
5 NoN5tNauLaR VftRIETTES

DEF'NITION

'Iha nohon J nonsvqular uanel,4 M ak4ebmk qeyrndtl ofle4pands 'lo -!ln nchon o.! -antSlJ 'n kpdogy. )ver Q-
4, e r,ample, the nonivqula, vdrt eha" ave-tho't" nhvh-'" ffu ;ttaual" toPo lDg! are usmpkt mantl l ' jci"fru.nra,nqll ,
rhe wosl noiral tqnd hiJon,ulu 11n)) -le4nrh'on oI non nng"lanty u"tet -lhe denrtahvpz c/ t4@ f,an"]lDn dehnthj
+re,/aveil:

D€F VIT]ONLef y-. Jh: be an a/lae qnelq and )sf d, .r{teA:h[2"...'t"1 be arclot' jene'akn Jor 'ytpq
deat of Y v ' ryl!t,C!l9r-"f-4J0,!-t4'rt flte rank "/ Jhe walnx

X (nt'lot)@ll

ts n- r, uuher? r u e dtmentonoy' I I u nonnntu/a. d'I ,t nontnSula'.qf eft,g PDtnJ
t6V 0." 2.2q.,l?r 4= q rnnh = rar -vanQ =rcr*-mnh = Atho.s'on 'wWQ o( ((Flot\(n ) , ,;-*i; l i ;,!:!

4 kw umnenls ayv n ovder lnthe fiot plao,lhe no-lwn ol Pq*ql clu*alwc u"h 'v41etHo'n' ol )''to'nqbteo
,ii-)"t. ovet anq field. &* i.,al ipphu rtM Lntual let fo' cl'{{zoeryhq'lwn 'lhw no hm)hng PN'2'J,trhQede'l '
e ; ' i ;nni-n,no' ,oi  i i ro"^, i l ,n Al+""tu,  p7D k'exq,APk,€ lJ '1=1? 4nr" 4f l4= 7x?- '=e stv\u
?='at"L. Tn'an4.ae', ' ' f  f e 6 t a polynomrcJ' lhrt for each t ?f /va; rr apollrrorntQl

The vr,alnx l lpkl2^,11e1l/1 r tolled lh" Tatobqu malnx al P One tan show en,l,1 fhat lhu dehnhan o(
nov.Jrnqulan+q v vcleiendenl "l n" rcl oI qJne"qkn ol -f chorcn. (+ht $lku'rl f i ,om' s l) one drawlaach "f
;w deJfktfui 's fh al ipparenllcl daPend' o Jfiu ew\hddnq "l "l 'a affine tpatz Hour?ttv' f w4D rhot'n b! z' insbi
l ln al novr s rn g,,^lordy .oltd be d e i,be.l .rta, .all\J'nlerms il- fht locql"tnsi. In oLrt c'roe fhe terqtt ttrh's

Lel ft be q noelhenon lo.al tng wlln mal.imal deal rfl qnd 'eodue freld 17= h/16. ft s a-
yllat lo.ut vtr't9 ( 4,vap.r+' 1'"n" = mfr.

-tHEoREf.1s.i Lei Y9r{'b.anaffinevanell Lel Pef beapoul.nehf 6 nontn\ulaY 6l f ftanol.nly (
fhz lo.l;l l nry 971 u anlul\r &al nn1

PBooF Weknow&pm Theoem 3.+b)+fiql 0k'/ tt a Noelhelqn lacalnnq oL,hwenston r=drnY. Lof- 
i i .f"" Dorn* (.,,, .rqn) ,n'7Xi andle I v.p: (z.1-qv t /- - qll vz tltt @lFapondt$3 'nq"<imal
rc lea , l  ,n 'A-  k l rv - . . r ) (h l .  r tu  c l+ l tne  c ,  hnec*  rnap (9 ,  R- - -+k^  I

o(A__ (f i1rt,  , !^^trt)  ( ,)
a4 r clet-p lhal O k; - ai) dor ; =-1, . .n 6, ruts "rbqus ol [<^, an{ fual np A tku'Q = a't' ('ee ]he
t'toh "rerlea!) n O ndtttu an r toiytoipllit^ ol- vechr r paea C9t . qPf qpz ---+ k^

N"wl t  h  bel lwdealo l ' l  'n  A,ant le l  4v - - , { *bea*. tqeneahc,) -h. ' rhevanh o l 'h t 'u  ta6}r4^
v\',ulnr ('ailat,(p)) v'lhe "tta1r-imvwr wmbe, ol- 1r2o"1q no4tienl .*t, whtdn u llu clrnienrtbn 6f flia
tubspoaol  p^ "  yne,a lac l  b !  g(+, \ , .  ,aG+) srna hzqP OJ a i ,4 t  p 'P^ ?e1)  t l  +  eE+new

