
3. flonp! tsn-J

5o fu, tuc how Aehned alhne ond pwlnc\tve vanehe4 b,# w" ha,re nol 4vrwn"l whol mayptnqs an a.llouv€l
be\areen lhem. Ly'e have nol eve n totd'" *lpn.lw. ctr," s omoqohrc. Tn "jhu rcclan <*e w,ll c|tcuas 

'+he 
,.eg uto,

.fun c4wns on ovane.lq, atd then.cle$ry o, vnDtPhutn "/- Gttehed thu,o w< wll. ho,L'e a gaocl ,"lego,y-,. ".ht"h'k 
*otk.Lel ! be| 1^-;-oSAtnu vartell n '/An weull u'nsGlel- y'unc*Dnt f I 'on y-k k.

pEFlNrftzN 4.fiinclnn f ,l-----tk E rylllg! s|:peAt Pel ,f lh"n /t an apen neqhbouhoa,l L) wlh Pe U<:/
and potyuk'als !1he ff:k[>,/ ,rn'] t 'ath lhql h t no-l'ep zew 3.n U, qncl f :t/h "^ U.
(!4nn"7,oun i ,L'poel he potJnon'qls :+'j-t on /A", n<qu on \ ) Ne taj +haf S u

4&!:!J 'f 'l s 'elular ^f iv<vY 7onl '/ /

LEhPlh 3 l A rc1alar {andt:n s <^>nhnuoo, ,rrh.n k,s denhtied *,lh /A'h,n rl;  /owL; kp'h|J
PR00F Tls enowhlrc' show lhal ,f-' f a.lated fi u Jorc{ A clorcd te] ./ AL '' d{'n,k rcf of pon!1, sa } u

5 u fkctenl"k  thoq +hal  f  - t (a)  -  {  po-J l !  lp ]=a7 tsctoret l  h ,  anq a€} " .Tt" ' ,ar 'bech"cV"dl" .c ' . l lq '
u sub,cl z- .! ^ l,p,t"1'Lt iro" u',, .Ui)',lt 'f ,oi * *'.*j u'1 ""^g nu,nbcv 4 .7a *h u tuth Lhal
7ng  ' . l o r cdn  l J  h i  e " " v  O  tSaa41 t t "g - ' 7  t s  ope r ,  ' o  l oL t ^1  i npn :  f  -Z  

. ' t oPe^ )  Jo  l e l  Ube  < tn  opew '

sal .n *hLoh / can be repvezenled b1 J/h, , 'ih 3,1.te A a4l h 1o^hzrc Ooa U lnen

I 'd nu: { re v I t@/1.,14 : aJ
: { ? e 0  i  ( s - " h ) ( P ) : o J
: z(X-"v') A \)

uL hr"h 's clarcd 'n t"). /<m} -'(.) ,t cloted n /. C]

Now lel un oonstder a yo,t; - paj clae vaw ely Y <- lF".

DEFINT,OAJ A t"nclzv, /,/- k ,5 pqalat at) o pont Pef ( thec t an ope" -eqhborhoacl
hernosenooq polxnomtals ;,;; 5-p;. , *f , "t lhe Lame .)"grceisuoh lhal h
<'na i: 316 "" u ( t\/"f"h,^t ,n )htt ,i, .*n fho^3h I "nd h are rnl func'12"' "',
a vEl-Aehned f,n.lin *hnrnuen h +q st;e lhe! o*it"ilenouo 4 the nvte Qegael

Egular on f / '+ B rcyl"' af 'venn potnl'

?EM0RK 3. .1 A, ,n lhe laatt-afne .o4e (qnclwt4q e,osennally tbe t(1yne paof) a nerlula, {uncfun^ 's vaeaa al'J
,^>nhnrn,u.o 4n tmpo,hnl *rrnq,*ni "f ahu ' '4e fuJ +hal '/ { ^nl 3 .e rcgular fun,t ."nt on i .vav.l1
K o"t d tl F: q on 'att 'e "-*nnpl,t open rubtel U e X, theu '/ : 1 evrywhew 'it1tt lallov'te ttn@ x
""*auq . 11*he, an on affin" ", 'p,91e chr. "a '.44 ." t",, f -1 61 L,d lt inr by Ex l 6 lJ 's' leue aad
*"'pctuLtbl<. He,'o-. ttt'n' ,f I o ^i"8, ond I t ,""1,'tla.J, 7 - 't ,''eguldv' +he /"nV"t A ql ruh'ch

f- I = O t cJoted an,t ,onlons'th, dewe-apen nT U, """t u'n"nu all "f X

Ilot, *t.ran deinn the catqog o/ vanehe.c.

DEF/NlIloN Lel k be ̂ lred olgeb,an,lly ctored fielJ. .4 avtg!3 'ver h (", s,apty uour3fu) 6 ang atflre/ y^aai-affine,
palochue ", quoni - ylopdtt"e 'tane\ ao Je*n d qbovE.'Tf X,y ..c -hna va,qehe>. a U9'p!)!4 !,X--)y
." i -"h"",t@ mrtp luth thaf {",2veg uprn rc} V s l. ca'd&. eveg reJqtat "lutic+wn \t ----s k ,+he /undton

/ f ' f - ' v - -  4  ' s  t e f ) t a r

U *rlh Pe.tJ .e f , cnA
B no*betc z:eD on U)

IF", 'tltetr 
l"vohent u

t^te tay *lnf y' r

tler.,tt,4 1he pnyonlan of Jun mo"phttmr ,t a tnotPht!/n,-to ",,e ho.e a <alEoy .7" 7athculor, uw harc the n"+aa oI t'ottb'Phum

t" iri'ffit' f ,X ---------t y .1 ie vaneha 6 a. 1o1P-h!m L-h:c! admb'an'nvene ,n.ryhvn T'Y -t X *ih tf-^l ^,^'l ,
,Vj' i i l thdt a,t,tofio,phtrh rr necrtrattly b!e.+aP and fu(anhnu^2ut, b.4l- .a blieclwe Li.o,*nu'twt mutPhtrm nQednol

io) on v5pmarpht"rtt (r 'z 32).

Now ntr nlwdLt@- some wngs "{ /rn"Lu outocto,feJ "t}h any vane/X.
(t toJe r{ Y F an5 vonely we @Ast(le( lhr unqw {un4wn y' ----: h khe rcgulov onlht opcn suble} / sy )



l)EF)NrTlOrU Lel  ̂ ' /  be ,t van"1,4 Ax <)enole 4 O(\) +he t, cJ ol . l l  veg,ttr 'r ,f iancJgvK an.l. 'rf P,6 a pan+ "{ .\,
*e  deAne 14.  to l t " rnq ' l  P" "  Y ,  Op ' t  (o 'smpty  Or ) ]obe Nhe. ' tn i  a l  ' Jenru  " l  re tu l ' ! t ,1 \y^
on y, neat e rn "*nl**ar, "" "t"^enl o{ (9r. '' o pqt' (rl, f ).*1,;'.e .u 

,s "n,.f"1 rubrel 4 y

a-tatntnq ? ""i ' ; ' ; :; ' ; ; ' ; ' ; ; ""-i, ancr uhea "ve'ctenh{1 +u'o tu(h.Pavs (o'() an<t (\11\

:i' | = i ": J,iV r'',"i. ui- inrt s v,eA- f ' 9"" unv'/tr f ' 3'n I ovne oP'A t ̂ v't vnv)

To rcelhul'lhrs ryrn "eldwn ,s an .quvahwa velahnn ) rqplhre tOf)-(vt3) aa (:13)*(|/.,h). then cntlatnl'-1 l--h o"
trAVnV/, uri : 'nrp /th,uofn'!L ,y"lq' /u.ncla'o' "n'lhz urec)uubb 'paa U/1Vr't and ttn,.a +he,lorcdLer(f-h)-'O a,la'Dtt

6)nw)AY, 4nopen akd hen.z du/ \ re ufu" I  o l  U/ IW, - f  :  n . .c t l lo [  u4hl

1f .  f ,1  Y - - - - - lk  avship,e1utar  $nrhow on aa " ,b ' l -v1 'an"+J ' /  / )he {+9, t -J , {9 u*  a l l  reSulot  an\  |bot  fke
6"rtfin1 tr,u.*nn: O, x t------ o q"d / z *--"+ I a,e .le.'!ly '1'at.t (thu fi, Y ary vana\; Ftnl fo, f 7aq2t- qfhne, lel
p e y  ^ , /  p e u , e . / ,  f  e . U z = y  b z  t . l  J : h / X  o "  U '  q n d  3 :  h ' / Z '  " ^  u z ,  " o + h | " n l | '  o " n ; a w  6 n  0 ' 1 o 2  r ' e ' o 7  t h e n
on U t O Jr, lhQ PJlhom@l 11 

'  $ n|nzew) a^d
e  t ' r q t t a h l+ + q -  v ' ,. J

t -  x:  ' ! - ! '
xx'

h -  v ." 1-1'

5 , m i l a ' h , r , l  Y  t s  . 1 ^ a ) ) -  P w t o c l , * ,  0 , 1 v . ,  h ' s r h , 7 . '  a  a b o w '  u l l  h o l r t D q e r ) o L ' '  ? " !  h - ' 7 . ( v a f  h ' , 1 ' \  o l  l f u t a r n e- , l i ' - , J *L" '  
r .q ,  J  q r '  

' '  Jho t loqQnovo o(  dgra-  e1u lo  11 t<  Aa4rcz , .aad s :q t ta " tq  h '  \h "  17 '  J l  u  now ecaJ

+l*ka n",ig^t i|",'Ws '/"---: n {",^ i"ry' N'k +h;l Oe ts vtdeeA "t local ang, *'1h

(u '  f )  +  ( v r  t \  :  (u^v )  f  )  3 )
lu)P) (v))  -  (ant , ,  gul

) : _ : : : \

Bolh lhue opmhtns a,e *e l l -do jney '  tn& t f  (u) f ) - lv i f ' )  a ,d (V '9J-(v t . ,  g , ) ,  f  - f  ' *  u1tJ '  a"d l : t t  " -  v f iv ' ,n
(uAy. l  j  q \  = l t , 'OV' .p 'y9 ' \ ,  tne Dv ' t  Unv 'A\ lOv ' ,  l=  { 'qnd c=q t ,h td, te  J- ,  tha p," ,1u,1 the"unrQL' .  mqxrw. t \
,a"a k  " t i r . f '+qevms 4 

- ,eq, t lo '  
{ -nc la 'n '  -h f t l 'v .nu i - t  P - leo l (wvJ ' i l  " [  e t (  (or€) /  4(e1=of 'o^"n.d"?)ofOo,

) v d , . (  l ( e l + o  t a v ' g 1 j = J  k s l  [ : 9 | t , * 0 ,  h n " " , o * o n  U . I h . n 1 k ] 1 o ,  ' n , t  u n o , * - o " " r  D b ) = t P l 9 ( t ' ) + a ]
6 open h U./ so \/'re .ah find V< U ,Pen "ontc'ntni P :t g's nonz*'n '^ Y Thin lel X: 

h/3 ^v then

(vt  l ) (u,  L)  :  Unv, . ta)
-' (Anv' t/u '/l)
-- Q rlv' t1
-- Ut t)

Hetw anylhng ouhde ol zn ,, o ur,l. ye,112 Op ,s local. h)e also.Jaim lhal 19e 1q 2 k lhn r dafrztr nlfu abwau "\tq!

f ' gr '---"+ n

ty f(url'): llrl tn's s }eatly a motphvm { dn?t, aocl Ker/= w rtn@y' ,'u|b'lbe (h'ceht (Y'a) t'e7"k')'
Oe/a = R'

DEFlNIrtoll LFY,, o ,ranelg, ure d".j,* /h"fo4ry-fpld l{(Y)./y". loi/owr, an elemenf.{ 1<(y) ,e an equtvaLna
.taDs 6l pac (Utf ) *h"rc {./ ra nonemp.! 'gan abtel -r' Y, lt a tega lar'{un"lnt:n aa U, an4 othzrt
*e dsnhfi h.<n potos (4t) an<t (VS)//-l "" ,J nV. vz obmenh i/ K(r) ore.ollecl rsbt4
/yy_A*t; i^ Y

Nole lhol l<(Y) ,t n l"cl o -ficld. 5'na Y r nedurtbln,, an! |w no.seypply bpe^ sLtbJeE t qw a rlonernf! )nh.nal'tn. ,
Hzna, a we alrcad,l ,herhe4, *tw abovp d"4tuo on cqqtvLlenu ,elcrlwnl a2ng. ute <an clelyla qclcliltpn Jnrl vn,'nlhPltc'lwn' l  

- | v t  mnhrno- , t  'n lo  u ,vq . lhen{  ( , , t , f  le  K(Y l  wr th  f  1D , '<  co , r ' ,=z fn . f  l1L th"op" ! \ rc1  11  - -  \ )  -  OnZ( f ), l i ' |&i,"ta;ry",r' it"i '""3.Ihui+,1o,p1.p17)*t+hf |.ot":, ':y+^4 l1-4""p;!;:t_,u^,--o-- onz(+)
Ji,l nnng uint:he.a (a teiula' '{undwo c arkntaw.l t" !'to,sduedtheno ltu .'qplemut."+ z(+l=f -to rs.pctrJ.
: i l l r "  y i - , ' * r " ^  onV ,  sLnd  o l  Pev  te l  . .Pe t r J .eV  ry ; J  [ : 5 /h  ? ry  f i : i  l 1o "^N  'mphcz  3 { r :  " "w ,  ro lho f
;;;.; -td 's ve1.' loi, ro t/f tt !€Julq' t1841" (.vt ') l) " an nveve h' (wtl)

J



;10a1 *e ha,e Jeftned, 1o, on1 vandl l, lh< 'tnt af llobd rtnclwnt Oly), Jtu local n9 (!. aI a panl ol l,
and tha hnc[oa44d K(lI ry *hhry fun.h.oni v'.,e oblotn ndun'l naps

0t9 -----> 1!, --'--> x(\)

*hu.h n{acl ar€ 'njeclr,"r \ (3.1 D. /-len@ t',e wll vuruollq ncal O(Y) and pr, o rub'mjs "L 6(l)
11'!ole lhul all fhva tihJs an E- a$ebroa)

i( unvflau.l Lq an uolnophtc vane/t4 N vn f,,1-:W y-"w-tY. l6q6 f rclr upon vumsyph,1m,,(
, ,nq,  b( l )=b(d,  cgqv=Oej , .  ' , /heE Pet ,and f  / :y( i leN,  on" l  KUJ= K(w). - Ih t 'uo lh '  bez4a)4
f" , "1,  W --k  "egnlar ,  f I .V-4 '11 6 n1la5 ^"d l r - - jy  samo'ryhum' f  r tng 0(w)-- -O(Y),wkrch
s clea y biectu'e. Lrker.uve ( 76 f anc) Pi - y(P)eW., l* L),P) €Oe; let 0($f) .lenok the pat'r

(ttot, rr-,) ff-,, t@ -t k

thts clehrw a m*pl[m f rrng(9e,y --s (9pt,r,1 uh,rh,s ecall '2snL bn bl1er!"e A srrtla" atSunenl tha't 'r K(Y)2

X(w) m* * "oln to,.l +i"t bUi,'A, ""a 
''i[l) 

arc tnuanatlt ol +ne vanefi Y (and thepatnlTJ'yh romoltp]1112.

A( lexl lalh 6 k ,elqb p(yl , Ap and t((l) -lo llte c,f/tn" *oolrnqk nnq 4ft ) ol on .ffine v a,,e47, aud )he homoqenowt
,o""*tnak rrnq >[Y) .{ " pw1e"},* var,d.1, u)trh unre n|""due.d ea,hei. 1,42 r.",ll6nd'ln'l 1",."-"frt"" uanel4 \,'
n(l): f90)i . ,1 s a, thv"ana.nl "p +D rrDmotPhum H"weuer, ./., o pnjech,evave\ yt s(y) 6 nol an 'nuaianf 'f
dependt on lhe evnbeddml "f / tn PL-jec+u{e JPaq (Fz ?.1).

'1HEDREH 3.2 Let f e A" L. an affin" vane\ ^th affias nordrale rn9 frO) tt''"n '

(4) oN = A(r) ;
Lb) dn"aa&, po,nlPeY t"l mre fr(y) be )he 'dea) "f fun&"n: vattshnq alP 7fi*t

P t----> m.p Ttveo a l-) ,on'wpondente- bulween *he p'tnh "/ / "nd"lhe rq"ta rvmal

de"h "t ft(|);
&) 6, eak P ep = ftj) r, a,4 dn9p - dm/;
(d) K()) a oono,yn,}o t'h. 1u*hen| $ell "l A(Y\., a A haa K(y) u " l'nrhly ynuuak"l

exlevsron ficld "[ tz, of hdntrcndene degwz c)mY

P RA)F fuewll p'n.e?d rntere@l rlepr. Fu,l ute de/it" a mqp dt A(y)-------> O0). Eveg y"lynomtalfe|: k[>t,./...,anf
Jelnea c",eg"to' fuyc}*n pa /A' on"l hewo ," Y. 4- umhan a hafl,;mDfhum 4 -1O(y). Ib kernel r
)*l I(' l),i" vn ohtan an t!echr-e homampr?hrm q,n(v)---' 'Oft). n)- (r.4) aE hhoulherc 6 q
t-l <Ddetponden@ ( vc lu'uon - rcvearnl l.belwten "tyb^r< sufueE.{ / and pr,,nz,rler., lt anlaMaq I(l).
rr,ens fln Purnh.(= m,nraal fb'at< vbzh ) anre'cpondlo the martmol 'duls ol 4 ^nlatnrn1 r (.t). +h" maxrmol
'"leol u.weapondtnq-lo pef 's

rn2-/ leAlrrel-o1

thtt pto,{w (b). Fov each P }hete r a nahtral na7 fr(Y ) mp ----+ Op / h.lued b! P('t) ---+ Oo ana ,a(v) ----: t9(Y).
it ' t nlec*wr oc caae A(V) rodomarn <ncl ( fyr,r '/q,aA(f)m, o,,e r ] fhe1 d*evmtne u tc,w vrXular

J"nch.on  "n  tame opeh P€U'€ / ,  lhen  f1  = .1 : to  "^  U, " id  bcnubq 3 I . t  - f j - { t9 ,^ " l l " l f ,  heno n  A( ' l ) , toJhaf
t /1 = | t/7' tn A(\) wr 

-lo tee lhq|+rq m&ph'ri ' ' tu yclux, )el [),'[.) e Op , .1, , ----.3 k rrgular' I" 7a*tulat' f
 #4utov"al P, to let t: 'e D be epen "ad grha n h,;.1. /=t/h "^ u,, hlb o,t r.) /. tuen (d,t) : (U',3/h) 'o@p..
" " r i  nk ) tO,mpt t@4'a+ '^  n (v ) .  h+anp)so  t /n tAF)wr ,  a " ,1  (u , f  )  r  )h t  tmagc " l  X f "  ' t tn tc .  f i ( ' l lmr2O
Ttout dtm Op - heshlfir . sme A(/)/ln, 4 k, , o ,an.tude &- (t 7) ""4 (t.tA)4hrn dtmY:drm(9c.

fwm (c) * h ows lhal' .lh< qu'ofi.nf fi.lA "] fr(y) s sonlotphrc k k" qu"+e"l'fie.td 4 e +- .va4 f, and tY,s r
elaalk K,(Y), trec. u/'e eveul ,alwnal lun hon s a.lqc'l1, intpme (!v Thal t Opz 4(y)m,,rivhonbe tdedrhed

*iha tubAn7 ,l a(&lt)) r hina. ttvre 6 nclu@4 Q(rtN)f ---- K(Y) no.l Pet J.+n"a ",riwty,.J.

