕM (!) = ϕM ′(!) + ϕM ′′(!) for all !, so by considering sufficiently large ! we can
show that the polynomial PM−PM ′−PM ′′ has infinitely many roots, hence is zero, as required.

We have already seen that the Hilbert polynomial of the zero module is the zero polynomial. If
M is a nonzero module, we can calculate the Hilbert polynomial as long as we can find a filtration:
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Proposition 5. Let M be a nonzero finitely generated graded module over S = k[x0, . . . , xn].
Then M has a filtration by graded submodules:

0 = M0 ⊂M1 ⊂ . . . ⊂Mr = M

M i/M i−1 ∼= (S/pi)(!i)
(4)

If Pi is the Hilbert polynomial of (S/pi)(!i), then PM = P1 + . . . + Pr.

Proof. Since M1 ∼= (S/p1)(!1) it is clear that PM1 = P1. So beginning with i = 1 we can apply
the Corollary to the exact sequence 0 −→M i −→M i+1 −→ (S/pi+1)(!i+1) −→ 0.

4



DeflN,tTIDN the Polltoalal ?a o()rheThcorem ts rhe H;lbzr[ p-9]Xnomql 6l11'

DEFlNtTtoN 1l -/e f' ts qn qlqebmt< sel ol altmensrcn a wc'()errne h" 4i.]!s!! ZaWYtd ot-'l k be lhe
ilbe:d oolunornvl p. o( * hom oqonowt a-orclnate nq s('t). (Sy lh< -fheo,em, '1 B ̂ folThomtqr

o.l aag,"e11 wcdehte th" 4& ol Y ao be tt 4a6*he teacltn3 acff''aenl "[ Pv.

(q) If, 'tglP", 'l * f +hen the degee of'l n c', Povla'e ntege' (clel$ - o)
(b) Lct ) = Y, e ri" wheve Yr alrd Y. hove ifia 1 q11s .l1nn 2qsron F and

z l r r a (  Y ,OY" )  l r . l hen  Aeg f  +  4o4 -1 t  +  d l g l z
(c) o\eg lP" : | ,vtducil\e
(d) 1T Fls f f^ , '  a\rroewuy{atz whorc da) o qaqomted b,4 a homogeno ur' '  pol,4nontal

olAerred,lhen JJqH:d ( Iv.\he' "a.r,d.s, ' f tr l  de+N 'LaQyta 's"c" ' tsdeqt i ' t r '14e
"\.qie ol ibypcou"Yace a^ aehnzA eav[ev (t  4 21\

PR,PottTtoN 7.6

?RooF 5tluY+d, fy t t  d honzeto poltnamtal ol d.g*e --dmY. B! (7 3c), de3' l  =c-,whrt] 'z,.s annleper'*" 
;i';"';:',#;ir4;;;;i:;{i";;;F i4:Y,,",te).23.'ot*i"",x"sl - a 1o' 's 'rndtfincd}

lb\ Lel r,/72 h. tlre tdeqb o+'t,,'1. tN<rllev sel r emply ltu n t $ l'/wql. othevwtle t,AT, s llu tdeal
ol'lt u'12.nftft $ an exact t e4wnce (I' =tr nr2-) "4 {tn rk\1Teneva\ed 3@ded moclL\let

a-_>sl.r ---+ slt, a sla, \ s/(r, r r,1 --+ o

bhAn'V(s+t , t++/- ) -  s-bIat+1 .  co lcn la\ng dtmentont  wx hnd lhat

!4^k\ rf,k"U) : y,b,,,,(1) + f,r,K)
6t 1>2O o'ehd,'e (Pstx, + %h)K) = (PsF,++ + lVtdG) r,

Ptb, + ?tB" = E1r,+7, + ?51-

N ow Z( tt r 12) -- Y I n1. 4t q h ot) d r m e h t r o n < ., Io tl& I ea4v J u Lffi a evl o l- P 5 1 a t fh e
tum ol the le.tL.it4 j ailrtuenk ol bJt, aacl %lt .

tr\ l,Ue @,lcqlale+hr,H bevl polwomtal o{ f. a sthe P"lqnorrtnl Ps, whgn J a lala:q;; rrnl to' 1> o," 
frfe\-(4f)," P, - 7'i:) In pa'itulor' '$ 

-teadnS .uet'huenf u tf^'. to degte"-L

l4) tP les u homogenowt.r vreducilcl e Pqly cf de3"€e el 'then we hate an exacl:eclwna o{
qddeA 5- nodule;". 