0 t l 1 l = - o ( P r A + "  + p l { r \
- -  I 'o(e;1,1
-- Z,(HJ t ,r .p)+
=  / r ? ; l p \ 0 1 + i )

,tP'), -.. .tffiStr,o>n y,etff1rt)

fip, anct tue hqyeaieaf;howr' 9[h)

y; tr)uqa
l''rP)=o "

c\"(\rlJ h s c^ k- s,t bmo oluln o(
l ^ t a ^ z t

o lh)= ' ! ts^ qi = * '  " ' /  qp'
ha dtmtnsnn ranEj BqF



Qn4haolhev hanl',lue loo\ vtnq 190 '[ p onY rsob]atnecl 4^n ftb'1 clt"ulnq by h and loculsmr4 c^H'he
/tr crxi r.n al dfreal qr.zl'pn ttfre rnarimal rdealol Oo fhea 6to14o A tt olvtorlhtc at q rtng h'+he lwohell
ot Alh ,",1 a?/b t wh'h tk!9glhe lUok). hlav bglhe aotq, 'rn lhlz tt rromDrphrc cnd b-rcchr tlqu
1r thc l.anen| (aelh)f 601p1, whrch a qplh = aPf ap2tb . 5o ltn allLl at h'1@ 'anvam2rPnt(I
h-moi lu lec,  v to,+btb

7n l11z z= qPla;+h

,  F t ^ l n ^ zu^+ ^lffuo" 1oo,  = qP I ae' + 6 so ,aunhnl ahmentbns wv h<"ure
c\mwmf y1z : 4 _ /anhJ

Now $p u vtqttlar t{ c l6al! ( clw6m larz: t whrchr #/ v'qn\f -- n-9 "hrch sctgs {hal- P
$c^Aonstngu\aY Totn l  4 . .1-O ( l i rs  tv . r  <,^pnhs vken r  - r \  ( t . . .y=Ah)*r=o( f  apont)

Now *tal uve Lnow 'fhaf lhenaepl "l non tng4ldvt+J B n+nnstq we .an extond ]aneclehnthnn'

il:^ffiW'hi:|ffii1^1ffi1ii5l'|fr#^l"iu"r'ri"'^i{'?i'r;"u"''tDEFIMI/ON

6ar nexl objethve sk thow thql motl pornh "f avartelj aft nc)nflngular h)e nee<! an alSehuat. p'eltmtnoy.

PRoP1tfftaN s.2A Il h sa N o<fhenan localwnq wih unaximal rcl2ol +t^t 6ncl vatrclue fteld k, lhen
cltnp?n llaz>z dtmA.

t 1 L  . . .  a { ,  \
I '^, At" \
I  l < H + , * ( h v "  p l )
I  I  t '
\r.Vl t ot+ I' A x t  a n "  I

eaoof rthgata. nacDonctlc) [tt a,. t/.ts pt2t] d

-Tr1fO!E!I 
:a LelY be a vane\ thenlhe s,zt StnjY ol tmJulau ynk "l Y )s a pvap?r clotecl subsel ol'/

'AWF (tee ̂ l!olI,8.tlr\ q')l d. thoLv JtlrgY t a,loted ubrcl.:t v,qh,,pqtlo Lltow [0, tome apen avennq
Y = U f , ' ( - / { h a f  J r n q Y ; , " , d o ] , 6 ' . l { a t e a c h t . H e r w b y ( q . 3 ) " t < m a q M l u m e j h a f f  r a f f i n e . ? a  ( 5 . 2 \
ancl lhe pl;r, o+ of (s.rl ,^.d baal thal *u mnk o( thz Taiobnn rnulnr ' 'r alw,tl ls --n-r rlenttlh| tel
o l  nnqu la i r  porn l t  ' s  ) l t z te f  u {  a l lPon i  a f  /  *herc lhe  'anh t t  <n- r  Le l ' t r 'be lhemalnx

r-Aru41 Y 9 /Ar
h@ dt{nensbn
\_t

5o thol a ponl P uf f r nonttnqular '4 ronh''(P) <n-v^. Bvrl hq aqv " Pemtncler' Ltnecr, Slcleb'a.' Nok
i'i i l l..lr"l {h-r ) x(h-r ) rntr yru,lnr "t ".{nk-f '{p) hctt za6 deld,rrttnaf)[. To la!l. !t '^tt, dalevrd)nanl xe
,on' ,Jlrulo[ fu delevmtnsvl 64 no r;,ivtpiici,ta'iubvnu\nr .( 7 r 6ncl lhen e\'at't^Lle at P tf thew ote N
(n-v)  x(n-  r )  tubmalnu/ t  ua lhdeletmf iqnv,6, . l . |FNeEr- t " tv .  , /n l  \hew

Srvrg ' / :  - /  n  Z(F , \n  .nz(Fr )  =4 t

5o srngY s clo.re<|.