A(vltlr,? = Ae _-> y1t)
| ./l

qdu))'/Y
@mmtth. w e Jcin" Y( t/il -- ( O til, t1, ) *het" D ft ) - { r el | 1 /r) + o} "2h rch r r op en



n,, ,, *sl[-cletned :n@ tl f/1 -l/q' n a(A(y)), +he" fq'= qf ' 'h n0) an4 n n D(s)71p(1t)- Dh3') k"lA
NO "n" t  fh ,o1*  . l ' : , ,y i , * * . ' in" . , f  (or i l , fe : i r t l . l , th ' l  4 :n . { /J : fb ' " "  D(3X)r ,a .w. thenc^.b1 3t l
qi:rr,J"" l i  . t  y,hei ln r/ f  =f ' / j ,  -  nU) i i ,5 ruulethw ina ' [  (r . t ,4"1 u 'n"K(y), k+ feA b" r '1 {(r) lD
i n n l ^ o n e t q h b o h o u d u ' + p i l : i / n ' , - i 3 , n e A " H e n < ' t u t f ) : ( u 5 + ) : ( u ' . , s / a l = ( o ( r " ' ) , e / t ) = Y Q / t )
>,nu Y ,s.lc,i,l4 a Mor1hrfl "l , '.1', c?(n(Yl) = K(Y), and Y u dehneA n tuch o uTqrlaat 4fu abow 4toJram
*n^il<a.lo, "l( P No* fr(y) " lnlelq qenenled o' a' k'"'Qebta., 'o t((Y) '' a fiwltlL| yna'akd held exlenlon aJ k.
ru then-ore, fhe lvznrzndenu dsgn; lL xU)tn v e|un)"k "tim\ b1 /t.l) ^na (i.i,+) thtt f ,ovcr ldJ.

fo 7 ote (a) nn nofe lha! 0(v) e Oe.y 97, when ouLl /)nj' are regatdeJ.an "u bu't1s "/ K(Y) 0s'n9 ftL k), urp hove

iU)' 0(Y) = [)-f i(t)-

uJheyem rutqtt o.ler all lhe maxtmal rcleols o|. ftlY) s'r, ,l B u aclunarn B u equa)Jo *ht nlaneclwn (ud" tlt
Twhenl.rted ) ol A lmahtaluns al all maxtmal tcloak, "ue gel eTtaltj tlore expltctlly, de.ftne

a . ,4(f) ---i p(Y)

?RnPNrrloN 3.3 Lel U; e lf be )he open .sel ,lehned \ jhe Eurtfun a; f O.hen the mapptnl f,1 , 0i -, A^ 4
(z.z) ab.ve u an uomotp/ttsm "/ van"ehe"'

"a abag. u)e need only rhout JhqL a ,t n1echrc. See llln<tt nolos 51

? ROOF

3(" ' / * t  .  - r " " /q")  -

h(" ' /o" , .  .  r " " /a")

We haue alrcaAq shown hal )l 6 q horneomolphrm, so ule vned onlLl chech 'fhaf hhe yequldr /-unc+.pni .rve the
Jawe oq aA4 o/en tel. On U' h" *oulo' h ncl,,sns arc lau'llq q uJ'hintr .J hpaeqenoui lx>l\tiomwh n
){1...,rn "/ *lto ton" clegrcz on t{n }h" *1ulo, furvhons drc' to--all\ 1yh"',t!4 p"lj"o"natt ," lv. .rJ, .
L;l Pe /L)" an4 'uppote'P€ U e/A^ :.). ",i t-t, S:S/t . uohrl'lhh|-h- o,1f oo tX +16 Twtl "(-(z.z|,
and aor . . . renek1 tatuvntn3 wlsg { :6 ,

*h, rc lheteadtrg le. tnu{  tha leg,ee and ry4 dt ,h .Hrnu.dunbl  Pk) : .y"dfh)-  7"113( ' /?(" /  / r ,h . )"\[ P(h) = ,.d+"h(1,/h,.. ,xnfx.\ th"n p(s),€(hl are bolh homrrynoc,,> o{ Ayve .lte3d
pb)/ p161 +oha ltu u/he'va'lut'oa ioor...,an) a.tt J/n Joe.o "n (1"-, ., './":),ahd .fa. akj (bv /L^)el),
$(nf i,t n"n."- on (t)b,./ , y"\rLT.h tt ionzz@ ,i+ (rr -. /t"-) Hena ( f , A" -------e k rs veg uVtr., '" ,s

1j *'lhat \ s c. motyhtm "l

Lonveae)y, suplne {' U, -----> k s reguhr, whot U; I 1 ,tr.y,-,f:)* "_:r:P^^::!. ?1Al ,'iyr :  (X, t - . .  t  l " ) .menP = ( X e . t l " ) . h e n  P ' = .  ( t ) \ ' /  - . t 1 " )  n , ' o n " p n . a e t g h b o t h o d ' A ' t h . U t  4 n 4  n ? m o T e ? o Y
g/hc-k ta1  . . t x "J  " l -  + ta t  rane degt ( '  t .1 .  !  =J /h  "nU ' lhen  1*  ( ( ' t  t  f ^ )€J : ; (U ) l

r '=. ( t) \ , / . . . t ; , ,)  h..oanopn.netgu?j:T! '^4t..U, a"d ui iry.y7o.f;  po(y",1-,ols

(Jt ; ' ) t t r  'e" \ :  { ( r ,P ' ,  'P^)
:  3 ( h t " . . r p " )

h(h (, ,  '  ,P',1
:  a ( t ) lP ' r " . ,e^ \

4 tqA ' , ' tP" )

herc f l't i, ah 'tgutc^1 ar rcqurred. n

f (a ) (o" ,  , " " )  q "d

f  U' )  (a" ,  ,qn )  oo"



Norg o(Y) -- n 9/u;). J: u; u'

' " t at 'l be q vancll. Y- U; v; a qver "l f vqJ, th-en u at useclmn pl rmq
vl .lealq v )4iu rcnnI th rnE JeflE0[v:\ --) rctt) ercl ove rcletthly ,Hlr&tvi) ieT o)lh

'bi"j= etnt iir "o,h t ancl l,r-clqin \hql 9u): n;oruill

: 6a4.1):--.U;.Vio-U- 4rd -E-=.. F1".= fi.-,--f pr YiO.v-qcraz- thst-(Qtt:):\y'-FJ Eo(vj ,h K(Y)/
d4 rqurrPd.

NOTE Jrn@(r O(u) -+ g(f) a rnjecAw Jw ang U=Y, 9(r') l' q donqrh.



eelore slahnq lhe nexl "erult *e nlwdua r afle nola+wn. If 3 t.r a qndedclomdn, ahq ? a hotnoqen66o
pt1t11" rd2ctl.; S, fhen )el -T belhe mulhphcah,el.l ctorcdrcl ol hoitojenow elemenh "l Snat nfi
lnen we dehne a. Xraclmj Dr. T - 'S by

t ' , s  -  @ azoH)
xd -{ f/3 I f hov'rogunour, "nd denl-a"s61:4}

thv r well-clehnecl snrt'f 113= ?)/X' w,lh {'-- 2a{o) th",

3\ t  = 2daf ' t i \

srq qt{ [ homogerlow alllh" q/14] ar >,t* ex,cpl{or one . Sva 11o 'lht ryeplta1l fl E holr,tr(+ntrw). flwaov?r
g't="9+' b.l?,,Fh S^0.,n""e, n hEs t a"*, . Hau erlhe. {-f"=O..' d[-at..a(LAg! Ii loln{nn above
'l:Xrr:!^!,if:a li =-6'yt* 4i"++3 c\.. t+ $eu ! cheelzectthal r14 qve abettqn 3na7t anct 'tt<t'?

NonolllslQ,x, lhe s^bnnq H" * T-'s c deltne(, on"l *edenok,fb'1 5t+). 5f+) ,s q localrtnq *il, wqrimal
tdeal 6 r-'s) O S rctl(t+nts ,' ea;14 <hecheAJ Tn pa4t"ular ( v='1o1 lhcn sr-,\,r d .ficl/. {;m;latQ 'f
leS ,s ahomo4enow Zlevuenh ,,r "fenofe hg s61 &u Jqbhq o[ t]emett o/ degi'6 '^tfu n'tg SS. Nok l1/r4l
,i 1" nr^oynJn "( tht. rcn't clery* ctrt f^t '" elf '\e iT,.,e Sc, ̂ "t,1 7/r^ = ,' lr^ 6 tq tl.
ry da\ )p dedz llrAl qt 't qtlo h6r44oqenaw qt{+tu ravtu AAv@ e- 1" . (nu;,f.' | = h[--] lho,t elenenh 'l
k  o,eho^- .+a.q '*  oJ t "  4 'e  l . l -k ;  & '  4eV

y;v, Ani)=rLt;:ai l i l  = ^4&,= (%ut)o,1: s(t)att

oa h-alyb,u.art neP t '  1t9' t ,  1^) t  r(r,  )  t ' --> f  (#, ' ,  * ) '  z tv)s t"t ' - t  99-!J4! '
@hrQ9 ) t  a2  t f r  ( t ) .

6d]
tola t!{ rqd(nj

llutsn'l a ponhe j*^clng b<'aw<de7f - dogl may h ne1uhrc.

THlEORE:rrrrrrrrrrrrrrr I ?.tf Le+ 19f^ be a yojednv rane\ utrlh homvXenow *a,Anakn1 tU).The^
G, )  9 (Y )  _V)
(b\ fa(qn! poml Pe''|,tel'n1P= J(l b' '1u 'deol gener''tol \!4wF+of hom9enoa' 

?e st'i)i,^h +h"t ftP)=O.Thn or: sllt"n'") i 
-

r.r n(y) :_ 5(y)r,-,r

PRWfffffffffffffff  loWlnwih, )ef Uf --P" Lelheopen nl t +o qndtal y;-\nl; fhe"tX svomovdtt +r.N Lt
thz uomarphvm Yt af- (sJ3), Jo we tanloattdel l, to on "ffi"e .ane|.nrcre I a nq+ual romotp,'lnsm
Yjt oL +he "(hnc coo,Anak nnl a(t,) *fu ltrw lotalDqhtn S('/)r-..t "+ +h2 homogeno^a Laoldndkr'nl
o1  Y.u /e . ln f  nahe "n lomo$hta  o l  a [s . ,  . . . y " ] , * ' fh  nh t . , . . ' ,n1 , " ,  b , l  te iy l tng  f (v , ,  . rg " )h
1(,o/x;,...,,"12),lea.ng"-I r;1ti, az n-'the pool ,lf rz.z).\'"2+1, +"ifri,j,i^l i *") /,,t uomol$h'im nrls
I('1;) 1. I( 'r)Sa^q tsthQ V0') "rait)eY;)

+ ( *,, -, # ) -- o,n.'! ( #, - -, +, ) ("-,,q.) =.(,7[;- ;] ' 
nt*' -'1^r ---.' L\

0 J6.,_:!)t*,..-,a")= a
k[- '  ,t^1' '  -y

*e- r( *.- ,E ) -,"a o," n1r,, jl),oir Nor unrqrc
,l /- .  n6"'  .  . ,a^) :  o.

N'k  i l rq f  r f  3ewfu. ,x" l  6  zz 'a^ Y,=YA1, , thentth@ Y, 6 q,lcn atnd tt)en<c denre ,n ) 9 u a.r,ronc^l\ 6/ /
t r tmponr, lNl  w-o7r wean |vyin,g h thow "(Y;)=5(v)G). tnca." ' loo.;=f ,eh:e: '4U1fT^' i - , : ' " : t : )poRf4NTrVoT f  Wea f t t t l t nqhJnDw f i IY :  )Z  5 I v )G t ) .  t n  con .  t t t v l

1:o;/d;;  ,o"1,r 'a '  ai t ,  1= o. <,,,+atnV t d.t  ^: = o - s(t.) ,  s(t) ett  = o . s ' ,we rnoi a2 w=tt ott ivne
-j^,1.-* --A,o Nltr d. v,re.an qp|Iu+fu qbow loq( 4a tee lnql 4 6 22w " ' t  rdl 'Fr"4rD r^ / ,  Ij;;; 'F, ;;,;+h;*,; "b"nipprv+ tb"verigt,.+a rce thal 3 'i ""n ""'t 'cT- 'Fri aro o^]---,

s tn@ anq 3 1^ ̂  n f (\)S at1; ha ltu fi rt f (4,' .y', ) 6'" nru -f, *fu abore tho ws lhd +vc
'J"^hh- ii j,; -th t{.v)se;, fuh6rltaqa p'rrru tdeol) Henc

tree ftJ' )



iVorn i  +oprow p) ,  1<l  Pelbeangponl ,  ^nc l  (hooJ< i  s . l  .  p€' ! ; . . rhenb,4 G.z\  tgo !  a /y . \ .  r
,'hew.ri'p uihamaximal rdec\l oF ,4 [vi) ,orye, pNdng $ p Eq;"f]on tt l","fno i*i, '"i nlof,' ' 

t^,
showt thal l,+(rn'c) - Ttt p S(1l.-it fuok xi (.rnp). Veuu hqi)^,e u uamolihrc az orVialqeb"a_.ln +fu lo.elttah^^ 6L s(\)6) dtrnp s616n 1. Bu! lht can.ontal motFhun of' k-,algebrtt S(,t)ai -"1111rn,
a+urch lo s[1)ottl -t f/;)e.) anrl ]1a11 ry1i919'1 tmo/?httm inq ltrw <Joremevfiwned t",altsal,,n t" s(1)a,H

I  I 4 i
G-- -
J J1; '

-=a i q )4T,
hom. dY {n'

t+ $ antl enonqhk dpctz lhal- lhu ts an tromo.rphts(t, 4. k-^lgbno Hen<z go> ftH t)-r1''? 3 s('t) r,trtc\r .
whrch p,,ivu g)l Oa .nn un. fh! ,ittt! a,Xuwenr h tee +tsr t:ntt.s:At t(])o,.t q! ".ll ll,<nunzew thvr.lt lu.L"hu anlt -dcltwl
nna 1(9h,itZ hry;l " a dolflotn ) t5.t'olfioryhtc ,o s(11i:"\\. bvr t1)* K(J;); J1Y)1"n by (?.2). P,;Ean i tofhal
\t + 6, fh$ r((v) = Ft'r,) = s('t h-)\, PwvnS q.

To pnve a), wefrnf dosone legwotk. We v'r,stder Sft],0N, Kfl) catub k-alybtw.l .lh< qu"che $elcl L
o[ t(\l

7he nduant S('I) c-> L ts obvt7lt4, d) tt 6)(y) c,> I<H).-Tlwtnclwron KIYJ<-: L r dchnedvta (.kodl" Y;+f)

K(Y) = l<(vi) = otA(.';)') = O{ J(}]xr) ) = s('t) {.")) '- > L

Ittfu1v, vaths ott kllo,,ir, , lef (v,f) t"e d ra*nnal lunclpn on 7 lhtn (ttA\;,llvar,.l r a,ah.onat fll".Jr,r"."' Yi.
1'hetearc' ln,3rklyu.. rl"f *,* ? +'t(t) '^'h{ncf

{(a. , . . . ,*1 :  ot* ! . . ,+) y (c,ot . , . t^n)e D(sl  61y41_
1l+ 3a I' \ q t t "  t  a : J

UndrdIu @^,calondcn{e (r\ alhe pryv*u,1 p age, hl 1 e Q ( h (Y; )) mapr 1u 
ffi 

= 
#*#

wh.z'e h(En, ,+).= h'/ri^ o'a J(A, ,+)- 1/".^.trs e\e6ent of J(y)cr.)) eL a ehqet o,milrnaiyncrT "n y
t 'nh dtJnot1 D( ! , : r ;^J= D(s, )0y;  :  D(g lny: ,  de-hrd bg

(a"7... ,a.)*+ 4*'- '" l l {-  -  ^(#, --,*)
3'G,, "rq^)qi^ l(  tsi  ,  H )

11./t1t(h dg\<u tAlh l' V--+kon D(1.;141vn1;, an.pen nfuef J f; In'lhe ca.>e wher. Y : Y qndrc { eo1l, f nr
tt 'dah.hh..! ulh ^ pslgnor.,rrqh h/1 Eg(ntvri) andhen@w' ht t^"t.-1a-l /./ ib eL s.1. arc'tt.4\; 1ld Tr" n|tr" '
Tn.o h.l{;4o, "n'.1 i *''+t" 'l; + 6 Jlerolo show lhal f lohe: ^ anshhl vqlqe on Y, Ll sq\l@. k thoc- thql +' eqth i
,, iwl;+# gr.t. l4ornrol i i l", i  lou. i16,^{ant valqe e6"1, - b..rl }h's holdr,f rr '7r<,^ tta' '€lemeof of hsL
1or '1 ; . . - . , v ;nv i , . l i v , .+Q-ne l , ; * t r '  t tu  Aor 'en1 l l6Pen J^bk l  o l  f  : ' aa  

Q11\

(w eochi *,t+t\, +6 fi\A hi/-.r. i s1 l as.<a w,lf '  {hrs p"{gT ern'o\ '^ Y eT 'v rn t, h/r, ' '  =\h|j +one"*hi,i,
t ka@ h i r ;N /  -  u l  r , ' ' e  V{ ( * ,  , * "1  o .e*u . ' l tunonendJ oPz^  t l tue l  V^V ' -Y  qndt 'e t 'q  e"zeuoo^qt l , lY .

h ;x rN j -5 r ;N ie  t r (v )  -  # , 'P ,



Doole lhr clemenl-ol LtC ? fo ethe, f; ' i ,  - "h'h (a/re a,er(Y) and 14=o t^ q rc Jat =q or
f,+donJ qx;N; : (h'/.^': lLq = h; e S(flN; ?'l"Gh neons llt hor715 elb 6/ tH + dqve N;).(hoDr<
Al> l.N;'ne" s(l i^, i i"p,inn dqt d h -vech/ srcIel^4 rnonom&lt o{ del'tz N 'a 4't r rn t "ncl n o1q such

-"nf,^ 1, nl1e,.rl i i  x, ot.uvk 4 Pau'v v N Thui we haut "J 
(YJ^ 9 s s(' l)N' rle'<'ltry t '1/E.hatr-',lli,,qi-i!)t;Hi"';"tfitt!:#if ':ifr,fi'il#"i"!iitffi-:!::;{iiifi:,n*h"'nd'x)

3):::'*,:rl:; :P,rt ! nttane r

l ^  + q '  9 m - '  a  ' -  + q m = o

| rc\- qnq i wrlh Y; { f 1Y"'.
/ h , \ -  / h i  \ 6 - \
( f r /  +  a ,  17r ;  +  ' '

5 - t  +  a , ( u ; ) ^ - ' r ,  t ,  n . . .