o __> s(-d) Ju , --_u s/ 1+1 __n o
Hata

Ystn9) - f '(e) -t ' ' (<-d)
th erefive qE qn rtnd ftuHlbe* T.lsnonalo/- 4 ql

P"e): (=l^) _ (,_,:_)
- -  

f r ;@+n ) ( z+n - r ) .  - .  ( z l r )  -  f t i - + " - a1 . . .  ( 2 . - d+ r )
=  h U + L + ' .  +  ̂ - t + n ) 2 " - '  -  f i [ r - a i z - a +  + n - l - d r n - c \ l z  + " -
=  i (  d  + .  + d )  z ' - '  + . .  ,
_  nd ln \  zn - ,+ . . .  - _  6 i - . _ , t , .  = ' -  t  -

Stnu .ltmH = n-l oue haw cleg l'1 - d, ao vtqunpd. n

Pa,rt Hl slo,,h *'fh H 9 F' clorcd ancl nf , ,*tnV tl) wherc p o homugenotn .o-[ dqrcz 4' anol rl
d tmH=n- l14 ten  AqA-d .bkanumed I  nnc luc tb le  ju , , ,  f  +D L 'Y tc {ne  lu re  ' l r th l - l - " l - I

NOTE

tg_g l4ovtcan'f sl..t* u,,lh ( ana say ^dgH-'/"baaue lhete rrcgaumnlep t(zl+l\--((l
l^nluJ o+ .-otaqe' + ttl}'F lucitoL<)



Now ate omeqo anr nMtn re4ull aboul the mfevec*.pn o[ " pwledw uaveh! wih ot hrlpersuffau, whrth rs
i ii"tiiniAiil:oi ot- Bezoft's -fneo,en +\' ht{10(, f;iettue spactn. i-"t 1r P^ "te a pniel+wt 'ync\
o[ .hmenfion t l*F ]1 be a hlPerruia.z wr Lbn+qt1tng I. Th,e^ by (7.2) 'l t l H = Zr u " U Z t wnel44 a) cvt
javehq " lA tn1o l / t l tDn ' t -1 .  U f  - -o ' f  t s^Po. th t  Io  Yq) - r=  P . . | fhe( t "ue  YnHl lnonernPY.  14+Fj  be fne
hoy^genau,/, pnme deal o[ zj . UJQ deltne flz Mreoec+n'on YulhP)!!ry 4 -l "d t'l alonS zi X ra"

i (') fi i z.j\ - /rt ( s / 6" a :.,"1)

Heve TlTp avt f lwhomagevtau 'dal:"1 Y and H.the nodule n:sln +la ho'o. anvih.i lahr Iy +'T1t,
and Z(Tt + Irt) : 'r ff!), ia 'pi ua wtntmal Tnme of t'1, ancJ2s ilre rrutfip\c!1 vlmdq@A qbot' ..

lHEoReM-ff let ''/ b" a.taneh\ ol dmentton r>. I ,n lP"t an| let H be at l1y pswtn.(a@nol tonhtnmJ Y.
Lel zt,..., 4 beJ+h. trcdutiblz rcnponenb of ' l  hH fhew

<1
/  . ; , ( y t y 1 ) z i ) .  d e q z i  =  f d e q y \ f d e q H l

r r r rnH* l  a r r t {4 t
r o + l t x r o < - < a J

?ROOFt el H be dehned bq lfu honaqenom we4wibh TotYnomvl f ol degrei d Srntz ltml 7 I b3 0 2) '1 llll
t"t i"rr-'r+" ."i"-'i* t,r' 'i"1"1"f" ,aoal, an<) the''nl"eoulw,t'- n"r u lhitrc'hea itY, H j zj ) are q\\ vton zeur"
pot'tun nlefrl: wn ,'onide, 

'lh. e racf t eqwt'l& of 1maea ) - rnoout(4

o --> (sl'Ll)(-d\ -jt ' lr" -) H ---t o

where rt - s / ( ty I TH).'iht s erac* bzccttttc 7 $ H. |rrkrn3 l-h lberl Po lynorlrro(l:' uehnd lhal-

Pj(z\ : h P) - ?y (z- d)

0q a,tll oma lwm ampaamq 7he leadtuq det'fia1snh e+ bolh nda ol-ttreyahon.lel t have degrce e.
then Pv@) :  (e  l  1)  7 ' '  r  - '  so on l le  v ight  wehave

( c / ( t ) z ,  +  - L 7 l , r . \ ( z - 4 \ . + . .  l -  C * . 2 , - , + .  .  ( r \

po'lz co 61lsu Yhe moduk P1. Ry L7 4) vI hat a lldnn o:n" = 11's' s H1-11, whote
ynhevtk n i fn i ' t  ave o l  +he {o in (6/1)K;) .  t lenu Pn:21, ,e;4u:  P,  "  thz ? l r lbe j  potynomvl
ol (s/1i)(€;1. TF z(1;) tt a PwJe.hi./e rovtelg "f drmflrron ri ahd dEe+;'Yhet'

p ;  _  ( A / 4 1  ) = " , +  . .