n:k"!!!;.1;xa,ftff1"t,Tf ,r)'!{':,lti'\z'ifiii:#i#fu1!J,rtfrtr,7:["1#,];i;",,t:1,!if::r^i,r::li;r,f;( ":;2:'i: Itxfff"nt'il!.r;,;;,.");)roi'r:i,,^i!?';:;;"'''*'f pr{in;',Ia-':i:i:l:{i,;*'in'nrt#;H.':l';}1fi "l*"ll"''
{, , \ ,  J rngy  t  the  rc t  o l  po tnk  Pef  ,uch  thu l  (a . f /2 r1 i )q )=O +a, i - -1 .  ,n  t t  Srng f  = ' l  (s rnu  dr rnY=r^ - r )
+hen lhz-p" l ra \1 tm&ls  ? {  l?a i  a f t  zoro  on '1 ,  anc lhen@ 7€hI i  eT l ' t )  fo teach t .  Bu} - r ( ' J )  - -  {# )  ,  -n
deg (atl 'vx,'1< cleqf -I (,,n)hz dpJr'2. = td7atl n r) l^+a rcnre) s" d Jot.; -ofoveadti



EXRIlPLE 5

7n chqmcieulic z-ew lhr u olvead4 nportiblQ, berqueI ti occuq nl thenlf loti*.O'

xw,iir:':,t:fr ',,n#x!,r,!;f{#:[,Tf l:u:";win!;l{;^ffi",Li,,-,,.,
\i!"'"i'ii"ittr"viical;a'iosed) ^nq"i"Taynirya) Xii,, .,r"\swdrh4t |: q.e,it-lhuQntm'ttch''t:;;;,fh:l;;;;;i' P n,iiiit,ibtd, - khn aideffi i"e7'r' 11

T ./=N frnn xt\l=o and ,t raa,btan ftr an1 pom| u zco,henoh@l'qoho = n-ft = n-,
Jo A' rr no,'rs,",A"lo r. Alfunahvetq tl Pe JPi then Op - A mp "" ,J 'rn 's tl4t m^xtmd Medl tno P
;;;;; Ati* z a* traile ftP-k,,'i) s olcvror''4' 61nd we ran '"a an aorhof h4 3et m1'7n1
so limamlm" ) n - dtm'l to '/ E nontlngu]ov

W-/ btary uanely oL dtnchston O;'wten Y sapotn! y=fpl qA 9e,t--h to m= o qnd cledly
Oqy s ave\ulur loical nn! Heua Y 's nonsnStlor'

\Mu N $ nl$tuqqlar ond ll^ u aveval by -prat ol A\ ,t {otlous thal ft^ s nonttnqular. If2v1L fi
pathculs( IFt ,s n'onsrrtgula", ad bttl\t;\ ereul LD ( v. l?L u nonttrtguldt 

-



N'TE Alrn = A-/^A* 
, c^ncl

Ltlf. 4-> Am b. lhe c,anoarc" v,.towhtryn al,Ma5 rf 
q/,--Y[q)e'mAn +1an 5qg?t1 ftv pme

s4.n1 ,wu ?n aprtme, a€' tn, ta.welnati "n .ny."l lon ^ Alm t A-/mAru. tope lhts BJu!?thu<)
l a ) a e A a h c l s 4 + n - b e a t b t h a r y . L e l + + f f i b e r . l .  i j - t  n - -  |  f r ,  t o v n e  n e - f t 1  ( t . e . + - s - t m o c t . t : ' { . )  t h e i p u l
M- -  nq  -  t l - s+)a :  a .  -  s+q an . l  r ,o te  +hc i , / \e r11  and

LEt1t1 A -tf m e1't1 qnd s (m wih- trw e?na liey- vue-fn" E q wvalznllg .,1h e kevnel
op an ----) -rfl\a / 1nz* r ?nz

pleno 4lm--) A- /n,4.* lt tuljeLlu< qnd )heehrcan romovphtm ol rtngs

l,,texl t,<.la[vv.t lhere 6 an gonlbwhrm ol A-vnxlulu ?nl1vz = m4'm /-2tr^. l,!e beqtn alh
he +-lrneqv vnap !,-m----+*4^. rl */r =Y(-\emzAm ihznfhere \s s4'rfi wih sfie'rnz
B,a l:he Lemmar'rnE+n.,o y'' (m)'A"^\:avz.5o mllnz -) t1q'nfm.Am tr t11ed't'c'To teel}

u i,,r'l echue ue,lhe abve a"qumzvrf, bu+ r.tor\./ cl € -rn so rys-76t P[enolhe maP I an $\m,vfJlttJm
tj 'it mat<e fiu uenhftca#.o,t

k = A / m = A - / m A *

7h{t h f mL ancl lnA*/m"A- ac nmotphrc ca ,/e(ht spaoa o\/ev k .