+ araj = O

+ a6 x;  -^ ' :  
O

.'lhrs6qn qfN b S(1), andt( an eltnenl "( s(J) r ze,9 tE homogenova oo mPonerlo* order vrNi ,s zew.
H e n @  ^ i

h ; f l+  i ,  ( r . ' ' ) r - ' t , r " '  *  . - -  *  l ^ i "=  o  4 , , . - . / ) -  e  l - ' '

wh ", 'e ); " l l^L o-+ Au,.z\'n.7"* 4 qieJ0). C"nsdert'c1lns ao aa eqaah>n,a L aod dvdtg if ircL.rqb L1
x;-Ni ^re hnd an equi*wo ol al1ebto.t. clepe?deno .! q owt- k s L Jf[4 k rs a{9eb'urcallS clol 'd, a'("toh '1qde
tha{ 3 'r zlna\lo q tins}qhl \^ L, b rPe{4ttcl. O

'':lfE Ary vane\ t an twducible, uoelhenan lapotogrcal spae u !.,)htch po'ntdeclored-

{ Yrsanq uondg, V.' l norev,'p}q open,{hc., U tr..,\o e\ "nd Kt' l) > 6(tt). Regutormap-r
a* ftr+nJons fwm Y k1urv. embn1 v ,n a4rn, or f tDj sPa@ ca:vcl.lehw .ltre*U)

(pppppppppppppppp RoLLftRl 'tf -/ s any vanei.trlh, ̂  K(Y) rs a 4vlf"\y gevrzrolecl f,elJexleruror "lL, a^4

d,vY : *r 'c\eg . r(Y)/P

? RrtDF kra{/1w vathethl fLwoqm 3.2- TI Y u quai -qfhfie. +h2^7 6 cln offint {ann}q "nd y rahope^ ,.,^\
tu fes l  e l  f ,  r .  (CV)  $  t tavnot?h \<  q l  a  tc ' -  a l7eb"e , - )o  K{ j )  .  r? t1  P ' .P  l . lO  d t ;Y= a l rmV=tv . tug  

^ t ' l k

= t., .cleq. K(Yrlts LeI' l bea pwieclvuzyaneli 'n l?^r [,/r S f" 
-a 

tanar'G'.rlopqyl y.r]h )f lU' -1;? S.
Bu en / .6  chmY= o | rnY,  1 l2 fu f  ;  sonof tnerane\ , r '  d rmY;  - - i r  -dg  r<(Y i ) / t s - .6^+  orSorn  t< (Y; )
,tl alis"i,piir'+" Fivl, 'o sm1 -- rlrrnY;- |,. drgJrcr:r;{a = i.. .\3 16)/h 'rr v 'Tion'- 1w1'<hn'e
'f1runbg Er2.7b) d'^Y='d,^Y and*" PtocezAa. {ovit4ctni- qff1lu.e.e lJ

LEMf lA

IV OTE

lP Y ts c,urq vanel^.,t anri ee'| , +1ten (9p,v us ̂ Nodhelgl locql dov4arn, ar,rd O(Y )
v " NuelltinAn doi,Atn pvo\{rcl€(l 7 ,s al4r;16v pl$jechw. floygqycv- -F r ahg verle}g Y an.\ P€Yr drvr l -c\lmu D Y .

? RolF p;, o6r" (heueal;o cltui -otA'tc\ uq,^d1u +ttc follow; 4uor* Theov€r^ ?.2 lt"). t+ Ye I?h'
's pv>iec*v,c le[ ibe-r.{'. J;=YAU; s no nemPh -hev' 4.. ur,.9 P{ Yi srqcr Y, rs rso/v1ou?hr(
- 'u""u,2+ylo un a, f t tne vat tefg qnd 9e, t  ! 'b  c  vr  I  t {A l l -ousdzqf  0 p,1 6a Noet l lenan
\.coalclo,"adrri 

' \na 
1u@li - l\Fg-+we u'o.e |r 4ow lvry{ed{qJe. tf Y's o ft1'4t O{Y., Itc\

Nlpfhe rtdn do'/ndtn b,\ 3 2(^i c'rcr rr ) u p t"ojec ftw t',1 3 . \ lq). 'o! l'1^-( d &'l1C!4J \on (hi4r we
t,_,ro).( Erc 1-.'i ) , iU{ avow oq,ryrevtr. fl
I€*2,6 )

Any uone\ "( "l vnentnn A E a ponl *,lh 9(y ) :k and loql vrng Op'.- la- aI fhn ttnfle potnt pel_

t1n, 1'l6plltensn ̂polocttlal spqu n v hvh po ds orc clotecl 0... an) "at'e14\ 's a 1:o,,ol r{ r} rr r vrt ctqtiblt a ncl
oL A,nev'sv' o (ia iok ,n ch l.l) tui"eeb. any lonl '"a1fina"o, p.1iri-o tpou t a\44ery sdf 'l = lPJu o,rqve! it rr ru! )o .hec? cl'le<Hy lhat R: (9(Y)- (9P n

NoTE if J u on1ravtelg,. ?elt 4+,er-.*U<.vqtdue hzld "l dp,: u E, sv1&,ra;tht-1u-heuf 0nv/+nfhe
rrqqLa( map (e t F ) tt tclehh-trd 'ntm f .p).



ry{{{{{{{{{{{{{{{{ E Y any\tane\ a(90,'1=r{Y)

J'  OqY --)  K(vJ

$r eveq PeY. ulce'laim thal rU) t ahe Whenl ield vl .)t'tu,'.o guqv! lVileKll) '
cwtbe 'imllen oo lv)e)(ot,+ \-t lo( (urP) d'd l).t't 9') e Op,v.

(rlt a*uw f s alfine)
?Rtof thzre u an.tsomovphrm ol b-ollrbrra A(Y) 6r ---> Op,.t lelnel ttl f/q e (ottl,lld.l&nhfun9- 

h('t)$p wfth ct tubnilq el'lhe qiohenl $eld Ql ft0l.1,{htt 13sw1otytu tm lxlendt han romoryhutn
a{fttYjl =. Kt'l) u2;1t <o.tn 2. z) so urzhdoe avommulahve dngrom

? Ro p os rn 0 N . !- el'[ be a v a n ll. 17,1 sre 6 aM t nl eclwe hw on.o@ttt n 4 rtryt

Sina a(f(1)! $ lfu qu'&snt 'fred "l nfllnipWrvtlrl f.,tlo,,s fir af{lw v eket'

al '/ s quoti- q%tw, Ysl s N qd Pef lhen nr h(r,u< ̂ t ofi,/nqbl\Nc ilagmn

--------)

--_:_-9

Or, f
IJ

r<(9)

" P'Y

I.t
K(1)

50 'iie re, l} hotdi {vr I snatlho s firi- Atnila'argumerl w4u 6t'pTbelwe and'Ena;' pyy*we
'rqnehu Q



NorE h[Y,r. , v^7 = VLtt -r-l u,)

Lel Qbe o,n'1 amm,al1ho* ng ) qncl n z, L
Heye l1ft",..,a,Jr^,1 o o tubk-algbno( k[2.1...,x^f ,,, adammg*hmy ]h<

A-  <eh.^  qo / ln  +  . -  +an^^  Qro71 ,y  . .  +  ,C t lz  +  - . .+Vsz
T  " r ' - 7  

4 _ ,  
_ _ , - _ _ ; : _ _ _ , r .  .

Deltu J, k[t,,-."1.J ---> Q[2t", ..,x"f 611 bj

X, r------) tu/ri

Jt r--) t' /x i
:

J; ,-> .. xi-'/x;
. t"..4"4e x;lzt)

J) ' t  + x ir  /a;

J^ ,) '"/ n;

t \o6t  Je[1n; , .  0 .  k [ tu , . . . ,2"1 , -2 k f t , , . . . ! " ]  by x"  r - -> J , . t . . . . / t r ;4  e 9; t  a in  l ) . . .  r  7- -J^.
tha mdua amotph|n e+ k--agebra/t et: t<fxn,.. -,x"116 -- kbv...,ynJ wth

{!*:-!"1 t-> {(x,1- .,g:,1,1;+,,. 1x^)
71^

-tns veinch h ^ motqh$n. ol'.k - algeb'qc f " k l*,'-,x-1tn 1---s k lv "'- z'J ̂ 'l' Noul f 9 ('Jt\=5',e
QY =1. 5 ' . i t ldl! ort *e"hs +hqf

W( +9F!\ 
) f hom drs''e*'

=  Y l  ( s  v . . . , , ! , ,  t , , ! i , v . . , 7 " \
= F(* '  ' *" ,* ' ,  , * l
= l9:--l/"\

x i ^

He,,^ 96 =l oan.l J'' q,n rro o{ h-aljebvaz. tn lhe catte a=6, fi[x] '-a A, x '-1 I -tncluz^ / iolat -l A

rtlii^J- gi,1- "hutti ai ionu,pt,in 4 A'algebw, (ln"^-11 n4 l= o't^)'
NOT€ 1wultnq on Q,,tohenl:

J

Lel S bc ayalddov4orn, Z 95 ho",rogonouo rdea.l. De4r< c. gradrnX " s/z by (F f '- Adv'sa)
s/t- = @ a,.o 3a

^  c  n . - r  o - . , 2
J d  -  1  l - ' - r  I  f  q , q j

zrc delaiL o'e all eo,ri$ cbecVed.

Nb-tE Tttsnotdtfficotl$check (s/zu)r,.r=?**, -" Pr*-+ *+;.atfi\ta'1.?[-trXf"l:
' 

fir t + x(11/ r,(r)P"t € hornlynoua,
' S'lzf,.t '/ 'J



NOTE 51a [e1z - ' ] -  S *

Lel Sbe aqtadecl dornarn S-SooSrelz(E.-. and z(?51 atno4zeLa homqenoua elevna* ol
de1*e 1-Nchive alrcoidy  d.h ed ll4etubrtng s61"15*. tv "te (nql z=a/te Sz do'atn* belotq]o 561.
ltti oloimthal Sats $oriw?ht. blhennl ol-Lcu|enl Tol,lnonels qrlh ooefficrcvb tn f@.Reca l lhal

56lz,z^l= Sc-tL4_

(o,c So atgebro,, t'e t4rl and to thcrc a a ho tomotPrlttm oL L-alpbat

J, Sc*r L",z'l --+ s.
l(.,.'') t-+ f (.16,;.-'')

thrs n tuizclr,e tuz evt el?M.nf Jlxnesx,sot-umoll*w, J;1n^ w'lh j;esi.6u* 3lr* -- {l '/ i
'r tnlfu inlage o1 y fo * ottll rcnqtns1o rholltta| I 6 t\lechue. wu st(). a4 elemehr +(2'z^)ot Setlz,y-'J

f 1 " , 2 : ' )  -  q - o z - n t  - . .  *  4 o * a p | . . . *  4 a Z B  a ; : $ L n r  e S c . t

fuppae f[rJ=p. .we thow hrqt Ly=-.- .A= - -l^= o 2 rha].f- o. t"t.rrt ona pon.{*cirlgu r"je
cniiqA fhal N+A-rlk>zo Srall -ntRS m1hen nna I r a clomath, n',ihgtXrry b!1att l tet -

/-"" *t  -o-n^+ .. .  + l . .N'n" + ..  .  + l^aNrm'n^ - o

BnlzoJdgeel , toeachol . lheocsumm,and'u l tomoSenowddd,<l /egyaaN-nrN-r+\ . - . /N,N+r. -N+th.
S M t z S t t J A d c + . a c h r u \ t m o n d t 4 L o r q M t t n u a + o - t , { d l o v , s < n s l t - 4 = - - . = 4 , - . . = | , ^ = O t a t r y u t f t d .



PROOF

0ur,nexl rcoull shodsthat '{ X andY aE a4tne va4eheat rhen X s tsornorphtc k Y ,f{ 461 r romorphtt
1o A(y) ao q p-alqebm. Ac+ually, tlc pwol Xva wore, sourc ale the $nn7er reaull .

PR\Pzt trroN 3.5 t;]i,l; 
:gX:elX 

and f an alhne ,ane/y.7hen there r a nqlurct blieclwe

o(, t lom ( X,Y ) -1 tloyn ( ft(.y\, 0 tx))

*ysp lh1e .kfl Hoot means uorphtsw of vaneha, and *ie nghl Hom neans hDnlmotphuwB
ol ts- ajebras

6to,en a morlohum Y, X---rY ! camq rcqq[ar funclwns "nY 1o aqular.fanchans on X.
Hcnu f, 'nducp't a map 0(f ) --> o(x\, ,alarila ts clearlq a homomotPttism o( k-a(pbms' aul
un ha(e wn (t.z) ++tat O(y) , Afi): sowegcl a horiomorphrsm rt(y)---+ @(x).fhs rlefrnu, a.

LonueoeU) suppore AE arc qtwn a hamomorphtsm h..aft1-r"1^t .l h-aloolyqs.
Suppote'lhal Y s a dorcd tubtcl "l /A^ , solhd A(y) -- apr...,r"f, / rt't). f et i; be -the
,-!J, "l t; 'n fi(V),.awcl @ns:der lh< elcmenE J; = h(nt )e 0(x).ihai are gtobalfunclurs
a^ x, ra,^p cQn ute +hem 1o deine a hqpptng ?,x__--+ un" 4 ?(e) :G,bl, ...rT,(e))6"
Pe X. uJ.1 nea.l sh'tw lhal ,/he ;ma7a o/ -nf s *nlqtned ,n y. S,i* V = z titill,'* ,i ,*flr.ony1o shovt lhal &r anj Pe X ancl y'e r(r), Jftto11 = 6. p^1

{ ftt4) - 71r' g1'. -'' t"tv ))

JrJaat f rs a poljnomol, artd h s a ynovphvm "l- h-algebns, so uc have

f ( t , (p \ , . . . ,> " fp ) )  _  t  (+ (q . . . ,& l ) ( i l  _  o
sfi@+e 7(Y) .io Yaehnu amap {nm Xk.yyr., uthrch vclue, +he qnen hbmomavph$vn h.
To arylplele the pioo+/ otr€ mwl shou+haf Y 's i movphrlm. thrs s a'Lcotelwnu ol- th" lollouttnJ
Ler.ani. (Vqiryald"l v c,n\l +t ched.).

LEHHA 3.6 Lel X Wcr,n4 ttonelq, ald lel'/e lh^ beaw affine va'aelr4. A map olsek y. y ---+'f ,s a
mo,phrsm t1+{. ,,7 F a /\lt la( ' l1an(hon uo I {o, {ach '"t urhue 7t . .v^ an +hQ
La o(dtnc\te dsnchnnt on 6{.

7.[ t u a morphsa, fhe z; Y musl be reqular {anclwns , bg de4niwn of ^ nolphttm.
hntersel4, suppase lhe ?(;y aE teq uldr.."thsn fi, anrj PolH nimol l= l7'r-. ,x^1) +V t'
alro Rq,Yaf o^ y.smu lhe ctotecl' ie+t "l ' / arcdel' ied b'4 +he.vonrhng 4 polunomtql
lundSrs, elncl nne nlular /unclwns art LDrtruott), ..4c 7c2 1na+ 7' - ' +dtza Lloied seh 1-
.io12y' s'13, so 'V G Lo A+nrJ'ob4 . .Frno-ll$ t stna [t-qr lar +uhc+wns on op3n s abtc}' J Y
arc lo<allrq Qwhenh "{ PolJnll 'ntalt) 1Y $ Iejular f ol ang ur lqtar fun<]wa 9 onqn| oPen
rvbsel ol't. Hente Y s a rhuf:tattm'

In cletqilr saJ , I U--) 1". rr reglalor ancl xe"*-'U. ' lhen V']()eV 9l), t/ open, ancl
, ,c hu,rc f,h'e ht^:...tTn1 s.1. h\s vtowhcR 2avo o^ Y dyd dgaav q1d): +-(i/Ufl)1nev'
VheY''V ttt i l inl= Sftt"l)- f(tthtl/e, 171-11 . B,^t .fY" o 'egti lav o'r Xr l 'evrtz onY''V,
ad s',.'attoif i+ i"*!i"""'""a no,ze^ o^"i"i1i,'*' ysy n,egul"v'"ovr t1-t17 Hctttc flY v veg ar

on v-'vt a2 rclq(te n

.oRo L[IRY 3.7 t X a,td Y arc ]un afrtne vanehes, lhen X and Y t\re ulmlvyht< d and on$ tl
/I (X\ and A(Y) are romovThtc a2 k-al7cvat

vle need, on| check tnql{ot 1=! 4 'dewhfiea lx'X---rX qh/ l ' A(I) '--' A (x) ' frqf 'fht 6
"onJ. n

Pn00r



NJlrE an pathatlsta Lernmo,3.6 ,raph<t lhaf /herc r no drfrtrcna
g -1k 6ai a mDtPhtJth "/ vanehe-t U ---) A).

behateen a rclulor map



\/4R1tr(ltrS A< Alht..trh < Pkrtr<t  . ,  t  \ , , .  n L v  o t l r w e )

ft t!!4 (Wwhrchwtmean on oPine, luosi-o//1ne, ptEec+Lc or qAaai-grglcch.n vane+t) cans s& ,l +1a,D
pteeo ol dat4-: a hpololcol spau, and rhfornalnn abd,,* wh,ch'{unc|wnl o,t lhe .,pati'oru rcqrJo, 6rcen }hs,
vvrc can fuvqe* abouf aiy poljnomrals * affine - spabo. fhueh.tn ptee,o of ,nkr-lalon ave tfficrcnf h deltne

mol4htsmt-+ vancheD ancl hena metr ra\orX. Reza(ll

Afhnevar,ely, f l  subryae X€N s.tr.  lhen 6 a pnthe tdeal yckp,.. . ,rnl tn,rfh X: V(7). (n"zavskitq, l

?oieclvnvane\, 4 srbrpo, Xs lP^ '.t.therc u a !161no1paD^.0 f,tmr vleal 7e kftor..rr^J arlh
X = V(q\ Acre lP^ han lhe Zaorh; hpalo7li

ech.m va elq An wen sub spaa ol a ptoieclan wrtelu-----'--'--'---- J

tl c ltrey dehne *h^l o *qulqr '' {tn.hon '/ --> b. ,, $u q quut i -af{1pe and quati- pnle c&ve X. N ok *tral ,f
Y u luui-afftne (o' 1'd>i- pqyoh'n) 

1f.2:;:^ 
*btzl 4 Y 's an open iubrcl .l .lfia an*anng uanelS.

oEPlNrnOOOO0N tel X= A" bea tubpaa.'A furrk, {,4-__.t r, ryqg]ql ,[ VxeX fha< r q,^ openvletgh-b,orhood. .x e U < X and etenevls 411 eRfzt,,...,x,l1 sath 111611 h ," ",olrzero'on \) aLnd
|-J3ll' a" 0.

ter X=P^ bea abslAte (F" u,th lha Za,ukihpologyl. fi-f,tnttan l,x-+ k s rcddtar,r VteX tfuerc s an'sysp netghbDvho9d zeUs k ari' iomoqg461111p:ohqron ott "{Bi:.tar*
dlce ta'1e Elte .jr"J, ichrhal h 6 nowhece ioon u rancl {= _y'/l "" u.