N,lelhaf rlu shtlt (; ttoed nof dlki lhi laclmq wefhctehl4 P;. 5 thu t@ ave only nlweskd n lhe
leanlnq uefhaenf  df  Pnlwtcan\Ao,e ihop"P; ,*dagvez<-( '1 . (u/4Lvow416'1oYl=r- l ' lam
lfle o'b&n drcwstoq, to lpgPn: 'it ). Now G;rt : % n " n uL1, r" f,i!-lEi r.s lhr lrlten?ctlovl
ol lht vntntmal prtme' h 4-q', . . . ,1q| fuhkh a|Y" t fu mMvadl ?vtnt, c}r lu' tvrtq Ty + Tnl ard hen'a 1tIt ' l
,s lhtunton.l  f i ,  z(q,t 

' (q; 
ntn,mal). Ang olter cloted ,yvecl, / .cibte t  ̂ bteF:f \  nH ,t  , tnlatned twonz

o l l h e t e 2 ; U f t r z , ' . ' , 2 t i w t b e . l f u z l 7 i ) , 1 ; m t n , m a l l , h e n e ' s o a a " l l l ' t z i a t h 0 4 d t m e h ! r c n < r - \ ,
( e * t . t o 1  l u r z t a { j , , . . . r 1 r } l t u w n n a l s l e n t ^ k a n p g g - e l y . . f h o t e w t l l t d t w z [ 1 ; l : r - t ' > o w ' e v w q
,ai1aisde. P; ,;i; 7';'a'mt,,tmal p,,i.- ,r-;r-,.0, oi-.| ' lhny,-, ", ' , 'F; ;'pvetp ondngro rfu
z5l e"lt onn ol+h-n i.."o Vvi ti} hwtu , so'lw leudrng *effi crcnJ "l F D

$ de9 z;  i ( t t t l )2 i \

- i =  |  t ' - r  J  I

["rnp,.vtry r.aih (r] wthqworrrnaul+. A



tQRguANE BAt',^tt theovEn) ld Y,zne dishncl a\^ft@ h 1P2)'hdvwg aqvea d'z' LoF
. !  AZ ' -  {  f ' / . . . . /P ' }  .7hen

2 i (v ,z ,  t ; )  -  de-
- ?R1ttF fnc qlalawedton r EUnnfeed h be o rtnktowmply td oL ponb-1n1srlaw.ath h-ohs.ewe'fhat.'r 

) oo,nl hco Htlbeil oolunomtql l,hatudeq*, I' vli haw t'hown eaT lev lhatil,(= (ao' 'ra^\ q;+o
h[; ;i;i':'i;:;"f ;!;; :",' ;l;;:;Y;i-& ;; nJi 'n in"ivon'ho n 4) ' 'o .'tt)] seientec)
bq n lneaMl nclavel',enl h na' polqnwrru\r, ro +neve 6an admmorfhum el feta.,.-'t an7 denhlsng,t.e) utlr

i^",. . ,^" -l t floilou*aU, orltmluphttm r Ineal henLL pre| ewd Itte.)n{ea o( homosortovD 76rUyls vnr orr4.

t" ihee's 4n uwnotqhllm oF

='kf+-".. , t ,11
rtq.-6je

i t+ s nAl hat<llotathafliw latet tcclot r,Pau-t $€ on'rcf; Wesctrcadmsrnon t; w'er*rcd. p'

f-EnRRK?.t 2 1W p,wt gl !7.4

('hm)7 (t"',./ o.,. ̂-,t),

,!o'rE yr" nulhpltctrra $ 0.e) o,t nlegea v l. J: i v/z a"e dohu* cuwet ol degrce L nTt ly !')- 't nZ i q nnqleponl of 'auoi, @wv6f degt@ l 'te ngperplona (r'e'lni rnEz) rcy (?'6)' so
)ua drshnr.,l lthc; tv\ ffz ee+ dt a d6hn'f PIMJ'

!ry r;ff,Z atedshncl