Deinrlwn u[ Nonstn3ulat'r\ nqk(a rewe

aP Y< /f saffir,zw,lh t(t)--tfu.--',tpl +hin!tr rfy|ts,lyi:X!'r!,frn,*,!J!.,"i,t#n?f?,u,r*rr,,n,
:I:"t:,!,;r'"1':fr?utr,,!;,n)r,X:#;;:o\:';'xT',,',i;i;":':;';;ii;';;iil';:;;';i'i$ a""
Jo ttze o'nrlntnk)

7he mpoylanl fac! v lhx , rf A rt dtu rttq wih rvlutinal d2ql+fl. and, |y' 6 qn fi -r,ttodult , 'fhtn
Y l7ay4 ts q hoddle over t 12 fleld A l+i. \dnw lhe.u,lwn (a + +n1 1i'r+mvtl -- am+ +fif1 rr {,qq!=i*"
rhul  $ ,  t [  m4 mMancl  a $. rn lhen am4 mt- t . , ' '  p- lA(z ' -eniy t , l  aQtn oy.d am e. inr t  lhen
vr4 e m't''l. f a pavhcula'r lhrs apphea whtn H = 1'n lo lfie A /m Mo4\Aie ?n l1n z . 5D qE hat'e thot"t*

,!#,J-r[*i:#:;l'aif ,;Tt"!"+L;JY"'*'li;;,:re,nft :*;!7p'1,;:t
i*!* ;);;,*h;', i,:";*=;;r\",'frilr::L
Vui" lanpnl t parl- ol '/ at P ( -ho'c 71 rlhoAa*imal tdeat v tv P"t )'

t',low tel f e lN heqphne.mmlhtpwof o('fheorxm t.l,' 'e hnou,lhal hr Pe-l

1 - ^  -  " + o  4 a) s - -T -- -l

N DTE

E X AII?LES

ranlf : n-/tv4r..fr'lm.

wheyy tr1 B llu mouimal tdeal ol- Oey, a.nc) J = .(d,/a,;el .1", rH)=(tr...,.1r\ .
Fonexarv'ple lgl 'l - Z(j,-) c- /A3 TenY rs fl^r rnlinec+wAol lw uypei planot z=o and
Y = O,{ai- ts, l^t ^-qrD:

t



' ke l  X - - (Z? ; \  so  ran \ I=z  o " ' d  d tmEtu lmt=  n -L : l a'f qn! Pe'l.Thctl s, e ueuj potnl
on1 odl hao one hmgenl-

41 anu hm" dtmAp.y: dmY and dtmhtn/mz >z dtm9 pr/. Nhen lhene 4u' ctre equal, -llv p'nf
t nortrtlnqqlgr (t.t. ,f 'dtm041 --t ltwt lht vlurhpn tt*hcF ,to' 4 Y looh: hkc N - +14u.rhould how
r t-1. irnaeink. vf lhs w'|rc, 'f (hoa vm3w {nan r iangerth, P 'r a rcr€wu Po'r*)'

Ne ,,nstder some eKaw\plq o{' "un^ea,n /n*t, -r.,.h bq ?wp l ll vnwri b ZIP)
no'rconsta*, r*e4L{cible }eELilf . t'p, Pe lp( Ie[ eip denok'Lhz maximal rclecal "+
4or ?ezlF) vve haw 

. +nt , Rp
dtYA}.' /.rnz : cl'Mh q;l ({)

0 t  ro ,a,oe dtmLf lP/a| :  Z (d.warJ uk k [zyJ x  b{zrg]  b t^a- l , ,<->x y-q,e->,4)  sof  f4 .1-  or-
rhen jsaq'ml"n, - z-Bql /;rr' i. ' l = l, s' 'F (f)taf then P r ct n-ou mqular puttl of f.ol ooune,lhu
,s obvnun-stnu"  f  =  lo l lv t ,z l l  ,u1 und{<ap' / / .  / ( t t )=4 und u la ' , lp)  =af lzAlp)=o (*  o-Nol<) '
5o o e.-f s snqulrt, "/1. leap.. ti lhrr t c'le dmpm llnt = 2 (.rn<- @nl).

Sn tome tpqlel
P Then bJ" s. I,

f  - tczL*r t

_  x " t 1  + t z

thr: woa p w'nAh be,reducrble tnout fecl@n / A/ok oi l rrc|tr4b;Ik,

We ho+uu | 
= J' - xj - t" ,'tn{ L'l

aL ^r
i l  _ -3*,_2, ?J __ r5 

luo*
So Pey ( rcnflnaulay P:(qrb') rff. b=o and a:o Lq q:-z/s,b,l
1 -z1 t , .141\ .s , fuonqnt | !u  on lq  s rnq l l lo r  porn t  o^  Y  j r ruJ . /n , . r12
." t "*)+ am{ryni:2, *hdh mhklv',rt trl!,'tlr".ltntt-"|'-'
dfir ongrn I

\'t B All llz prchalot a,e .'n
lD2 ro r,u€ rniq {rirnJollirtObt
o'1, c, "" ,hik"e' kra E .
ts.} ihe cakqla+uru ' l -  ,
st,  Juldv P'ME alevql lcl  r^

tr
8 Ifu s htae k, .h h= a tl chat tz "z +ba orrl5 rrngulor porni rs o'

anr) nmtla'ly '+.ha" h' '3 .ud abot€'

toct.{o, 'neductbilr\ @zourN etu)llu mcll f l).