(+t LL+ X be sn\l vandy ancl,$, )sX rpen hl p(u) beall lhe rpgulor yaqu U ---> k. tI s tottq h checJe.
thq+ O(0) s"a,rv(.  fn fuc| , . t4 rq k-al iebm.4ncl f  seoi lq ieenlhalOdeJrrurasheal ik-alaebtts
on\ -rhq nnqed sp\u I adant aI ne.cda sarJ nhtma+lnn fuo*l l,hz vane+X. of auoe ( y:y(pJ 6
a.fftne and hu)'- t Vr" ,'"11,P then

etx\: ft(x)
9U)p s n(xla,- ? e x

MOTTSIf  XeA^-(" 'T? )  ' ta tubrpazl  X 'sX avrd { ,X-+t< s  pqula l . f len { lx '  '  X ' ->k r ,  a ls t :
re1.\lqr t+./ X----a k $ ftlt lar and e\Jeuydherc nonzew);heL \| 4.y-r1., 7- +(a)-'.l. .-lro
rlqqlan

denu oll ol Hat$hovvtets uq!!fu oaflexpo.nd.h ,h^rru of k-olq"b-r. e)e n6qt ctelln e a .lat,, o[s hcavva o( l<-algebva'r c<,hych qala{u Hlufhylert ;1aneheo, 
Jsothal w< con aefiv,i tr"a"a, .*. 6.athne and pwieil*e vaieficD t@Ltttan.ou4tt t\of1(L'lhaf anq afrrrz or pa jeclvve uans)t1 r noelhenan

(m",W^ arc nodlrenan ) rubqaua ol 4 noetnenoh tPa@a{v hDe+heno,n\ ( r&. e*s t,z),'6enrt y1 ol
Ha/]sbome's vane.! are noe'lhenan and thuo quoni uompacl.

(t\ T^ hc+ ohq )uhspaa "{ /n*, lP" qwwnse +) a shea{ 4 k-alqp[w)-' . ] J J



pEFtNnoNlJffi #fl ",,[::;;,yil:"r;':::;ru]"fl ;ff i.!,:,ii'i!,ii,ir",*"
aiqeb,a o{ al\mop u -) r<, qrid'fie rheo'F "dq ' *ihi,full'#T#ii:#':iT-\b"0,*
il"h 7o'n+ han Z,nernhburwod Q il (010vle) rs rs

cvGfiq +wm an r\3(

pk. q mowhtJm ol- rtttrvU "rtngedyau,t'r f,X---+Y t.l' 4r, fe Or(u)., fleOr(l''U).

An abshqcl prevaneh.4 $ tepatutecl u ,s an abtJyacl ratielu (

teparc.he^ 6nom: 
*:,frh,#,U 

p,evanell (Y , t9y) s rcParaled ( {"" an1

VV '  X -4 ' /
.for"^ o(\ax\ )a tlae awha+ Wuqv (v,}v))hc rcl lzezlfP)"Y(2|j64*ul-

qv. pv<vqr.

Je. o4L"l Httnelo, iwhrt tqlwl Hu alqe$mrc pr.e,ranehu say'\luaoi wmpact ""nrl-ead "l 'tnoQ4henan". Fmm
v, 11 [1 lp n'\ alg eb nt(' ! el " d't e a$ ! aq ;l g. P revt n eY $ a lA a/{r ht ('tu d\ al g' r u

F,roHg rf y,, guo,riompocf arul aveved by noelhenAn r1aoo, [wlit lpz noe]henan qnA wq1 (kt Ez")r ro
l'lnu [a# rr egurvalenl.'

LeHHh Lel Y,Y, Z ----+ \/ k mouphtswt of alno'\onrc sok -tnes"tbtei of Z o,wtrrch f,Y ancl ag'ue
s olosed.

p R o q  r r v * t w h e n r ^ ,  * * ; : , v ( q e _ x ; y )  
( , . )

u,there ue denhf4 \/ wth dn ^\gn\an< sel V= tA^ +o prduu z;. fh<n zJ-x;YtveXolTr ro (t)
ts closed. 11 lHeiwe,pe z affine 1o tuow z; f- z;l u o'tnhnau's )

Tvt ordev'lo check thatan abdvu'tr p,cvaneh4 u rcpamfer), 't rut{twk "hecL lh6l Jer 2vsa1
?a,v of  Moy\wsms VY,Z->v,, . , ,1h Z i tg v-r ' lhal  j  zez1f"1. \ f (z) l  r  t lo s<d.To- gwve

tlnts vemavh, atvev Z w''lh oper algabvar se*t .

IzezlY(z\ '-142\\= y fze Ui I f(q =Y("11

a( c\osed
' $"k sntQ' 2 \'^utofl\?a$ '

BEHARI<

AOROLTARY4n qffine vanel1 tt on abdacl vanehl.

LErlnA A quui-af4ne vaneh; ,s a, obtl'acl vo'ne|3.

* ti;#ffi2'J':r[I;Ll:r"l. anqbstmclvanels anct ut*' 's oYen(hen

E,ntl-\- *(190") o an abstvacl atie'L1 on6 U9 X ls ope'" (U'r9*lo) ts an abska1 oue\'

7*,;!:nui;r,il],T!, ji,'k#,),!..(:(#iL,:;,:f !l*\iif lt{:i#lt1pff nf ,.
:;lilr3xljil'i;,i::ii^t ,,,;dil "lt"#'.';t*Y,'J,|i,,":-'il; ii*,i',?,'ii" r",,, r
it'"i';,"'"i'^,:t:,;r';;ft "j be)=c.xlDe).= Oulelr,1 Hena (o,rexlu) rsctn 6bsfvocl p"'"a"el3

clzatl! (Kt?n) sepawJ<a -> (oroxl, ) re po"aled- ,1



.coKoLL&RY 3.t Ne ola\m+haf fhe'f"llowng funrlvr'
X r--> A{x.)

X -) Y t---) A[Y) = P(Y] -+ atx) s Atx)
^aFh'e

t1 ̂ ^ afvoa) -teleatng equtvalena. ol' )+e cnte40t! ol vafle+q ovev P, and,lhe
calego'rg ol- hntkly jinemted tntegral olomaini 0'/e( t<

PlpF rntt t e anl dac,$u a, {unckr.1\e Pn2. shaus rl r {"tly firtlful, aacl tI s dea g rcprwtcnlahvt. g

NITE kntder fap 3.5 nllte cap whee X=N and f e lli arc bolh affila.'- 
Le+ h , A [y) -) rt (X).be a movphttm ol k- a\ebms a,rcl f, x --sY tne vduutl

m0vph6m.7hen +n( p : (a,r...pah)e X)

h'' ynp - { +enU\ I tntrl e mrl
-  j l r n t r l  I  h l+ ) (q , , . . ' / 4 " ) :o ]
=  |  *  e  eU)  I  + (  hk) tq \ r . .  )an) ) . . . )h (z ,a )1a1. . . ,  aa1\  :  oJ
-- Tn$tp)

A\to '

tH - t h(t' t a1t111r1, . .. ) hL/'" +aO]JJ(P)\

TI:EOREH ?.lA /Frnknas"/ Tnlec.iql doturc) Lel 41o"on rnhqml domatn whtch s a 4.nthJol rynemtp)

ilii ni iilrqiiizui,t A, "t n ,,- /''i o.trnrky -geneialed A --&tt,., an|r iho a hnrlztg gen<ated
. dorna,n ovnr k-

?M saa oL\t EFT nob\.'thu $ Ih.dem I \l"l1Ch.V d 24-s P 267.n



Ex'Rctse 5r.3.

@ Subvorchu ,fl nbrel o{ akyolo3tlal ..spae r bmlll clorcr) L| ,t an open suhrcl ol 'l' 'loute, otr'- 
[ * s lhe n]eoedwn ol un open ie| wih a cbrcd n[.'

tl K s a quo,ti - aldne or qwti- prcjethve vay's[4 ond I r un nwlwiHe lxallq.lorcc] subrel, ihen Y s aho
a q\@i -allne (,w2. guui'papdive ) vanefu. 6,a v 'v4te o{ oetn3 a lotallq "cloted t ufue I o! fhe t qmc a#nc
u fryeche qau.I,r)o call+'hts 'tl le ndwzc| sliftrtw onYratdtve aall Ya'ruhvqneh.;1.

Le+ l x ->J be 4 no'phwn ol vaneia, X s X' .rJ Y's Z
lraal 9$')e Y'. hen 6R .laim Yl x' , X'-+.Y' rs a mo.Phum tn
raull fuco voL.: Zs6r " I 5ub4aca ol uawehot )

wvalcn*t! t

nedutible I
1c fi 1;etrs {.o

callX Aotecl rubph j ach
ra a vnge yneval

t!:_:J

r!!f A nbwndl .4 F u .^ Tuwti- afS.n< vanefu, andaoS 1ua;-o%nn xonz\ s a ubvov,Ay.
Hene a c)9Ld ub"ane\ ;t f rtareu an dfrne van!1-.

o) Any onr< tn lAz n uomorpht< e rlhev 4 u1-22 >.- 214' t. D, Exl.l tlw htrzr rs tsornouphrc Jo 6'' 
rtltoaq e"t.l t:l- | haz roor&na[o n"nq k["1r-'\.e! Limtna + 2 /A'-o: D(t) rs rsovlroqclnrc
I- lhF q.ffine uaie\ z! ' I v A", a,o ,i4"'red.

b) Ang pwpe, openrubtel ol A'6 D(f.) 6, nrne nonoonolanl f< k[rf . Buf+hen D(l) t uonorphrc
+o yt - | 'n /A' u,hrch ho aorolnak v'nj R[-rr!']F.5,n" tr[^'] <aniJ b+ tsamotphrc ao u lz-algelre'
h t ltlle ' s2 6va clone.

c) tot c k a 6tr< tn ft dehn<i tj t's* pwol 'n ft.l exeata al2t

. .. qa2 + h52 + cza + d1.! .t <!2 + 372

r & c n h Q  N  * r l h  g . =  F '  - V t g r . ' l h e n  C O ) N  t t l h e o o n t t  a x z + b q 2 + d x , q + e q + 1 ^ + c r r l / \ 1
,n1n 276u' llu nluhrry 1o lhts qnr n rAz ate cn,nfmtktel (btiedr* h 'i-x, -i,g-rJ.tr<h6nt P€ Chl ,say (2,r9.,t).Lel t( be )ht hru.jotnng O =(o,o)t)e hL qrd Pn /A{. .Ihrr hi meeh (AP'. nal morl z
plaw, pptch Q€ (nfi.yl,i oa"4hr 11fir, Jag e=. (q,t1.-,'). Prcrzql'at.{ potnl Te cA/}'z nol- "n
PQ,U> ot oe, tq! T. t1,,+zr'1- w" .iai6 ia*ip|elt are'nn"a'y nc'e1endenf c.o,rrtct?rrd cr clcnents

+ /A?.

.=( i :  I  l l )

t
mawry' ltu ,to ot 17L

v'alndt +n C z f&)

th"'rearon n +hok ( T u.e,c AP t ,n Q lot aon- 2,\ l!'arr 51aq f= (1,,1,,tt) r! *,oqlct b e on PQ , whtch
rrruy,pc:s,ble. Pu+ +1t1lhtr". . ' t i  0167T rrt lu fre,ol ' t?ins of a vnalvlx B

B,{ .onr},!rc{r.on fi,,s rqvefible. rotet A: B-'.Le+f ff"---+ trt bt llv anlonophrn ol P' ncluuclbg A.
ti-'ryEE A'h;4 i' tu t/n"+ Y "r,ap C i onorre *n,, no.c,'e7 \(c) ea:latpt Y(P)1![Q),r l7),ihrh a'e

f@)  :  (o t t t o )  t (p )=  [ t , o , v )  f ( r )= (qo r t )



rl lhe ant f, (c) u clehnecl h1

atxz + bl  12.t-  c\  z-  + d,xy + et jz *  3tz z

'lhen ltu /a& lhal f lD,yldJ,f tr) e f (c) 'm n at = bt= ct = o) t\) f (c) r cle hned hg

A'ty + et lz t  X'z z

ourtder lhe malnx

^ :  ( ' ' : '  ' ;  :  
)

\ o  o ' l l ' l

(oluwenl eoci 15 modr.frrd rf 4r, e,,9r c,,e o)

1et f.f/'--+ f L be lht ndu<td a1deynorylt6m, +ae^ Qf,kl s defme( by ,vl l12 . ^z =o Lr.' +1. rvdc).
In pA411j1lur, all apnrcJ r^ lP1 avr riovnorphl< . t; .ue nedd onl! Jh0t, +hd+ o'm # {fi?n rs lromoryhrc Jo fi'r.
6,'inclerlhe 2apb emb<clA l Ptl-) IPz (o1b) t-> (az,abibzl uhot< imoge u.the c,or,t.c XZ-yz. Bg ea3.+
lhrs ,s anvomafoisrn. T".fucd'tnql f lal imqge4 p:8r,--tpl 6vdeed z('xu-Jr)r nok fltcrl 4eal9

T 6 P e  z ( 2 2 - ' 1 L )

Now u l l lppo te  (e , l , j )e  z (x . - . j2 )  s -  e9 :12 .  €l her  t=O,  tn  *u"h  ca€ eq= o  ( ro9  e=o)  o .nc t  lhex
(e , lp " i \ '=  p (oJ5)  @la€v(  G.^ , r4 - r ,n ,  ka |4  " (o r .d .  r t f4o . "n* ,1 ra t r ru f - - t .  Le ' f  , , ,  no le  {La l  e1= l lapkue!o
a"arp 'o .  te l  , l -e , f ib . t .1 .  r<q- - t  -h ;^  (e ' { '1 ) :  F  (J - ' , J i )  Henu rmp-z( tz -321 ,6 ,e \wrc4 .

a) Any lao l-cltnqsnnal tubtpau.t ,f lP' nleoecl tre 2.1") 6'.t tAL doa nol ha'l'lhu ymper)

e) Bg Tneoen 3 ;4 lla vntg "l ,eXulav func'fi1ta5 on a P rojec+wp rat4.l s k, *hoh " onl"l potr;bl" {-.
an  aF l t tu  vane+!  t l  l t  apo td

6666666666666666 11IIIIIIIIIIIIIII l 
A movphtrrrvr whae under'lgtnj map on llte lopologrcal spaoa 'c a hovneomoyphtsw rs\ nolle an somovphrsm

(q) url ), /A'----+ A. uc 'f (*l = ()2,12) tnu rs tnAuvl 4 h. k[a,rf --i Cb1*trlr, x Fl z2,,4y--i az, 1o
l J q r n o q a h ' r m o + ' t o n e + P ) . t h ; . v r q g e r t V ( J ' - x ] ) " [ r [ ( 4 r b )€\ ( y z - r ( ? ) r o l Y '  = a . J h * , k \ , . \ t = q 3 = E

- :. Y'=tb. r 't nt"- 4r'aqge ttXrt o^'l 'r, Y2 -q- ahd a3= L).1\e vltual k.hv\qult (ta "ry\ "(  ) 1,,- ,t,- zz ,,aa.
1,y^!=r Tlllaz NtL'- qt tlu en{ oI +htt te1 o+ e<PE\se|) J,xzl-nch *s c. -b ij ?.c+/.re morphrrm.4 uo".*hea"p A'-+y

,., _ii i- i *,t r* t = \/(f -az) f njechrte tnu 4 ,,t i=ye 6n6 uz =1t,"eihau u-v o" q= -v. 4 ;::. ' ,,..\.hd, - z'  . '  . . r - -b . -  Yhen q  = t ,  " lh i 'q tse .  q jJw3= -  v3  - )  w- -  O '  anA q=O.

'ihe tnap t,/ ----i  tPl dehned on l-1o'o1 b9 G\p)!-->b/q ,nA o. p)D) I 'y Tlor') - o, ts otn t4v?uE
' tn  

/ ;hddea, lv  P f  y -6o1 r t ,egatar  and.he ie  a .moyhutn  l . ,n  O- l -@pi  h  tA . 'A" r i " ,  r r ro rno fhr (
ao a vane\1o /A-O rha alplpd reh m /A'are.iLot f inrkrcbol ?ltnlt, so Y a rorhntaouo and hen&
ht s lton6o,ni'ph,J+-y. fi !une a, uomoufihtla h ^nulcl be'suLleclure ' vit'*it u i wnf,ad rcj"';o 'rnu
there o no polgnamtal { u.rfh f(zz,az) : z .uentz

lf s homeonovYh'' 5f vnY
/A' rs bira4ronal -I" Y u'" Y

4 lN s Y9! ronotlalit# / va Y

(b\ Fov an,jhon exampb lel lbzchctyallselh| ol-4t2 batte ietcl t<be p>O ancldeltnea m4P /' /A!-)lAt Lj
o. v--+ aP.Thu 't di e c]^te tntt c'tP= bPe (q-L)P: O +"r=b and sttl ech've trnuh u a$-.clotc!., ,
. learlq j ,, the mdphtrm tncluced b! k[il--:lz[4, t v--a xP. )t r'q'lhe)oft> lo!l on lFt t Tren \,tt'tQ hntk J'11
*iL,,!aij ,'" to^t "o,pn)ii.' i"/,t ,ltiiiit'ilircmo,phtrn ueccutio lhZ:re tt no p"lXnomi6l w*h f(tr) = z
'fhs rnomhtm tt the frobequz mDrPhtsm .