O =-A"14. ('rut qo: o)
o : r \ o c , 1 L  l  a a " = , :Q : Ho crY )
e  -  A " A *

.  o :  Hl6L +H,,C\J
| _- c,5H,1
|  =  h t \ zz
D = 4,rHq2
o = c.:Hj'r cJPl'J

-1 - 6*k\a1 .r (9 H,z

Q'te (fi C,*- o. Thert H'c0q = O an<\ C11O rnz C^] o, rc 1t,, = g- 
l well inaec\tal<J 1 ri c,.u*'+ i"nMdttipn )

@a.fo,r Hr.--o. Hsnu o-14!d- r. H;--o, '"orlvrrr[<h vrg t--CllU

5 " [ = q 1  - '  a a  \ 1 + ( a  r  w e d u t \ b l e ,  a n d  ? f l a x  -  - 2 x y 1 3 i t  ? f  l a q -  2 y ' ,  T h e o n l q  a m m o n* '#*]',:,: !::;i;:i*'!^7l,rl;U"l;;1ts:;Tiy::'X"Ilu'will:Hil,fJt:"r$,"n,"^o,
ltr,.qavl^ {orLo.th p,eu 'e - ' lnd // {r 'Dv av13 cu'\^ rvr fn^z etYlne' c'Porvdu n0 nt lYrgu\ur' o"k t '}7-tqrok4

a\ri6'm lnp--z\ .

*';;^'{xi:.fr:,#;'k';l:)y,,1*;,::;i'#i:ixW"t':': *:"n;h;:Ll}il{";ni'::s'ffii"?'r



o = a.N' {"1$ C"=ol'"= f;"'tr, (" u"=o)
_t  -  G.A*
o -- ANi' + A'c'1
o - a'JH!

- l  ' -  A x H a z
r  -  4 r  H r :'o"- 

i,i'1' ''1-,,
o - C*A,.! + cJHal

J 'ne  -1 -  Q*A* ,  C;+O ae,d  H^*o .
, . \ l s .  614o  ( . r - - c , yAy )  -  \ : o  ! o= .v * i l .
Dul lh&\ O -- r'lzd! | a Laa!'1dt' +1Dn'

s" f -- 
Jt - at -*. '  r twedwcibl<, "nd 74ar : -|r"-zx_ ?Ua4 -_ sX>

an chctnc+enshc o, lheon! rolul,onc ar" 1o,o) qr| (-21\o\, b'* (-zhto)&Y rnc16r6 xf Chor=2,
-3r,-zt -- tz au,tl j ,t '--, lL t. rcrn){+fuott/ tutulun. Xn 'trnr 3, ,-2*=,o ct"'cl anl Lot o) 1eL il
q ta^hnn, vut tq"je l l  otJ- o )a -- o, r 1o,o) t aiatn 4u onp tnXula'pottl tt chat >3t*1n""'"^lo, 

pl* i i ' : + , " t " i r ' , r l r 1 " l ' n t r  , 1 i r t : o t t o  4 l y '  r l o ,  aanhmd iwn  Jo tn  unycha t ,D  t r t u  i n t3  t v l L

x,"neduc:b ih\ leat. S :  1 3  - 2 3  - t L

!v-'.qc$dbiL\ ' .{ - 11-t 
j+ axz- t)svg)ht 4vma\ kthn ry,tz

*tu* Go= 6, +hrn
t - - 6 y H J
o = CJHJT
o -- a'A5> + 6'1Ux1

o = 6""vl"t + aJA"-

l " ' r y ' : " ?  & ! = o o  H , r = o T b r l i h r r  . ' . + , , ' . d  r t t  i x 4 z z = ' l  S o
t \s rvr?clucrol?.

AF "I- i ; ,  : ' 7 x ' + z q z  
4 :  t J

!^ .l\av o) tdtAwns q',e Lo.to) dnd (k/t, o1- lht tztnnol potnl belvnqs
1o Y K. a-- g 5s Ih< oalq tolqhnn tt (9o)r p rpyrdrtl r ' ' ,$)eJ,
\phtch $c^lwaLy +we One ."hcchs /^ h lghe'- chci rq clen shrs lhc,t[:
A  s  t fu  o ,^ , lg  i rng ,a \cvporn l .