@7t pl Lel !'7-1y be a norphrm o{vqneha and lel Pex'

Y

we dehne o -ap Yf ' (9 net,r 4 Op,x 6a follou. Let (vtf)e Asrpt,t, nnI u, l"l .-7 U
$ rc l r4 lav . ' l -he4 I f  ' y - 'U , - -+  k  $ legq l tu  qn . l  Pe ! - 'U  *  (Y- ' ) r f f  )eOpr { .Suwede ine

fl to,tt - (t- 'u, 19 )
ono.hctcEs !h,r aell-deAned, avcl,l ': clea,lq a motpl4ttm ol'k-algebw. La+ ?uPs O 7,x and
'rn !O) 9 O ttrs,-t h" +h4 un\ul maximdl dealJ.'(hen

(01+) eTfrylpl e lf tP):o <-> fp+(o)f ) e'rq"

s, fl 
tm, - 7ny7p1 ancl Yl u a lo cql vnDrphtJn ol lorol ,tny-

(b ) t* E clect,lhal ,fY r anuomoyph6ly "ll fha Jl are ,somorphum;, {uv Pe\. -6,uppor€+T crectv fnofi tt J ttdhttimotpnjm. tTra lp arc ts Omo\.pn6vt, ft>v pe X )o turDpoj{
9  $  o \  ho f ieornowhtm and Y{  ,s  on  uar r \avphtJm fo" r l l  PeX.  Wa n tLdon lq  rhow}haf
thz vuewe dolf r qmofihufn ful€ hrowil tr oLD d hDmeorno4ohrrvn) LefJVsX bgthz vupwe S-l'! s o, mo'pVirrr.n (we hnow'{ r olru dhoneorno4ohrrxn; uefJV|-'x }Sowt and q: , r /_ :  l "  reoulor .  aJ.  ̂r4Aio,how rhc, t t  q6,  d- 'V_>E rs requlqy.  J t;*,, ;;; ; I.;-:. ;;;;6; i*'iiia lii]", * "'n ir 1 6, 

-4 -; ; j ri'i oqu[.i. r r suthua
)" rho* thlf n),y p'o,ll { 

"6-'V =t(tr) ho''t an open ne1\''L "ih" ad on whrch 9 f '! reguloa
Lzl PeV be qttien Then fer, Eqolf 1&zx ,s ilechw'.so lfiep tt -ak ;?Pn^netthbotnbo't ^-,
O + f rp)  ,n ' /  ind , . r  ver lu lc tv  Tnqp w, t5-- ->2* ' fh  (9- 'd tmY)-(Vtg) ,  'o  n lY= 9m vf l r  I
+ show ]hlf e;h p&nt { 

'P-'V =t(tr) hoa an open
";'"+'fp;,"\; l;;";; ';; i;, ' ;,op1',"3--a"Jk 

rstid,-v) -(v,i l, 'o',"e=-e^ vof' 'Q
Aene rn: qcl "v. QO f 'V.'uhrt-t 'rs anopn ne tclhbotltorrcl o4 !P) rn l- 'V. 5o 99 It r4olulavtA"ii'i: g+ "y. Oh f'V,'-h,i s an "pn neighboifioxl o1 Y@) n f 

'' /. ,s' gl u vegutlo",
^) rc(ytred.

G) fuppu,n J{'x) ,s cJewe n Y ord lel P€ \' 5"ppote f/, Ovot1 -) Op,* ne* vtol ryjechrn,
sa'.t fp+(V3\:fp'(tn|,h).5o q ctnd h agtee o" ne rcl y(*)hVOW, and lhercl i{ allpotrt
* f ic r .  q ,haqve'sac lotedubet i l  v lyy -  td \  VnWnL, / 'h le  z  e. 'J  t t  c lo te4.1h.n l " tnw)c
s cL cliicl ru-bsel ol i a,xl yfx) s (\o\^)c 0 2 .stnuYlx) r dense,lhu tnPltu Z?\'tnW ad
henct  (v ,g)-  (w1h)  aa r 'equrre( .

lEEEEEEEEEEEEEEEE Tl oar" vour Ez2.tL tolulnn

gtabueo l - longuaqe,w<.s ;u lq lha l . ^wne lq t t t 'qF /1 t4e ' t , l - *ouovno,ph tc ] ' sqhaf f i r ,evqoefuacc la in lho l
1 i t1 e tP' ,s oiu hqp"rtu,hia-fhn tPnj  H uohnn. F'olwx pww \u?* * \" f  H:zq)va\ryg'pt :
l laaf rr,  f  n ^"roizero lwea, polqnomtal 6. '1 ou'hn2qr vqrz\ nolq'. tEzbr'  t2l f lete t t  qh qntumoYphtt ol

lF rcle rr 'hfr.rrnq .\ *ivt z(t) t le\olP^-H=n"-2('t):v"\ 'qthrc'

tv \\e $neml cwe lel l l-- z9l ' 'herc + D tuedutilTe av,cl homo^enop oI deqte d> t.Wr,k ] u ohnea.
nmbdn*un of ovtk,A rnona molt . l: Zi-,4 n+ order t! w"nomtalt"u I dEr.e d vL ,(o./. ,:r\ ro H?ql
Nne ls[ beqvt cuilt t1'1.. 1t-1s,... orrcl cr,.Ing thrl order lel pa,lP^ -->lP" be u d-aPla enbedcltnat l lAQ^
Pa l ra  o ivornorphrsn . (  rp "  ' , ' th  + l ,e  7n j9 ih ry  vaaeq i f tpa  9FN [y  e1 :  q  te l  1= / f , i z lbe the
p.\1'rowra{ ro ft[z-,..,2r.r1 an4aApondnSh +'' 'dev'hl!ry lf^*,ft rrnpd twkow

rPb ztrl: { (a",.' ,e n) e fP* | Zi--,<;n, bo, ,an)=o}

Svcz Z(X\ s a hglcevp) ane lP'u - 7b\6qfhne.1ho rpq<t l7'-  H ,r wedunble,heua a, "lorccl u.yectuttbl<
rttbrc{-"l N= tPN- z(t). Heut lP -l-[ ts wmaryhrc lo an affrn" uor4t in! ulha qlhue .



tq-rq'it'te,"e are qqwi-afine \! aoeh(A whrch qre nol a(hnz. Let X- ff- {oro1- 7hen 1fu rnclu,rron
g'X---=',h rs a rnor4htjr4 bfvanehel. Sr.rppore X 6 Bottt)qhl< )o an affine vane)1 Z.
tuz sotmvflshtsm "L k -alqebra 0f Az) ---) &(f) c.ouldleod h) an tsomDghum O(lA,\= g(z.\
* h i ; h b , J i 3 . e ) u p e a l Q r k p l y t h a l l h e w m p o : 1 k . z - + X , - - + 4 z w a , r a n r s o m o r y h t s m o l v a r ' e h e t ,'uplyn! thal 7'--) h3 tt ru|rItl^tF.)whtchts 'teattt a wwaltcrun

5. 'l t,fhork:bow (hql J'Ihc vnaf e[lN)---i0(Vl r .l.tulq nie chve.'roteelhal rl n urle thve, n,')e]hal X $ @\ercd, bq
4he "peh sutw. is  o(a) :  h ,  -  zd\  Vnc)  DU) - -  /A2-z( ! ) .  r lenu i  l ( (x) ,  d(v l  = A(D6' t ) -nA b[D)(ree anea,lternofe\.Qsnq 4,Lz (anbntal r.ot,ro,vhrvn K(X)---+ KtlA2) w rulhql llu tame /o,mula
holds ra 66p,r1= a(rrg)-. vn,lev fh't bner mmwyiht m g@G\) qnct C)(lfu\) arc der,lht) wth r[zg], and
t<Lxft7r yap,hwl!kee our nlqe /1alet) | Jo e(x) 6 h-trom\rphlck k[41]* O kpty'lg. tel

[= s* - 4#"'
t" e,"t fhrs tnlenecJwn. S rna k[a,y-] ttquFA o,,E.ah ̂rrr" * faitaa arc n,!hev lowctt ]e-rnr.fuct,t
1 ' {3 r - ,v ) :  zN h(a ,J \  ' " ' r '  tA . .N '=H=o to  fah [21 ! ]  t len i  O(x)  ' r  rc lenhf ied  wf i i  k [zq j ]  v1a-( ( /A*) = k (,(./ J ). tontrclat tnj fhc oommu Jdlwe dtagan

hlr)91 -> O (/*) ^__> tg(K\

IJ J I
h ('x) ,_=+ n(/A"l ------:-) r<[x)

"n,l ltulacl lhal O (x) ----a K(x) r rgbc{.e '^re.d-lh^l E(/A') ---a O(x) $ tu|eL4we) ao rcqwftc).

)))))))))))))))) tDl 4) tez t7 b\ 5<a 91

ereu,4 ryr 0n0m rq.l -

,-nl H;1|t1 be tlu ht1ps.pls1,1's! t lP' dehicd 4 z, =o atlct 4 =O -thi+i thal $, P"^rl;,=u;
ancl ff '- d, -ur.ini" n^ - tn;nHi) r llu op-en*l 0; v u,. J l^Je clarn lhdl f{u oatq "rgularlanclwtt
on tJ ,v t ) ,  o(  * r , lhnt .  te |  | ,  t ) ;  u0, ' - l>  Hb ky lar  me^u f  lu i .U;  - - -+k $f t?ul \v  s tnu.U;E,4"
l laon , ,  Ja ool , tnomrql  q(* , . . . , * ; - , i t i+y"  t r " )  s . l .  l lv ; -  Ptg\ lx j .ohe '?.d a l tu  r leTrce 4 2, ( , ' '

itil';r:'"w;:Tii;i1,,;,, 'il,:;,,"fr,:'"!,;:;?;^' ::"1 :'^nftl;!ovu,h!i{! "ilifii#'*r ,",
v4aP5 a1w? o"i U; n U..1 . duwd ( UoA,,1.1' 9; D uj g- uJ = /A\)

P ls) (* ' ,  '  ,1- \ ) \ )a i+\ t  ' , rn)  - - , ;L l '  ( l \

f  Usro<1 K( lA ' )  + l<(^a, . . . )^ t - t t rg- , . . . , : rn l l .  13 ra l  the o" lqvrontq\  onf t 'e  le l l  .<  r fu .  Dotr lvromu\  q w, lh
. \ ,epalr;@A b'i \ aad eter.+l vnon omrai m.rlhpled-bq a "ui*ailc Lowe v ol x; Bal {r) ,.ihpru rt; d .{,',J,d eaI l,"ti ","XJ.lt"tqnl nlulhPlr€d b3 a ruilablciowet ol-*; raraf {r) ,'nplrerer,'h I aod evew vnonovr

ri'ql - tN+ rthvt t5 ql I
monbrnnl rrrulhplecl bt1 a.ruilablc "power ol x; Braf {r) , 'nplrp"rt;q art,u,dzul

ut-,.s ql leul ,one tubnom}1 'nJ '^.r drcln'f atldply b1t; <l all (1fu hg[wl cVo,',J99 morto$tql - uv+ rra\e It a,l leul of'e wnom.l^l n q ute drcln'l null'pt! 4 ai ql atl (+!u htq[\e?l cvqle
,^ " " * ) , ^ r , ryo-O " rn ,?  '<  o . ,4J fc rn t .51yn i {a t1 [ - -  O anc \  h  rs  o  o rs ]c rn f ,  . ro5=h on i  f ,  rs
q. cons{on! 4unct-'r, ordEbr rpd.

[Tf 4\ t. homownouA audnok t]nq a[- q pwieclw wnrlr4 s n& tnvrnatrl  ̂n4ev $o otpy'1p (aa " gv<ded- k-algeb-) 6,  e^qrrrpt")  te+X:Fr, ;nd' le l  \ /  be thl  2 'uple embeddnl* lF ' ,n g/ .  7n ( ,P'- : ) lP'"

f  ( ao  n t ) :  ( a^2 ,aoa  ' . 1a t z  )

thet 7 = a$p-- ztq\ where n = levf on4
y , kfz-t?,trz'J ---) PL. L-trl'l

zot-) )Idz z\fr ao-1t z-l---> x,a

Them[a< rl ' /)-. ' ' t* '- r 
.- ' '  1 4.. th" graded pavl ol degree I co 34tmewrcnql L-w1ht tpqort,ne

Y ,r rnie , h.u"e o,r lt,,.tccu polyrrmtok. snd ktx",x,l:3(?\ hot Jvafid, t -degwe yatl 4drmer,sron ) ,
"\ ,.t i"rsl h(, 'w s(x) > s(yl a.4 1{o4edttrg!.



I O-i-fll inf Y, bp cr\sne+y, ? e X uJa clarm lhe rc t r u biieclwrt be.tw<en the p vwe deals ol +lu lls,cal nng,0 e,andg i, ,loia t,iaiikla 'l'i'*nk'n'nq f- $ cliea t ub"andy tutnl a cloted' p'ed'kible yblat of \)
v''iq iq zl o, ounmon ,enti, tir d ii a', "pii anrc ihqhbalhoo(l 4 P uY la'7 n! yt^egc!1

I:Hll,:f;:lf'T|';T":,,ii:1;o,Jtffiil"i;;? il:q'[^::':;i'iiyyiif-,!7,"y i',"
'. t  -  r l  , r . t l t ) t  4u -" i  i , i , t id* nnat( i  ' /  76 2'  1 ' 's  o)-ai 'od 5ufovawtJ v =Zt '  (z)s
: , ; , r ; ' ; ; " : ' ^ : " i i ' "1 'k ' ; ; i t ' vdu--z  (n ' t 'x  z  'bna4lact '  ) 'ednX z=int t  r  ' /nu=z) '

,o l  t ' , lha h ppvelhe rcpt j {o .  X oht ,e,  -9  X - ' t .my O7= A(v)mp unc)  lhoTrmt deals .o( '
oioiit ',\nrlh""*,lhifuriro rrkotd R[r, 'xn'] wn[qued rn ?fir c,.nd conhtntrY r(r) Buttha'"z
wn","pon[l prcun\ +"4fu c]orod tuecluci ble w\elr "l Y tonlatn,rS 4

A tx)

^l.,
9(x)
I
,

\((x) 9 ^ ,
(- b{{

t= ̂ l.r)

rrc,-lqtulln) W s ovnotghtsm l(())= ci(n(x\'l vj.enh..fist A",x qnA A(x) l" (91*baryqftl nq4 K({.\
' u l i e  o b v t w w a q \  S a u ,  l l q 1 Q ( A f y l J  w r l l t  c 4 q . \ n c + 6 , 9  r s  n o l  z e r o o n . l l l " f  Y .  T h€f r
t(fl|\ = ( okitils)"'s.rti,t'.1 c' nenbe,ol @jx +F(x).r" i*v161 I muys A{x)i o-4b 9v,x ler
t),l)e gy,t k qven, and lel?eUfN'IVen + t 'requtq\ to lherc a.tnoPen nctqhbolhood PeW' U a\d,
3 , [ n e 8 1 , t v . . , i " 1  s . t .  h + o o n  W  a n c l . ( = 9 l h ; w . l ' e \ l a h 4 X o v d f  = ' t ( J / r ' ) t e t t  v t l w r e c )

\QtA 5{r N6l<r'6llowrrj ltneorcn 7. \

ihe LoolRmqo{ a Jubvau+t1 Let X be o' ro,ne\, l=\ a nbuanJl lr'a.qn 17rs61qqilpla {ocal!
,\*dtu'z,fl i;1 9",*v'kiKIol el.wqtenu::?f, ' 1YP if* 'eIl ' .:t:*1.9,1f.9--"^di"";:."rc'rti,lff n*txi",,ji41i:;;p;,f ib*{x",*"{#:fr:#li.r:i,,',-;'ff q':iie;':-,riK'-f :y:p,#":l;l:lyXl**:'.*";*pX":ilLl^h"ai'We:tffriii,:-;.iiliJ"W*4:#{!-{ir!:tffi1,{ftf;v;r";i"iL"i";'Lx o d  v o u l f l p l \ ( d 1 1 ' o f l :  l !  U l l / + p  a  a  r t t I ' t
necluti^e h?"lq( c\l gPace '/t hencp hate q nananPl ,^ l  unvj nJ + l .
l4enta gv.x  lsak-a lqebna Toree r luor loca\  v  q)  {e l ' rn  e 6v,xb, .  a l l  (Dr+)r ' " r th  f .=a ""  r ' r0r '
i if i ,t 'r*ra lu ,h" rh thal vtsanrdea[ 1" '2"-r1t'tt ((9 vrx r'tn)ts a local nng, scty lr/t e (!1a-Tn
tnr"  , i  i l -  X-  q 'o ,  wnY+p " td (w,3- ' ) ' r lhut tannicaoh'  f t4)  'n  Avx we<Iar tm nar
Ot,x ts a yluplTencin lorcttdoma,r'ol 4tmetJto1 dmX-dvnY

To pauu fhts, lel Pe'f and l2l U tucth oyn at/tve neghbovhot'd of Pn X (t@ (tt 'z))

Stnv Y s,rrcducible., Yn\) a4qasndtl open nhtel o/ Y lht k|ologKal qaa '1rtl.)sl) ,t ttvcduoi bla tn&
V " i*.ff,.r"i",t +h trc qrc te.l.t V,(r"t k "pnn ond clore<!,ioy.rl!..f :,JAQ H?'?\, YnU=(VnU)n(QnU)
rro (o.oliLt tlopd subsel "1 U. hei@ Yllu ianbuorte*!.1 U..,ntt balh \X are \aft1t|u wE,nave , ,
drn{:'4'^g and dtnf - d|r/'\AU 7l $ ec'N +,, che(E ruN lwre $ an t JDn,(Pntth ol rL-at9eurb
ovou,r+ l,r./Y,Iavt"'? ma\ ftduL )D lltu G'ie wh?re ̂  $attlh?

:qq Xs,N and lel ^= 2(a) uhere F t k[tQ, ,xn-] ts (^Pvt^e 'deal Jr' ' 'c Yrrqlocqlu clored
suVirel o( { ,l E q lo(allq .\ored lqbq; 4'1A" , hQr'Q tt an open subte} of tl1 c)oswe -'/ =  t .whtrh tt, an
o({ , ruuanr l r t .  so, t - j . 'z [L l  *herc q t  y ,mi  and F=1 t ]1  ( l  1o)  6 lm) = {  r t \y  '  I+  6 c l<at  rnar  Fr
"l^Jpi|"ilxt"il r$",(. un7'1f' ",'t nenu'theti 6|'n rsYvrorphtsn ol b-algeb'ao Ot,^E (!7,7.

5" {.,nallq wre rc Uu }"!lu 66tn ol f',- z(al s An , qnd 1- Z(n) e.X,"her€ Ftl arz pvtn< deals
"l'kl^,].-.,*"f w,ll.. n+1. Low t\ev tlte uerafl\rtrw^e dtagmu



Aeuu dtm7v,x sequal kke heghf of n]vn A1\=AlV Bul hl l tsofhne,so

ht  L l r+  kh l l4T  =  dm qh =  ah lT

dtm9Yx + nhll -- cohlT
"  d rnAv,x  -  *WY-  ah lY

-- dwtftul -dmA(7)
-- AmX - cl tnf

a,ecutd. Rdwnrnqhllu qcntml tme, ua ubun11 6l t((x)t (9 u,t arlanw all /'lu.loal vnlt (t'*':1,
i.,ul,ii1iui,i'+t*iudidt".telct "/0",* 1r,o+ r<1v) 6,2tl611l1hinetagt -,1 '/:?e\\then K(Y) 6k+\<(1-\\
t lea l ,4"99r  = 6t r ' ' f  I  s l tc  yonl  P4nd K(xJ 4 y=X

Inzzt)
lQ-ffi 9^,iral66 f*m^?otnl Lef H s lPn"' be ,a hqperplane a^rl Pe IP"'o po,n/ nul on 4. w, rcek L rlentd.t H w,!h- 

nl "*t arnr, "*"whtr,n , 17n't- P;tr" 4 yto) - lun nienechnn ol ltru t/tnqd'L ltne "onhrhu3 Ptd
w,th IP".

L,Pn oqldbetmylerf 7=1t,o, ., o) ard tl= 1(4), atd L\.e LIL\in lhere Dqp av+nmoryhtsm
!.F".'-> [pn, uhrch map, ?t--,./o,.,-,o) ""d H '-> =l;:i. ;;"L;"; ?,\magb (y-"*a r44)r.
Lt 

'A 
= tt+1 'fhen /,e, ou', L,ne"t, van.A4 Nota)t t(?\ : (bi'G- b-t,, 't V,1(. -b^ii ) nhele. I

f - (b - t . . . rL - )  qnA b ; lO s tne  ?( t i  u  l tnea '  P" lVn\mtd t  { , l i ' u -E" t ; ,  " ' tb ic ta  l  b " ' : t - - , :3 : : req t ' \
t"dipuuaenl (^oalhett ort ot\ of *hen). By ou, Linear o'ne\ nolet f luret s an aalpmo{Pntt (n

p, hlt"'..-,x"f ----+ L[tr.-.,."]

mapptnq J v-> xo and blro- blr;  )-> z-t;  -  )  b;).h- L."r;  r---9 zn.fhem <p 'nd,ttce'a ctn
o"lumviqphrr^ ?. Jph+r-) l'mr\ .*th.9-\ ( z(t) -- Z(f '(i\, "( y( z(1\\: zid(e) f"'cll
PolJo\hlolr q . J'\ pdrh.ulor \ denhhe,t A n,th Z(x") and

""t Z*),=,,\\^': :,:^., :,:l:"", j;'' "
i':^l'Y,n,:ir'I:i;',,!lli'W)l*)le;',;:wir;*/Ei:,uffi:#:%#:;\rfrlx,t:xLx*&^'
Ih Paufi(u(qr p wo1i Hnu h hniw '

!"tY,,Pbeavblmv,l (PdH) Qwn ay"tnf q{ ? seha'e alread,l thown ru uuv LtneavVaue},1 notVyfi f^r,"f :i;w,lo€*tnfr ,?;:;Wry'i:ffi ?ffi\A'*.6.tt;;p1"1)iilYid\W;Hr1"5,
;:li;ld;"1;'ii'r*,r'l#'i?ff!;#x::t^ft;u,t#";,i::*l;ffi,h"'.'?:!f :W'xo"
tu tlaclagam

[Pn*'-  t to,  ,o1 
Y'  '

I'
z("r")
T
l YI

, F l(P*v' - P

tt +"lbwtthqf t V' $ a t\Dvlohttfi | Jo u y,/ ro .^Pr€dd@ fu *he cu:e 4 P -- [t,o, ' ' -;D\ dnd He z(2/.)'

Le l  Y [ lh" -p--+ z( t . \  b .  de i rud at  abwe,  , , t ,< l  Ie+ c!+P, / , r  Q-- (b" / . . . / t " )  b t  grwn.  S"gt '4o
Titr4

L -  z (  n ,  -  f r , , . -  - ,  t "  - b f f t i ,  t r + . r ' \ x , )



6qhnen lP ' t ' p t , , nX th ta ryhb" fh? ' ( l a / . . ' t o )qndd . tohnd l l upumly (c )eLnA( . x . )weuve loohmg
fo( ̂ noflzevo solihnn k llu rialrx

I D
o l
, o
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o
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n { ' l
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The [nf au u;vrt/ttor'.t Jl t ,lfu reronc! k x,- b'/r;t; antl run. fl (x", )c^+') ** oto6lwn,wuu'tAd
n e a L l ' r o =  o ,  r , )  v ' / b r x i ,  . . . , z 1 r t  -  b n * t / b ; a ;  ( z ; ' f u 2 )  P 4 l h ^ 3  4 = l w P + n d l h c l t

y ( e \ :  ( o ,  b , l 6 ; , b . l b ; , . . . , t ' - ' / 6 ; ,  l  )  b i ' ' / b ; t .  .  .  )  
b n " I b , - )

-  ( o , b , ,  b . ,  - . , b i - r ,  b ; r t ; . - ' r .  " 2  b ' ' ' t r )

htoklh+ !h$ dehnlnon r ndcapndu| "Fi. tat O'kLa"' ' ! 'xn+ t1 '--) bfr. , " ,tn+tl be t"B o/?(;t->tt; i+o
tJ la""iiiii,,iioip"t'1nii'Lt,nenelsl raltohoinogentoltt i.lhtr;ne di3'e", p'vtud o@+o) o na

Jo.Fqr'-P----) H 3ltm11g'$'v
J- ' (z(g)nH) :  z(s(g))  -  P aestee'

t4orc f r a onhnr@u, naPPrry. To rathqf f rs..,nroryhrsm Ie+.vgYlbr o.g ,l o"d f , u-+ b 'rgul ot-.
Sqq ee!- , tJord.. t ,y r  an opi  nerghbo,hoal " t  y1@) , .1.  V2ew . f  (2] ,>9e)/h1"1 un"n g,helzt ' tv-  rva+t1
i i tn i^ i** i  " f  ' \ fu nnedagi*"  qncY h+o anN i \en v 'eY-t tN ( f  ! ) (") :  PoG)loo) ix l tsof ys
naqla aurra fiana f ca4161Phtm'

L) taf Y< t?3 b.fue*^:IeA tubtc cuwe *hr)n c l' lte,ma1e ol lhn 3'uple evt'be,)lrnX ol F' w lP3
. :

p .  f  - ) t P s
(4, r,) F-+ (q3 ) qzb t alo"., U?)

t t l. "t arc ll,p. horpqenoua @odnala d lf ' nue ny )lnf y E tlp Lun-e.ynn pamneltaalQ \ .G,vrt, *1= ( !'1fu,I"zru3)
Su1'7-=10,0, t ,01, -andlc l  l f 'be lhe hgee" p larc z= o ' lhz ?wiec l t t l f '  +  E"9t+ ts  ec{ ' i lJ  che 'hec\  tob€

3.. r3_ P _> 12
( ! , " )b , /  Uz ,  L3 \  F-+  (b" /b , 'b?)

lleuo Yll): 1 U?,1't , u?) I ({,q) € F'}.ttrrr rr cteovly co11\qn2l,o lhe pwych,re rot"ve 7=z(^,3 -zzro'),
whrch rs ihe groiectrrvi. lorut ol lhe <w/da(.avt, ,1i -- x: wttlg /N: lJ.t-e tPiw. r\aimlhof Z=.!(i).
Smu k t alqiblarollq cbqd, tef t?-l =1x-Q(tJb)G-c\bclfte fuAu,sdwn 4 J.?- l. r{ 1aeh. anc)
'{r= o1".fien lp,ovried ot;o1 (yfdt3--l to tl4e\qbt<l so Y =ao( t6/ batc"a) sqppite (b,tb,/Lz)e Z.'fher
V, '=b tbo ' .Pq l  f=b"and q3= b2  ( r (  b "  - -D,1=o anc l  ck 'o r l t  Lo t  ,b t  =  (o . ,0 , ' { r ) ,  t tmt lav l r l  f tbz - -o .  soa ! , tume
bo,bz{o) .Then l ,L , r {o ,  and ( , r l z }a=  ur l r  =  bL l , " '  =  b ,3  io  ' r t '=aL '  sa j .1hen a4o s" -  "eg la t r  w<->  c i ' t -
and (l?, +zrtluz)--(6rb'/b.) aa Efdtd.| t ' t1s11rt !(lJ--2.



EXERCI,E, 7.7

11!! trd& Let X e /N ana lg lA.' be offite ranoha.
6) uJe thim lhaf X;y c. N+n wll h tnduud hopdoq,1 fuot the paducthpolo,trX) !' tvedqci4e.

Suppwe fhof Xrl : 7,0 2, wheve Zt ancl Zz iw pt',tper dosed sqbt$ ol X rl. tef

X i :  f t t e X l  x * \  e  z i \  i = 1 z

To re)rhaf X, and Xt an closed, def''efot each Xef ide k'apebta homomoyhrrn (lnt g= [&,,,.-.,t -11

h X. . ts1x,,...,t,,,"1 u -. zJnl __,,> R1e,,..., xnJ
x i - a ;
J; t--> bt

'\hcn vhe nduad motpnun \ f;+ A"'n s Aelrn"rlb! Y,j(P) -- lP,V).He^e '!,i'zi sa closecl
se l  rn  4 { ' fo r  ;= t ,2  anc lyq f .Bv f i

Oy, f,{'z+ : f re n' I Ys to) e z; vY e YJ
-- lte r: I Q'tl 'ezi VXe\]
-  / \ L

thrs poovvrlhai Xi u clqred $:\z)-To pnve lhal X-Xt U X. rs abi o{ achore.
Lel xe{ - we multf rhow eihev \t xle Z, or t xf e 7L. Let h be

h. kfu _. t/n, y,,..,V^l --__s h[1,, .. t X^J
(; t--) c\i

' Ji'-q"Y'

f iy l f ly ,  zx)  = Z( lxr -a ' , .  ' , r .n-a:^3 1!a l1)) , : "  1x/  rsc lord, ,n  74ar^.  5 i r6 i lov$
Xxf  - -  z(  T( I )  01(Y)) ,  'o  x t ' l  t tc totec)  N atc

xb.xf ) - tl,];,.ii.", ,r^) | t(ne tu)|

Jnut r(Y) r prvvt2 (y B a^dfhn< uqnefu), ' l-kllows lhal t(ztf ) r pnmealcl henu
r x Y  r s  r v v e d u c i l o l e .  E u t  t x l =  ( x x f  A z , \ 9  [ x > ) O Z z )  e ' P Y & t  x 7 ' /  a n ' f h e
r,,tlon oi "f,tp Aoftd trtbreh - hen,i z xY gz; 1"i some i Fbno- X-- Xr g \ z o@ 'elwted '

Thrs rpyepl"po the. pvoof that X r'f $ a dt41na{ane+J, rolled +he prtdlt 4 X .{vrd Y-
(ruo{e we ",ae bo{tr. n} Xr Yare rrye ducihz., del.ptE &ct:rrL\1lw, X)

1r '1&tc) We hate a[reac), t r  "oled thqt X' \  .  F '? , :+p locua 4 (a}, l r f [^y))  s k[2(,r . . . ,  zn,y, , . . 'ymJ.
t.,/< Llaivv.t rhe-ftl lowrng s a apwduc* of h- algebras

R!,t,r..,t"1/ r(x\ Vttu..,J^f ltft)
\ . /

\ "/ (')^Ll-:12t,r;t^1
_(x1,, (yX

Fo( tt\??ue R rs qno+,1ter h-olqebra. !' htx" )r'7lxtx) -f'8, t' Ktd\ - 1JnJll1) ';R
thu"]lwo movphtsms *n pon"l +o .fenenh nl \l ( a(xl).6" avrd V/a f r)) e R-1 "€AP'
I* n nol harcl +o checE ]hal lhe mo,phtsm



I V-t:!:!r-,p
f; r--> v6i)
j; r--'> ttfi)

7s well- r.lehaed awl ha /'hL neruJtanj F.peW Henttlherc s a 61Jtsv1164l trory1pv4ah1gm o/ h-olXebras

1nu X,f orc athlnv4 t auol pa* k'l sbou lhql XvY I tweducibk ancl QU.1,L(I 1l = r ( 7<r-r),
vle have tornc denlnllq POven,

UEr{tYA the 'lensov' prxlwl ol- ha $nhly ynera$ed k-dovutatus '" afrnrlely generalnt! k-doryiqrn.

Stntz (t) n o ,oowducl ,, E-DIq 'L v a wpmducl n tfut raleqor4 o{ -{',q a-domatr's. l-lene 'fhz
atlocrrlel r)rc4hm tn lfu ,afe$ 0"1 ol q(finevqneh"'t s a izw2lucl tJqt'l 'hts rs

x )(Y

nrc pwje<lan tnaPt ave eanily the&ed 1o be (2qY) t') x and b4,J) P>J-

(.J) rh (c) u/e showed llqt A(Xxy) = A(x) @hR(Yl a\-algebrct. So,l! lftuA to show fhal4or
afinek-a$ebrcn Kts (^frnz --{.g. l<4onau|

c l r ran(  R oa  s )  -  d r rnK +drnJ { l j

7 rfcloeu - .s* 6

fpv@nventeu@uNquuwe ta a]g,ctory! jrlnlthtpnofbelow snll*'h'):,::l?!^:l !tIRA]'v##i,::iw;:;rif *,ryii;;;rr;;v;;!:6tWi':f:i{4:,#!ifu 1A;u"r,,une uft ansu,w R, ! onm.). " '*';!i *tur. f , s't"oi'i"tilii atmbit'*s d', e r<t2 s,me drttet
r ovaentpd v- '^t"o'rt l?xl"n\torn F.uc{n"t s ate ;[ ; iA;l ex]elrttovrr o/ kt atd'by No'l l4t' ' t  Normiwtit,iitia#*n:;itrt:;!,iJ:":i:,:#";i!{:6r'ilffi i::i:";

(lr 1U\\ 6 Lq+1 0))
1

tJ + (x(x), t (Y ))

'/

Levnma (?el  7

di m.Ln on' ) .

wzknow lhal R @p-S s an qffrnzh-qkebra, qstr; t's .lear Nhal .l"r "eRcinA ceS 7!u elevnenk
r 6land!6s aw mleqml oter ) ' !u nhi 'nq h1" 'etr '  .  txa@t) l tsrJ ' r .  r l@ut"f  "+ R eu-S i i in
] !u  v leq,q l  r lo t  uve o l  )h t t  >ubnng uqnlz  l t r5"  yct i , le t  +(eR. , teS,  r l - r1  c l l lo f  ne is . rna+ rs /  R@ES
rs vfe4&l  orer  hf r le- l '  - - ,x46,1 i teg, , . - .7  leye] .

rAsfDE: re n',, a tuhmodule4 N, N'o ubmodul< ol x1 (over "tfelcl h\ 'tlv,r' t}^::l^:l:*.y"t
IyY '@r- N '-----t. V,O l fV s rniecttw, tttttt wr ran wt/1LQ ll=,-1'@Al antt t\ - )\ @ tv / 'v
stn@ Ltntot Pwqutlt p'- ' u^nudrc'l iuws ft '0 N---+H elN " tAec+1^rer drdlb6li 'clN'-Jt' l  i l l

We hava olyeaAy nokd thsl $y hs|De) ntvw map

h[:c7. ' -1xd, Uv.- iY" 1 > k[r , ,  - 'pf ,  e z lzfuvt le l  - )  R aES

drn K et 5 -- d+e

(rP Err nola{q,clo rnd, iulrranr go'4 haue)o wnstdt' 4rvnK=ooT drmf,:orro q to, rs rnlegral owr |al
' 

a,,cl'lht t afti pwr{ 5fill un,hs ) g



N}TT ftfhn" Lover o( P'o1echve JPaa

For l<i=vt te+ U;- ll"-v(x') bq.l4tn canonrcql cnvev ol- tP".Ihen Q. r honeomol,ptc)- l\ 'vra

f ' t l ;  ---> N
(aj , . . ,q")  *  (#,  . . ,1#,* r- . . t  \ \

b! ProP?s&rn Z.z ol Hor*home. Rqf U; ts a ?ucvri'affiae vaoe'lg, and we ctaim !'s an 6om0rhtEm
6l vqneaeA-

bl U e A^ bc ope+ {' U ----> h a rqular map ttle ,nwf thow !!, 8''0 ---+ n r reqular. -Jo }rnt end.,
l e l  a29 ' ' g . t ^ t l oqwecu tunc4=6 , ioJ4 tq l r i z= (ae . .1an ) ,q . Io  Le l  Y&)eV  e 'U ,  -he rp  V  ' s
open, an4 fherc a,l f erlhom4!! 1'r ' e k[l ' , '  l lnl s' l '  ,ur nonzen on V qnd

tn = t{'hnt Vve V

U51s,q llte noffiun o1 Pto? 2.Zt rcnsdeulhz honynou. 7"tg tnmnk P@'PDek[z.t "ttaJ. zf tl'n
h,g\tt Jeg,tz mono*qls h Jrh nt7. han d"7rdo e,ft lhe^

po): r ."9(1,.,H)
Pb\  -  * th(* , . . , t )

'lhal ts, each monomrql n t ha,o z1o lqclud oa uv'Al * ha .leqyee a) ancl rim;lavl! fit A.. Attume e >f
[tfu- <au {<e u siryilavJ.lhcn f (c) anA xoe-tPft '\ on trotnogcmu! p"tyounls * "legrce e. F"r mt1

Jef, ' 'V ath g= (b", . . . ,b")wihave6.e-f  Ft^))p1.. . tb")" .  b-"  h\7, , .  tY*) 1o tut lher,

pg )$s . . . , b " )  =  h " "  g ( * ,  . . , 4 * )

' '1.e-+ p(h)(u '  ,b ' )  Y"o-t 'b"e y ' (4. ," ' t .€' )

= erg) _ tra)
hJ (9)

l.lena f J fs €3dlor ancl f, rs a mo4ahrsm ol -,soneha- No,  cotsdev f 
-f,-l

P' tA^------ ---s u"
(ay . . . ta l  b - - - - t  L t  rc t ' ) .  . . )  ah)

Let Wsll" be open and {. w -->k ry1ulor u)e mcof thow.'fhaf fl . r/' 't{'-->h.v regular.
Lcl  x=bv.. . ,q")e6- 'W, ov, l  lef  ( ,d,1 ' .  ta")  e Vlyy *hzn Vi opert  and theft  are hvlogenolLD

. g"tyrrornrals l jetziza1. 'a] al *le-rawe de7fte t'l ' h 6 nlnzevo oA ur cthcl
qh l

{H = "i; vvev



rhen / - 'V ropn l  re f - tVef - tW and Vyeg ' 'V

f fb \  _  f ( r ,by . . . ,bn)
.= q ( l tbv."  rbn ' )-iou',-u"'l

.sfiv htl).Jt,...,j^1 ePfyv..1!"1 6 nonzc.w "n f''V itltsfiTear ftla] {$ u rygulav'. fiaxv
p u a moryhrm d- vanelret, anat F l"llows thaf 9; an4'6" cttt ls o.lnorPhc'ao vartzh@.