Ngfq nr"r=o th< po'nl.rn Yayc ( o,o-1 <,ract (o/ d,) +r
atl i' a6" pg.:lg n u* ha.ve a rslutuo4.^Y rbQ on?ttL
atr.;l lhan onoll're t " Ple'4'tt rnu'r tn<l offat the ngnl

t+ m^4 tltm lt[e '{ 6 naL necldcihle - bu*llasbeca"ve
our rnlqYtu.rn lr,nl14e'\ePeh ba l l "Y]ae]nc+Dp JYIY ". C' / 1R..]. -Nolm thc Zanrh, 1tlDsloqy SIte f $ Ln'ed4.i blc , \.1 b\^ c ov'vrst
,ark e ( pk@oDo trdpa ref f,. $atl, n14,- t6.r"q,."t 

-

sga&- '1 , lhn t  p tece  r  open i  (Y- (o iq l .
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Reminder: Linear Algebra
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September 18, 2004

Let k be a field, let Mm,n(k) denote the set of all m×n matrices with entries in k. The column
rank of a matrix A ∈ Mm,n(k) is the maximum number of linearly independent columns. The
row rank is the maximum number of linearly independent rows. The matrix A corresponds to a
linear transformation ϕ : kn −→ km and there is an exact sequence

0 −→ Kerϕ −→ kn −→ Imϕ −→ 0

The image of ϕ in km is generated by the columns of A, hence the columns contain a basis for the
image, so dim(Imϕ) is equal to the column rank of A.

For 1 ≤ i ≤ m the m × m matrix Eij has a single nonzero entry 1 at position (i, j). If
ρ : {1, . . . , n} −→ {1, . . . , n} is any permutation then Eρ is defined by putting row j of Eρ equal
to row ρ(j) of the identity matrix. Any such matrix is clearly invertible. If i &= j then we define
the matrix Aij = I + Eij . This matrix has inverse I − Eij . If # is a nonzero field element, we
define for 1 ≤ j ≤ n the matrix I",j which is the identity with the 1 at position (j, j) replaced by
k. Clearly I",j is invertible.

Suppose B is an m × m matrix which can be written as a product of matrices of the form
Eρ, Aij and I",j . Then B is invertible and corresponds to an isomorphism ψ : km −→ km. The
column rank of the product BA is the dimension of the image of ψϕ, which is the dimension of the
image of ϕ, which is the column rank of A. The row rank of A is the dimension of the subspace
of kn spanned by the rows. If we interchange the order of the rows (the matrices Eρ) or multiply
rows by nonzero scalars (the matrices I",j) or even add rows to other rows (the matrices Aij) the
subspace spanned remains unchanged. So the row rank of A is equal to the row rank of B.

But by applying the three types of matrices, we can produce a matrix B whose nonzero rows
all begin with 1s in such a way that these 1s are the only nonzero elements in their column. So
clearly the row rank of B is the number of nonzero rows. But the columns corresponding to the
leading 1s of nonzero rows clearly span the column space, and are linearly independent, so the
number of these columns (which is the number of nonzero rows, i.e. the row rank) is also the
column rank. Hence we have shown

Lemma 1. If A is any m× n matrix over a field, then the column rank of A equals the row rank
of A. We call this common value the rank of A.

Theorem 2. Let A be a square m ×m matrix over a field. Then A is invertible if and only if
detA &= 0.

Proof. Theorem 2.17 of Adkins & Weintraub.

Corollary 3. Let A be a square m × m matrix over a field. Then detA = 0 if and only if
rankA < m.

Proof. Since A corresponds to a morphism ϕ : km −→ km by a dimension counting argument A is
invertible if and only if ϕ is surjective, so if and only if the rank of A is m. So using the Theorem,
detA = 0 if and only if rankA < m.

Proposition 4. Let A be an m × n matrix over the field k, and let k be a positive integer with
k ≤ m and k ≤ n. Then rankA < k if and only if every k × k submatrix over A has zero
determinant.
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Proof. By a submatrix we mean a matrix obtained from A by omitting rows and columns, which
are not necessarily adjacent. Suppose rankA < k and consider the k rows contributing to a specific
submatrix. These rows are linearly dependent, so the rank of the submatrix is < k and hence by
the Corollary the determinant of the submatrix is zero.

Conversely suppose all the k×k submatrices have zero determinant, but that rankA ≥ k. Then
there are k linearly independent rows. Throwing away the other rows, we have a k × n matrix
with rank k. Thus there are k linearly independent columns. Throwing away the other columns,
we have produced a k× k submatrix of A with rank k, which thus has nonzero determinant. This
contradiction shows that rankA < k.
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Automorphisms of Power Series Rings
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Let k be a field. We have seen earlier that if A =
(

a b
c d

) ∈M2(k) is an invertible 2× 2 matrix
over k then ϕ : k[x, y] −→ k[x, y] defined by

ϕ(x) = ax + by, ϕ(y) = cx + dy

is an automorphism of k-algebras, and this extends to polynomial rings over any number of
variables. We wish to establish an analgous result for power series rings.