PROPO' ITIONAt 9 vone\ 6 somotphrc (u a vanely)j" a quovti - p5jed;i|/e vauo4g.

T+ B rctllenough {o. check lftorl {". an| subspatlX= N ""d open sel (n X's tafilp.aa I'p"hgX )
U=X +h"Y Y, f j]"rhq flie v<Jular ,""ps g-a t< uvih veX*tav n'\apJ )p-rr--+ ts ('ueni+roagl'v''u
way uol be pen) .

Prgjechrre closure

LeI Y g h^ bn aa af$ne vqlcla, ! , N ---+ V" e ff^ rhe shnclo"d honamorphtsm, u,hrch denh(ert
Y wrtha subsel o( l)n. Lel i anni/z +tp closuve oLthD fltbset ,n IF2 In Ex 2.a,ve rhour<d ltrql
t (ii '" +he ltomogenJ,i d,eal Seneated bg FOt't)).lte <-lqimrrtnl 7(l) u pnme, solhqf T r
a pnlechn vottdj. '

L!8 Thrs Fllorrot ,'re*t f!f,"n €zqmPlei') 4,a> L hfer ra red.

56pp0te f  tq ekfta, . - . , rn1an Lnmqenow and f  q e z ( l  ) .7na y equ:olenl  h J1 Letnl  zew onl ,
-hniuqr i ,Hlnl i .71i , r , ,1. . , r"yx(t ,"rr . r r")  bem'g zen oh /  ' tn@ Ytt twducible ! ( i )  s 7wvpe,
to a+h,r tJ( l tz,  . , r" j i ' t6 " ' .  g 'A,r , , . . '1n)Z - t0 'J.  *en eiher {e I ( l )  ' r  jeT(9)y @a EqutRcl.

Noo^ r  Y=  U"On  ( tea r tg  /=  U"AV,  q " l  y -V " f i z  g , :oa2  c lo , ,d  zs  tF ] r . 7sz ) ,and
the vtnqocl spae r.huclure on Y-- ,lA^ rr Eomavphtc 5 4fiq ongeA s?dae Jlyucfuye o'' Yg t/o, t-hrch u
aaut a"qrui -Ptoiechtn voneltl. Aanq dng afltne ,tonely \s civ'novphrc (ott o uone\,a) +o q
quali - 'p,"iecitn'rone*y tt"1'llo u,t< ;vn vnZ clo'kl1 thaf anj quaoi - a1firc. vi neil s aho \aoti ' 7w1,eLh',"e.
HENG



@ Podur* ol Quui - P,oiechve tlqqeha 1S

f ' IF^* tP----+ 't?N N ' nm+ At YA

beihe Jqqre embedc)mq (o'o1 -, cn, bq ./b-) *-s .1ci1) ci: q;\ Gee. E z 2.t4) and ue tlo
3\ve p^"x Ptn' fh" slnicl'tre ola yaje.<1ry u,avte+g. tzt k[2,1f be tht novdnak tng "l /AN ^,lh
0,. is',1/ o<j{vn and let t)i gllN be defi\s4 b! z.g*O fo( o lcsn dn+ o=dsvn lehne

3,s I) a ---+ lP" x IP^
( a o " , . . . . ,  

) o , . .  t  q " ^ )  ' - - - >  ( a o a , , . . . , q " 4 , 6 " o r . . . t Q . - )

l / : 'nq fhe fur l  t ln l  tnf= z(a),  *h&r 4 co,,*an'  '  z l7.a -z;42<, i  03i , t ' -n os j ,A<mt
'ae ieelhal f! =.1. niall!,^tel {ekftr...,tnl and 3e k[g",...,y-f be honryena.rn p"lXnomvls. Then

llhal tt, /f (^)--Ltot xeU,ntlTnP)

f(z?)Yz6uD) nUd =f (qr;) )  a.a{o ond 3(ati \ezC rz6.l  u^d$ti \er.n(l
-  {  ( o i ; )  I  q .d+o  and  ! (a "a , .  . 1q t td )  =  o ,  J (aco , "1a " - ) -o

auct (a1>eIm(l

lo* g. kfl.,...,raf -) kfro1.-.,x.,g",--z! ^7 be ti + Z;4 anc! o/'h[1"t-tJ^] -) l<fx.,. - rtn,'tr",..,.3-J
bc 1; r) z.i .lhe t anhnuthg

- t (out I  q.d +o 4od 0(?)(ai)-o = 0'(exq' j )  aaa gi i \  t rugl
- l),a o 2@(1)) n z(et('r\) n runf

Svv Ap),7rh) arc h1nogenoL!4 or4.lfte ().4 ,avey lP: lhrs shoutfhat Z{f ) xZb) ,s "loted n /P"x lP^:

Lzl X=t?^ ana\eP^ bo ga,jectwe,tandvt. then X l,'eop.Y) ,s lne rnfevtedwt't a{- qll fltr loci -f
Jtae hovvlogenou, p"l)vtonrols ,ri<nsl1,ng "^ X f"v!P. Y). lena

x * f  =  f  1 1 z r + t | ^ l n z 6 )
= n ze l rz(g)

Herc Xrf s o\osed. Our ne*laah ,s'|o pnre"thaf \*f 's oeducible.

Sqypwe 2rt2. an cbsad se)s , IP "t p' w,lh X'-f =AUZ-. Lct

. x ; :  { xex  I  y l x x t )  ez ; J  ; = \ L

. To rhow lfi aJ Xi 's doteclt ̂'t rnlmduo&r JeY lhe homomo,ph;m

h. RL",j7 ----+ ky'q. ,x^J
zij t) x; bj

(nle4arep. y= (bo ,b^\\ 1zl T= r(z;)e kLzrJ fo.lhe honojenoua elem.rt. i 7(z;). (@nsdewq
z; u q ctoted sbt* ol F" ) .rten grtT.;\ 9 b.[x., .,x,) 6 a w llec'*wn d hgmogentun e le"rren\ sn'rr.e gs J
preoeheJ manofitql.d,egrca. uoryr-- " | -' ' '-- J



z(g"G)) - I (e.,...,o") | %G)(av. ,""y= o V+ eTl
"l be" ,a^1 | fb'r '", 1 <r,b^) =o Vf 6'7J
-- \te rP" I {( Okfi)) - o {ferJ
- - I * e n ^ I  4 t u x ) 6 z ( l  =  z ; ]

slna, z;€XtY) 4(t,y)e zi 4 re x. t-lenp X, - O.r.v zlSv\t)\, and hanrcX; ,s.loserl nlP".
Nexl  welhowlha!  X= X,UXz.T ' lh t t  eM, le l  xe/ .  ie  1tuen.  s 'na lx je lP^r ' lo :<d (  t !  's ! fu locoa

4 at4o-x, ,qz j ,h- - " ,L , . . . ,  a^ar-7.h - tun,nq q" :1) ,  e1rhermlu lh t " lhc exercue thow zx/s  tPnxlF-
is rlored. we rlaim rs'ob6 neclrtcib/n ' dehni n ' k[z X7 -> k[C./"'tY'] bt zll + qigj whete 7 = (oor..'tah).

Shxr I(\)e k[/+ rV.l uapnmedeal) h''I(l)s]<LzilJ )t abo p('me. cJ"hv lhaf ahxf) rr
lhe honole.nooo mdtql dsdl genenled bX thue honpgep.a f ekLziJ f* *h,"h

J(a.b" ,  . ,  a ,b^)  = c> Vfu" l . .1h, . )ey

Bql {(dobor..., anb-) - h(il(bq...tb), r fhu sor{,4tn ra,qsprecrely r'ha/ .fe h-tt(V) ateallq an1
honogenan 1e h''Lff) belong' b rtux'/)-st.nel...',tt!) 11.^!,:,V?.:y yeal (ul {eh-'tt't)2"-!'::1;,:y
f =5;ni 

rrtten 
h()ex(Y)"neans Z; hlm; )e Tfi)..anct t'of t;1"). t! homoton;42' eacn n [m i) ETtl) '-rhw>

nt ;eh- ' t ( l ) - )  we hove 1(rxvJ =h- '7ct )  Hena xrY 6 t ' re t tL t t t l

N0@." we (ctn *nlp xxY - (r r./ f '2,)V(z*lDZ.) a/, )he vwDh olJrua clos.d rubrgl. Jsaca x,xy
rs o"eclucihlz ure nwl harc x}\l 9Zi.{e, sone 1, qnd hentr 1e/ '.;. Tf .fnllotrr lhat X:X,Uyr.

5nuX s weduciWe, erflter X= X, - X,=X.. tuen rut7ec.hretl XrY-4 ", Zz., >o Xtf I trteduc;bk.

() tef Xgf" ad ys.lP^ b ptyeohre,tctne*a. t,rla hnow novl'ttta+ XrY rs4lso pniechve. The pnjaclwn
map: XxY --->Y- X^y--+V arc conhnuou tnu*he ntche irYagt. 1a "lored tly Lsy tt
i {2,)ULn u )ised bg eavier reulh nihu exercue. Noq lel ui e how X' Y --> Y s a motph'sw1
ol vaoehetl .

Let lJsf b" op.n and,g,U-)h ,<gulat. 5q ao],1t0 the p opclwn p; X/'l--)Y we clq;n fhat
gp .X t t ) - - ksvegu lac^ ie f (e tq )e f ' xu .S rppo te .x -=1a r . . rh " )w , l haegs . ' n ' , o | v , xe r -A t )g"*th"* 

Ua r  IP^- z( i  1.  Aho f ind.V open s. l .  2cev9u and, h, ,hzeF-Lv' . ,  ,9 ' l  sJ,  \ ,h2ave
f,"i"ih"* ol tfu satne clegree, h. n no*hete zreo o"V, arrcl

g( ' t )  - -  h,({ l /6"1.11 v\ tev

Lel h,  ts[ lq - .y,1^J->utz;1f  be :1;  r-)  zd! \1\  (xAur ' )x-V 6 qn.opehrubroi  of  XxU, a"rd
hO,\,t C'r:j; p.i;|'j ow hoio-lenori p"tyno4lal-s "l ltu stQ cv!fte, and

gg?"t 'a^tv\ : JU)
,  h t ( v l  / h ,Lv \
-- h (t", \  (o.o t. . .  r  ̂ "  t ' !  \

h( hr) (a' l  , 'a", v )

N.tq h(h') tt v\onze,o on {KAUh)xV Heuro p ' ' n wo4t"'n:lhe olhw P iech^n rr rimllavlS sho"'n{o
be a m\!ph$m-



Norr tf OsX ond Vay a/e 7ua4i - PNJechw ranehe4, rl now {ollows fh at

U x V :  ( c r  x r )  n  I x ; v )
s open, atA hena, t-he pvx)ucl o{ Tucn;, -yr1"rh*, vqnthet p Ttoai.p,lehve.

\ll e how,iwl thown thql +tru maps XrY --+ 4 
'X*f ---+ Y arc nooph sm: ol vaneha). 1lo,p g;r,,zs X:.Y r:

an open"tubtef yd tfu v ygecl syau tlnc*ure r fhe rnduud one. So ,f r ea.oily ne^ +h al l)yy -) L) and
VxV --+ V arc alto mouPh$m' of ua4eflet.

F,nally we show fhaL lh,: tlelnca a pnducl ,n ll,e tafeqonl ol vane]1a Lef Xs Fl y9 F^ b pniacluz
"anehi>, V=\. and Ve/ open'ruhrc.k.let Z ie iry vanell and t vfpaJ. w'e h^'e ,not'Ph;mt oJ vanehec

. 1 . 2 - - - .  U  f  ' 2 - ) v

Lot/,2->vtV be z e @@\,pp))- trJp wwt shou'|hq| f ,t a motlhlrm dvaneha, whtch w rll
pfive VxY -)V, V ,V -> Y 's u pw)ic).

Lol wi +fP" ond oiaf' be F"-v(ci) "r4 V^-Y(t1) ,a!. (6<isn) 03j 3w).Inhadua ]he
ft)lownq opn r$1d' .l - Z '

K5: *-,(u4wi) A F-',\ tnaJ) S".j i+
fvoh Jlraf llw Ki; v,w'er Z- Naot), '/"t )zhe anopen tubel ol anLl vandq ahcl tndu@|fu t rnqed ryaafiruchrc

on l.lhe rvtull t/thll a uavtdg f fht,s "leat{ar qffTne cnl pt oFch)R vane}fu, aM6 zrotty cbecfud 'n ll1e olhev hi'o
.AAzAl Iil 'enueai1n 1q,, 6an b e" n4ar.led ao a vane.hl. It s'sliarqhlhtwqvtl Jo.becblhaf. Ywrll be a-movphrsrn
ol vanelw ,p on6 !"ry { y;r": Vls,i 6 a (o;phtsm ol vaheheo VU. )" +o onm|tek the Ppalt'{'e
v1ee.t ht Jhavo 1, '  r t  A mo4oyn r f i  +1qneqeD.

IJ

Let U;;; slP" L, Fn-V(zti). 14 s deatlhol IrnYi; .s U;; the sel Xt1 (\ \)ir s X'Y rs a/, opc'n
subtel olrX,Y, ancl Jxn'{ 1s xiv O u:i. A,vrnq Xt'lOlii nt lnarlate of a quati-fwiechve vqne+g I r ttPPore
we sotrld show ihol O1 ,i-----> ("/"nuJ) f. t--+ yto5 o"'c a molyhrm' ol vaneh-a Le{ a< gnVbeopen'
Srne Twt't;; + l);;\ "

ts;-'(r) - 1t'e<i I Y(*)e'rJ
f  z-ar t  I  t ( i )eT0 xrvnuS]

=  0 J - ' (  r f t  x ' Y 4 U !  )

Svv TAXtf  A} , i  Bqnopen sr^ ,W"t  o l -  xdo! ; i  ( r -X.y r r  6pen m l iFY)/  Y i - ' (T l  u  oper ' r  on. \  Y i i
v.ttl l be oDnlnetDvb. Suppwo f ,T--->HE fe7vlv)r. -theL Tnxr'lnU1j rs an "ien subsel o*7,"o
{ l -n""un, , . .  s  r rquldv.  BuJ TnXr ' /nVt i  t t -an,ct rwtubte l  " l  X" /4d; i  and c.nne ot re c ' .Dsratntnq Oi i
' ' ' ; ;";:;:/- u{n,n {0ti,o' j- '(rn#vnqi)?'.- ' , , fguron- B,tu,(e! [rnx'Ynr./3)=r,]- ' tJ1 "r.J

"" i ; ; ' ; ; " ; ' t ;  fo ' i  : fv l ;  u, lwe'{e1 tsa' '+t \o ' tPh$mt Yi ,  t t 'movph' ' t " rrn5oAon! imans'+i  '  - '

thod Pj t: ,, noiyh,t^"V;,j.



fuehomeomovPhtJm Y'Uii -> N utablaha an tsomovPh,tm al vanehas ̂beh'v'een 
'fhe 

.,,;;,::#;:1#'::;;'"i /,' irii,' .;;|;;';7h;' :'","i'''iii,in,,r )e= lAN (,<z ou, <artrcu not+t)
hrrohuuLer^o 3.6"flu-mao 6/,, ' 6,, -; XrYnUii ,irt be q morpfl,im pww)ed lhz nop J3.6'{h"'m;p dx, <y -, i,t n\)! ,iil be. ^ monpt'im Twvded thz nop I'isi,W''*lut

Kj+ Y(x-YnuJ)
z r--) f Y(')

2.1 Y Y (x) - 21"a1 (api,ptx))
: liAil4t^)" po)", . -., <(a)" pF).)

o((..). pp)a (t)
q(t)i pO,

Ths nap K1,--),tz r.lfizVyclry! of !u." naps *r-> # , n P H, t"*of whrch
d.e ,^rell-det1rlod andft.Jtllav. 'nLioj ts 4tZ __+ 0 oomposed _tlh lti rprqrnlar map

x7r.,W;---->lz1 tfu tewnd. r f ampotecl w*h te mqulsy n4p rldt,,.,""..-S fu'. fti the
pnc,l,rJ of 'rynegulcv,{' naps ltlz inap 4 (t) 's'elulat, i"n, rh -i^pi.L"JJ+n J" ra]"re gnoof /
?a*ql rme(

Suo- any ,,and1 rs romorphtc to a quni - pn; edwz vonely, thrrrhows +hql +he
aleqoy ol tafieheo heartnrk pndudt ' u

+d
il(f,#trdr1+f

4tzl|s a ypaular mcrP on Ki when amporccl wrlh all lhe 1"alechnn, fn --+ ,=. An /emql ol /Av
"3n t rk o/ "a ,e7un n't ol N "l"nt"nlJ "l h - ftr nvla'hnnal. yuyotec vve ndtx )rhete bg l'be Tatu
loro)r lq t \ - . ,  ( t ro) , . ' "  (n ,n l  -  onthnl  ( ; ' j \ .S in: ' l ^ i l i  f t ( /A*)  -  kLr" t . . "z^^f ,u*h zJomttec) .

then tof L.ta)4 1t,i1

NOTE



IEE Ez.rlrcft ToTology o, F xte ^

-t.l k[l::il], k [.u'. Jof. an') .k[a"' " r y,.J be the e levanl oq.dt qale." lW

e, k[zJl _> ftlz""... 1 t"1! t..r!-f
2 ' i a  a tY j

fia' kLb"' t r ̂ ' 1'' "',Y-l -; P12r1
ai F--> Zid
Ji'-> zet

Lel Iz hfa...,x",,i.,...,r,.1 roe no"'aklu homlqenva , * -nZlO U, - tay eveY monornral rnf hq.4
alni * ,i tt', x' iii aJ{.i ^t ," itw 1/ mer'-\l v ewX 1o rce t

eP;{}): ,J4'{
tu c 'n '1  sucf i  f  twnlwn ansc k to ,4 t  +(  ! . - . .c ,n,b. , " .  )b- )  = 9 $r  (o- , . . . ,on)etF ' . .nd

6u"r. ..,U"^ ) e Ig'. L@+ z@) e lF^x lF" 4enole the r zl .,f r uch p orls. Olle chechr'ltq+

u;,;,, ttol" that f.d [.f)(a.b",.1q"bd') - OB"tG) =ao'$4"{ Qa..-, a,,Le.. / L-\ _ llenq zG) e F"xlP^
s closed. cleatg h( ary Jek[ajJ, OftJts s4eakly [omogenoa, in{ n trv ibve re nra z(ott)) e [P"/(l}F ,r

z(et : t \ \  -  ( tP^xp-) A z(g)

Hene. ong clonl' rc| p lf x f^ cmbe wttevr oo.on rnlewcho n fi| z(fi) whey {; ek[x.1...,ta,1-, - i.J
aot:"pe{al"g hovnogenotan n zach vqnqbb d mor€oun qllrfu zL4) lortuil f <te dosed.

z{P}: (?'xf-\nfiz(par)
<,4



[lOE Ezyhul RugeJ syo, Slru"ltrre on IP^xlF^

Lel XelP"t<JP^ lean! rublpaq d, X---+I<ony may. Let O,ktzi l - -k[x, ,  . r l .^ ,y-" . -ry^]b"ao'nual .
Tlaen

r,qt av * o; :,\ "#;;:,i i h:: t; t ia" f ,:i\ i"ii,Zy 1 ; i ; e ff n x F h
t' ̂ ' 

:n ;' l:* :'u'' "''.
f.frr+",...,, ""L-l 4 f o ol,lrlum

=  o ( s ) , p q t . .  .  )
9 th)[a", ., . )

Lf Lz elz(a., .,t ,y") ..'J-,J rxpevaldq howogeno!+tt n+fr' x, anc\ 1s o( '"ezp' fuFJ./. , etF oiy4 et' ft, lhew

7 - " a  z -  h a w ) r h t  t a m e  "  < ) % " a "  I  e : e t , ? = l t .

PRaPot fioN Let Xs F^^[P^ t"e atq.ulzspa<c A map /, X-)tt 's rcqala. ( ald onlg,[ euevy polnl
xL x. od^tlt m open nlghb'orhoo,l ! a,A'sey cualel'l homoj,renowt potyn>mrals ol *he
sq,e -"";::^,::,^::,: 

:T;;;;: 'q^j"1u",'u-1e1
LQlo",b.,-.7!"",)

Illvre ol rauroe h{ D oo 0.

PiW A"'4,,egulot mop f , X---:p.ta,hsfet lhu on4in4. Fot'(hs isflvstaa, .veall thp $llovtinX motpht'm '.

f .a.hLt", .,)r-)Ue--r9*] -) klzljf
d; r--+ Zid
Yl t---.2 .j

0 P.a @) = a." !a" z

No un caver X hy "|en nh at lollo'.tts .

X = U"a Xfl (v. xwa)

&4e 7: = (u1.t)

V" = n^- v(4. )
, Wcl : I?-- \r (Yd )

Tt uar^ld $f{ah 'how f l*ny-*,,*^ reluk'v {u anfi <td. 5o ]el xe Xn V. x Wd By atumfitcn
,!r <aa ftnd a e Us X0 < x W..l wfr l) open '" * n y, *NA 6nd g,h raPe"4ra9 hDmolznoLk)
ol ffu nrnn deX,e t.). VutV ) +(.4) -- x [.t)/hl^).



Now p"tr(il, F,ah) o,e homYs'ngw yolyntmtsls at'4 $' ("4 --'o'lb') /L-) ev G' a,bs4o)

ya"tto)6' ,u^t
t9p-tlh) (ao1 .- ' b^\

a .v  b  L  g (^ . , . - .  tb^ )
4 . "ba"  h  (^ . '  " tb , - )

{(a",. -., b^)

NOTE

Henu f lxnv,**, ts t<gula,, u reqwrcd. 6

Enp) rc*D"k ;G. , l  / f * lP^

Dq rclenl.,ftmo N w,lh lhe qw; - prolcLlu.e vaneh L)o e ff^ w< cande*ne llu pwclucl ,rA'* lP- .l uanehu.
thut nndentf;i )el u *u ra,hnrL, p*d,iA n^*n{ !? hpdnt on (P^ xlF* rs'de}tvvnuucl VX lw nL
.t + i' i*d tl. at^",,'", g.,' -, ]^i,l ). i.*t tg h''*o3e#-'^ {hn d 11 $'' ?l ̂'"!y-" !3 !." e
;;h'i;;*,;g-n;-op,. v1i.,',,*i,5,,' .,ii u,o't'" ,::','!"t t!^'l,r't-1\u"nd p'"l.nhmopiapolqnnnlql
g (x,,.-,rnrSor . -, y,n ) ,uhr(h ' h,moqe notxr tt, rru V.in ̂  pot!lon,o' 3'i*.i.' tt ^,10, ' ,X^) nomoJanl*t n J4it xt and

\s ( nvlhply sq.h m211sn16l \afli iHzPuNe' 'ft(s))txEzmqrt

'tDPgLoa'l Ihe denh[,cahpn /NxF - ," x F^ qre{.k the lollc",trtq Jupol<q "n Ai x liu. Fs,rbnf
iZ -.- /A' x lP' a closeA r#. rl s on rnlevrZc{n" 4 teb ol lfi-ltrm - "

z t+\  -  |  (4y."  f r .n ,bor . . ' ,brn)  |  l  (o ' . , ' ,a" ,L" ,  " ,b^)  = 6]

where J 6 B[2,,--.,x\J")' . ./ VnJ ts honrynout tn llu gs .

UsncJ smtla,./ lnclzs (palahmg wtth *) ant{ lttz ptevlvu Nok ,

VARIET] STRU(TURELel X--N rP'b. anq' $qq&.A nap /,X--->k s regular tl ancl "nly (
e'{et^t Do t *e X admii an ipen nenhborhottd U qnd ?;\q$o mK"\s
9,uizfx,, . ,t^,.'!.," , J-) riumryen"o"a "( lfu turw de'gvdt'rnlha gsr s'l' lor PeU

h(P) + o ancl
S1r1 - 301npP1

Drhnz an "pen Ltbrel "/ tN* t/) t/, :/l^r".lPh - z(9;) r --o, ,4. cre',|\ l\t tJ, rnu'er A"xlPn-
we clatm eqch U, c tomotphtc ott agae\ lo A"'-. h)e mcal att we cusuw ):o -fhen clet'ne

Y' /A'"^-------> tJ"
(ay . ' .7  an t r " )  r -> .  (qv . . .  r  an ,  l ,  4n*y . - - ,  anan)

l' l l" -----) An+tr
(a. , . . . ,u ,Vo 1. . .  rhn)  l - - )  (a '1 . . .1  an,  g, ' . . ,  e)

|olhlhse nqpt a,e wel -a4twl ancl fi-f / --1. LatO' k[x,,. .-,t",!Z ,J^J ---) f.[x, ,>t' ',!,t -'!^]
bzfLu nap 3" r--+ /. I( je lzfi1., "1tv9"t-' 'X^l B hovnojenoq, tn ttytlhen

Y - ' ( z ( s \  n  Uo )  -  z (  e@) )
Sof .san|1nua4o.rN h,ekln,,.,r^,!,1 , lnl 'onyI'U"l^;:;f{ntJfi lX#"rnomral ,nhbV,r

s,,ri/1^ble povwr ol y- unhl hi homoSenoua n}.tv- Yr. r"dt+hr. PolU

f , ( a y . - . , a u , \ e , . . . , b - )  :  5 f  h 1 ^ , , . - . , o n , + ,  -  r f - )  . f o r n t n  e > . 6

Hun p'' (z(tll - 7fu), rc bolA ! and f ae torhnuaut Uevt@ oo ts hovvre omolghrc *" /N*-. :o #o"lJ
,ena$s +o thow +hqf bolh I ot'd f on vahelg morPhtsmt.



3 6 qvnory)htYrl

!r c\ yno!?,hrlm

N01E DtrttentPn of Product

Jurparc I' y ----+ k r reqularl whee VeOo e A-*fr- f1iln th.L defu;|s on
lhL' o ve v i r^o pa q e, t x-e f '' V ln en lhere 6 qt1 o P en ̂  etg\ borh ood f(*) e W g V
o'lJ polsvromraGGGGG grhek[q-,zn,y"' ..,'J,.] lttomolenoltt 4-?^t1f" dry". 'X
*he  \ s ,  i echNh*  r / v \ -  9 f9 /h t v )  VveW th *o -nN) .H  C ,Harc  9 , ' h  w ih
1aj5.'then $, "it' =e y -\ W fy (z) : c l-J l H (z\. l4en u 4 Y u rcl ulav and
Y 6 a :r/'DVPh$m.

5uppose | ,/ ---s b ,r,.4ulm, wh"n VcA"'-.h"-e t' ' 'V le+ .Wa C(4 bz ope,4
and9, \eEiz, , . .7xn,J, , . . ry^7 '  | .  f  ( ' ! \ ' -JFl /L(v)  - \  W. r t  u tn lc ly  l lu  ruon om ro ls
ol,ftthb! pov'tt6 oI !"1" mabe polnonrtalt G,H homoJenowt + +hz rqYYta de!4 4ffu!(,

C,(a, , .  .1a.n,  b" . , .  - . ,  b^)  :  b . "  1 ,bv.  ,  o^,bo, ,  . rY" \
H lay. . .1an,6. , .  - ,  h)  __ bS)^(qr . . ,oV$, . -  ,  r - l r : -o-1

1tun Vze f''N, lf (") - s'tt(')/t,6eJ ' 6@/HP\, nff rregular and f
Is al,"1bhohlsrn.

5,n,2 N *F^ hct, an upnn uhtet 60 o1th&io n-"tl a",.\ drrnnvrston ts locql, ̂ ,e htw

drrm /n'"x IPs : n*vn

.lrlotr,, Anx{pm tr somo,phrc 4)la open tuhel Voxl?hg \Ph^F* b., onr#,ac}ron. u. e

d r v n f f n  1 F -  -  n t m

, whal,-e havu arfuall"l shown abane s lhot {tcoPev, rub:ef 0;xui slFhttPr^ r: rsomovphrc }.,

/P{'^ , +l,z to bet'fi
/Ni'___+ fpn xlP^

( o y . .  , o , , b 1 . . . r L - J  r - - +  ( a r l . . . 2 4 i - r r \ r 4 i 7 - , . . ,  a n ,  L , 7  . . 1 b ; - r 2 l , b r r ' . . , L . )

t6 g al* and V€A- b quqni -afltq vanehen lvr< rdenlQ /Fi'=V"qF'and p'apo66rn
ancl )hwt U w,\h a yu;-pwjeclwe vanelS rn IPl V -,# a luwi: pw,ledute uarte)y n Fry;

As ̂  pyoducl ol quui:Folethye nat/,dhe2 Uxv :ullu cavleavn pwdu&)ogelhor wlk ,l'5 ,ni:'ttsd vone\ i clltve
p.a dbspaa,l ri'.x trd .^o.ona,DxVe u.^v. e tr'^Fi ehtltaeyt+'.{y1.,y.4t""9":a*"f,Yjtlyf.A$fna.oa rubsPLnbl IPn x [7'"r . tu ']n@ DxV 9 Ub^vd e lf ' ̂ lf; Qctt4Natevmlne ,trctv-I'^:ry-f .:y1y*,y-"'i"u"+"1'gi,ns.' |"[ 'e"r.e"-.p1.;;)^' i in"u'"gthal . '9xv,,udefrh< *.1\.k ^':::.1,9^Y":S, \  a ) c T o I  V a ^ V o . t r | l t  v 6 ' v o :  l l ' : '  l v t  r q c t t  4  v e A e l  ' x E t  w ^ '  ' ' ' r

s" +"'piirJ i?v ;n ]lu c #goa -l vaneh<,t ,s'Qrv i'ttilz tt'"cl."vevdu'ic\ by "xV 9 F\"1

,ii*mrrpnf xl jtri,*i+u:*:*f i[,i{;#x*,t=
i-i!,t,:| i i i iZii lf ircii n't ' i i .u'l, i"z --i,.or,t ) driX -armxr, dw'l -dtv13an[

clrnn Ixrv) :clrm I txt ' t) i j )  -  d' ; :* j ' l rh^YJ 
-- Au'nX+dmf'



Lei 0SXslA" oh{ VcYllN^ b"quai-ffine vqnehet .lt t ptedhcl XrY €.lNt- oorns,
*, f l16yr*muoru PtY*jDnt 50 l ryY -  (uxy)O(xxv) + f . .xy vanoperuwet,Hen&

,lrYn [VxV) : lrrn (xxY) = d rrnx r. dln4)
= dtynu + drnv

0smglluabow, lt'tt 't a*nz ufiueot qnili;r,t/oJerlwe vattelnu' 7n nmwrX:

THF-ONEH7he ateaod ol u andst hu, ptodueh . fr X,'{ qr< tqneha fhen 14p unJelwng tel
+hz pndtcli 1*z ca,tleavn pr<iiuct \:.Y m llat pn1'c cluw aafluunontcaf ohtz

X*'f ----, X lqv) r"'tst

XvY ----+ Y F,tl et

7f X,Y are bo*h q*uti-alhne h" *rr&^n ol X*J corruh'qn An+t^ ( XslN,y-clAn)\
^^A,;l +her cift1rDl+ 4 qa)i - lvoieclwe fnn Jp" tuph (q,horr sl'r,t dur9_ we rlanbd eatltQ( ). F''.4lyr.tri llra are6l\ q wai ' pwjecia'" f,orr, [P" r..I?h
lov aut v6ndtu XtY

drm(XrY) :  jnX +  dwnY



NOf E Por,no4 Jural h anieclu"€
\,

,. & Prugorrhor, 3 1.^'E ei4bbsh?d a.t.tal,ard bgestvn..&r aN. uctrle]u \ arnl an, +f{-ne anelg | = IN ,

q,  Hon (X,y) -> Hom(a(yl , ro(x))
"' 'Ne clain\ ffiqf d rdeafifieo domvanl unapt napl s (7) --0(t).'

Lat Y' Y-->t ba a notphsrn * vaveha ,

Lm'! dense +9 Z9l oloteA ond Iaf s Z wrphet L= Y
zPfeA(Y1 an{ ante z(1) ther ZC+)= |
r+ .f e Aft) *A !*ex f fr|d")) = o then f . s {,^ ntrl;
If -f e ft(J\ Vze X *t9(f) ('l --o +lte" f = O

x ( ! ) ( f )  =o+  f - o
4(Y) 's 'ryechw.

e>
e

"r{



L"l f,f -22 be an tsomorph$1n ol'woefsz, anct lel Xsz be qnr4 tubspaa.lhe uhspatz X ohlsns
c. nnled s'hudu,re a"c a ub4tauof A^ @p F") simiL<1vh! f-'X "bla,n, i,,nr1ed ryou .,ln"lttte. iupponU 9{
tt on oPen tubJef of U/ and ae q''U.Jhen lheft $ an dpen rubtel l/ "l X s.l. /l i)eV_-U, and lfueye $ rDme
oponte lp (openhrnz)  uncl  arequlor  mqp p.D-) l< ' . / .  VsD on4 p lu=f  lw ( ,n  l l t<ot { t@ <ue fqha.
StheUL^r,-txhl '.t. V! D(h)-an.l puf 'p= e16: D(h)-+t . s;nilAyl,l m thz pwiechue tuz).

N OTE lsowovphrsms o[ rubtpa@-a "f Vqneheo

..-.--------->

_#x!*|{;';:."f ilil,;lJt,;-,/;'?,Lr,;H;,.1f,)1,;'i;i;;Tt!w,r"|L1ffi'!I o
'";'":;tr;b "t' qffr',t ", i,en,,lv*''pou., r( f,P"+v< '5 rggtrl6' 5o " P.lq' Hen'o y/le-'v.'r c Rcgqrov 'iaP

,;"i;:;7,:^""*"'^uiiXa,*' ip'*n' i^l f/ 'P'a.i- 'h 'sngu\qr' '9 "1i '^i+' '1-t lunc(uadmo't
J+ i"ut 6 ' C-'X -"X o oho on uomdtPhtrm 4 fln1ed rPa@l

NorE Tnrluwd morphsmr f-lav.e 6sre,,atll,

Le l  f ,V- ly  be a motphnm oLvanthe.s,  X- .X y ' - . )  " th i taU subspau.a s .J .  6 lx ' )ey1B" ' lh  X/ ,y '
acquri nngac\ spao etr11cd16e,1 \ rcnsrclevrnl )/tem c:. t"bsyaan ol""lftnL* p-jeiri tpar<.'I.ne rar l.nc{rr:n
p i ̂ ,, y' -a> l' " dsqU ., ftllnu;a' qv' d we c{qim * rs cr m-o4hrsm

Lel  l ,  U-+h b,c  requt ta,  $r  V3Y' .pen.Lel  ue t 'X t ) .  lG)eU, and f in .d VeU opent)  66)eVand ,

?;2i",:|ii,,i,"1, i,"?;;t::::1il /:";1y'ri:1"s,'\-;"'?,.ff:,:rf;t:1';t3i":';;;"r^