From our Analytic Independence notes (p.85 of our A&M notes) we know that if a1, . . . , an ∈
k[[x1, . . . , xn]] are power series with no constant term (i.e. not units) then there is a unique
continuous morphism of k-algebras ϕ : k[[x1, . . . , xn]] −→ k[[x1, . . . , xn]] with ϕ(xi) = ai for
1 ≤ i ≤ n. If f(x1, . . . , xn) is a power series then we denote ϕ(f) by f(a1, . . . , an).

Let m = (x) be the unique maximal ideal in k[[x]] and consider the power series u(x) ∈ k[[x]]
defined by

u = x + x2 + x3 + x4 + . . . + xn + . . .

Put g(x) = x2 + x3 + . . . so u ∈ m, g ∈ m2 and u = x + g(x). Notice that x = u− g and g = xu so
that x = (1− x)u. We can use this fact to gradually replace the xs in g(x) with us until we have
x = h(u) for some power series h:

x = u− ux

= u− u(u− ux)

= u− u2 + u2x = u− u2 + u2(u− ux)

= u− u2 + u3 − u3x

This suggests that x = u− u2 + u3 − u4 + . . . + (−1)n+1un + . . . and one can check directly that
this is the case. If we let h(x) be the power series x− x2 + x3 − x4 + . . . then we have x = h(u)
as required.

A similar technique works in the general case:

Proposition 1. Let u(x) = u1x+u2x2 + . . . be a power series with u1 &= 0. Then there is a power
series h(x) ∈ k[[x]] with x = h(u).

Proof. First we prove the following claim by induction: For each n ≥ 1 there is a polynomial
hn(x) ∈ k[x] of degree ≤ n and a power series bn(x) ∈ mn+1 with x = hn(u) + bn(x). Since

x =
1
u1

(u− g)

where g(x) = u2x2 + u3x3 + . . . this is trivial for n = 1. Suppose it is true for n ≥ 1 and let
x = hn(u) + bn(x). We can then write

x = hn(u) + bn,1x
n+1 + bn,2x

n+2 + . . .

= hn(u) + bn,1

(
1
u1

u− 1
u1

g(x)
)n+1

+ bn,2x
n+2 + . . .

= hn(u) + bn,1

(
1
u1

)n+1

un+1 + bn+1(x)

= hn+1(u) + bn+1(x)
1



where bn+1(x) belongs to mn+2 since g ∈ m2 and u ∈ m. Notice that the sequence h1(x), h2(x), . . .
is a Cauchy sequence in k[[x]] and hence converges to some power series h(x) ∈ k[[x]]. For each
n ≥ 1 write h(x) = hn(x) + h>n(x) and note that

h(u) = hn(u) + h>n(u) = x− bn(x) + h>n(u)

But −bn(x) + h>n(u) ∈ mn+1 since u ∈ m and bn ∈ mn+1. Since n was arbitrary and the limits of
Cauchy sequences in k[[x]] are unique, this shows that h(u) = x as required.

Note that in the above construction h(x) = 1
u1

x + . . ..

Corollary 2. Let u(x) = u1x + u2x2 + . . . be a power series with u1 &= 0. Then the morphism of
k-algebras ϕ : k[[x]] −→ k[[x]] defined by x (→ u is an automorphism.

Proof. Let h(x) ∈ k[[x]] be such that h(u) = x, that is, ϕ(h) = x. Let φ : k[[x]] −→ k[[x]]
be defined by x (→ h. Then ϕφ is a continuous morphism of k-algebras with ϕφ(x) = x, so
by uniqueness ϕφ = 1. Since h(x) = 1

u1
x + . . . we can apply the same argument to produce a

continuous morphism of k-algebras ψ : k[[x]] −→ k[[x]] with φψ = 1. An elementary calculation
shows that ϕ = ψ and so ϕ is an automorphism.

In particular any power series in one variable with no constant term and a nonzero linear term
is analytically independent. We now extend this result to more than one variable. Consider the
power series ring k[[x1, . . . , xn]] in n variables with maximal ideal m = (x1, . . . , xn). We have
shown elsewhere that the power mk consist of those power series whose only nonzero terms involve
monomials of order k or greater. For any g(x1, . . . , xn) ∈ k[[x1, . . . , xn]] we write

gi =
∑

α,|α|=i

g(α)xα1
1 . . . xαn

n

It is easily seen that g is the sum of the series g0 + g1 + . . .. We call g1 the linear term of g. Recall
that is a power series is a unit iff. it has a nonzero constant term.

Proposition 3. Let u1, . . . , un ∈ k[[x1, . . . , xn]] be nonunit power series whose linear terms are
linearly independent. Then there are nonunit power series h1, . . . , hn whose linear terms are
linearly independent with xi = hi(u1, . . . , un) for 1 ≤ i ≤ n.

Proof. Suppose we write

ui(x1, . . . , xn) = ui,1x1 + . . . ui,nxn + Gi(x1, . . . , xn)

where Gi ∈ m2, for 1 ≤ i ≤ n. Since the linear terms are linearly independent they span kn, so
for 1 ≤ i ≤ n there are elements λi,1, . . . ,λi,n with

λi,1u1 + . . . + λi,nun = xi + λi,1G1 + . . . + λi,nGn

That is,
xi = λi,1(u1 −G1) + . . . + λi,n(un −Gn) (1)

Let us make some comments before proceeding with the proof. If f(x1, . . . , xn) ∈ k[x1, . . . , xn] is
any homogenous polynomial of degree k ≥ 1 then we have

f(x1, . . . , xn) = f

∑
j

λ1,j(uj −Gj), . . . ,
∑

j

λn,j(uj −Gj)


=

∑
α,|α|=k

f(α)
n∏

i=1

(λi,1u1 + . . . + λi,nun − λi,1G1 − . . .− λi,nGn)αi



Since the ui belong to m and the Gi all belong to m2 we can expand this and write

f(x1, . . . , xn) = f

∑
j

λ1,juj , . . . ,
∑

j

λn,juj

 + b(x1, . . . , xn)

= H(u1, . . . , un) + B(x1, . . . , xn)

where H(x1, . . . , xn) ∈ k[x1, . . . , xn] is a homogenous polynomial of degree k and B is a power
series belonging to mk+1.

Next we produce for each i a power series hi with hi(u1, . . . , un) = xi. Let 1 ≤ i ≤ n be fixed.
By induction we show that for each m ≥ 1 there is a polynomial Hm(x1, . . . , xn) ∈ k[x1, . . . , xn]
with degree ≤ m (i.e. the highest degree monomial occurring in Hm has degree ≤ m) and a power
series bm ∈ k[[x1, . . . , xn]] with bm ∈ mm+1 such that

xi = Hm(u1, . . . , un) + bm

To see the claim is true for m = 1 we set H1 = λi,1x1+. . .+λi,nxn and bm = −λi,1G1−. . .−λi,nGn

and use Equation 1. Suppose the claim is true for m and let xi = Hm(u1, . . . , un)+bm. Denote by
bm,j the homogenous part of bm of degree j defined earlier. Using Equation 1 and the preceeding
comment

bm(x1, . . . , xn) = bm,m+1(x1, . . . , xn) +
∞∑

j=m+2

bm,j

= H(u1, . . . , un) + B(x1, . . . , xn) +
∞∑

j=m+2

bm,j

Where H(x1, . . . , xn) ∈ k[x1, . . . , xn] is a homogenous polynomial of degree m + 1 and B is a
power series belonging to mm+2. Putting Hm+1 = H + Hm and bm+1 = B +

∑∞
j=m+2 bm,j we

have xi = Hm+1(u1, . . . , un) + bm+1 as required.
Notice that in the above Hm+1 − Hm = H, so at each stage we add to Hm a homogenous

polynomial of degree m + 1. Hence the sequence H1,H2, . . . is Cauchy and converges to some
power series hi(x1, . . . , xn) ∈ k[[x1, . . . , xn]]. For each m ≥ 1 write hi = Hm +H>m and note that

hi(u1, . . . , un) = Hm(u1, . . . , un) + H>m(u1, . . . , un)
= xi − bm(x1, . . . , xn) + H>m(u1, . . . , un)

But −bm(x1, . . . , xn) + H>m(u1, . . . , un) ∈ mm+1 since the ui belong to m and bm ∈ mm+1. Since
m was arbitrary this shows that hi(u1, . . . , un) = xi, as required. By construction hi has no
constant term, and the linear term is λi,1x1 + . . . + λi,nxn. So the power series h1, . . . , hn satisfy
all the conditions of the Proposition, since the coefficients of the linear terms form the matrix
inverse to the matrix formed from the linear coefficients of the ui, which are linearly independent
by assumption.

Theorem 4. Let u1, . . . , un ∈ k[[x1, . . . , xn]] be nonunit power series whose linear terms are
linearly independent. Then the morphism of k-algebras

ϕ : k[[x1, . . . , xn]] −→ k[[x1, . . . , xn]]
xi (→ ui

is an automorphism.

Proof. Let h1, . . . , hn be the power series produced by the Proposition with hi(u1, . . . , un) = xi,
that is, ϕ(hi) = xi. Let φ : k[[x1, . . . , xn]] −→ k[[x1, . . . , xn]] be defined by xi (→ hi. Then ϕφ is a
continuous morphism of k-algebras with ϕφ(xi) = xi for all i. Hence by uniqueness ϕφ = 1. Since
the hi are also a family of nonunit power series whose linear terms are linearly independent, the
same argument produces a continuous morphism of k-algebras ψ with φψ = 1. We see immediately
that ϕ = ψ and hence ϕ is an automorphism.


