
H A R T s l - { o R ^ J E

CONUEN T II)\}S

Lel h b. an algcbmrca\ .\osed field . wa Ae,fine a*Fne- n-spcce ovcr la ,
.11r. r.f 4 "--luplez ol elemeutk "f ts. An.lemerrl Pe A^ ,^,rlt b" colled
qi G h I then 4he q; ..orll be called'lhe t-oo'drnqiell .f P .

Ia loreu*t .  aEoTETRY I

All rrng, ove oommublFlve w,fh tr)""h\ "lemenl [. ftl l hlemomyvyhrcms ldhe l]o I tn an rn]23a1 
!"*"': ,,,'  o '  ^  4)a 04l .  A pnmerdet l  (a / .  manmql)  ra. 'Jealp n arr43 4s l  r t /p  s  a domqu ( ' - t 'p  f ie ld)

thn the rnl kelp v nol paw' "r tmavttgL

e rlg$glc"f,E5-lUrli. ,n o,,nX A ,, a ,nbrcl S, anlarntng \ ond' dlosed undel' v^ ulh Tkcalzon th'

lt4t^ *^ 
-rs 

del'ed4 b)'fh" '''1 'ft"med bJ 'fhz eguwelena 'laasea 4 4'o']^ns afs' aeA' ss s

wherc q/s - o/s, ,lf ?{st'es s l ' "" ( u'o -tct] - -O fi ' 'o s7ecrcl <aae''> wht&a'e ooed c'o nthn*l1

are lhe follou;,n3 Tl p '' a' Pvtae /ea[ u A' the'n S -/+-f '" ^'alhPlcqh"<'! "Ut"^!,a"d 4{u at*Po1dtn1

local rsa{ ,on p c \enofed aq Av.  t+ f  soa2lemenl  "L 4,  s : { r1ulJ ' lqz l )  ' t  tn" [ |p l r to lu . 'e ,  and

isnz,n "-e,p.nAt1t1 lo.ol tra*inn '" denofed bJ 49 (ruob tl ] '' nlpot..n[t AS s4hezerc rrng )'

} .  AFFINE VARIEI 'E5

de^oted A? .n srmplJ /An, +. be
o ;"ornf , a"d rf P: (4r/ . - -7 a',) w*Cr

t-et A=hlrv.- ,rn1 6+le polynomrol lrnt^ vr r4lr.qble ovev tR- uUe r,urll r",hnp.ef -]h" "levnev,]s.{ A
a,>.l.;nrr;trwos j'or"t *hu ̂ ff1,,e n- "Va,z l. t", St "\efrvrrrrS .!(e)- I|;q, ,..-t cn).,he,"e f eh and lq tr:r^.
rvrr.o ,[ *eA o a polgnoraul , we carn '[qllq qloo"rt ?tne so] y' zews ol | " c.-.\

z (D:  l re /h"  I  +(?)-oJ

li ove 3oneyallg, ,{ T rs anrl ""b""1 "f A, trr" def,n" the
eleme qis .l- ! namelS

tu* tul ol T L be -tfie comrnon ="rnrs "f olt *lne

z ( r ) :  I r e A ^  I  * t e t : o  & . q l 4 e r ]

C\eort1 rf ft s *wr.leol 4 4 gnn"ro\.d to'1 1 $en z(T) - z(wj. fuvfhevvnDrQ / s/nc. A '' o no"llaqn.. t,rr,
an3 rdeal I'oa o f,nl<rcf o{ 3"n"*ho }y.- 1*..1hua z(t) .q^ be e:.Pre2!ed a l-h'e (Ammdn zoLos

ol lhz -Qni"  rei . . f  poly6srnLolt  S1 .  -  r {" .

DEFlNl"floN S,rlcre+ y< N ,, on g$nb^t. tel rf there exrh o tqbtel 'T= A ",.dt +h"t l:2111

PRoPosrnoN i . I Tltz unpn ol-tna a$ebntc ,eL s otn olgeb"atc te|- 7le ,niu..c,lrnn -l ong f-niy "[
al3eLreLc seL s o. ol3ebr<rc tel- It'te ervlplg sel- and tfu -hole rpe< . re oh"b-rc ,"8.

t l ' l '  =z-(1,)  "n 'd\-z(T.\  l rv^ 7Uy2:z(Trz) 'mo( 4 6 ' / ,  aY, ihen.r lhe, r<-\ ,  -  -s. f ,
so x $ azeLDo.{ eve^7 "trern.nfol 'f,Tr. \onvewelg, tl pe z(r,t.\ qrd P("/, , *hento. sotn< N eT, ,
fQ )+o . l -Ly ro  A .  3eT- t  (Nd(p ) f  o  unb ts  g (e )=o6 . " "4  geT , . f l zme  P< \ - .
tf Ya = z(T<) r a$mrly 'l Jyharc 'els +h"n AY< - Z( UT<), ,o lfn ts an a$.bmuel.
r"&all,1t </ == zO an"l An - Z(o). O

PROOF



D6f IN ITIAN

E  X A I , I P L E  I , I . I

DEFlrv l - l \ .0N

gar,af Il Y s,"..dr,,.ttlt ^nA z \s

D E F I N l T l O N

Noq.., ,ve- hor" o {,^ r.L,on Z- whr"l^ v6qp5
, qbse.)s o[ 6" ]., ,JeoJs. 'rhnv 

TnpeAea

Ne definelhe Zanth-i '1- p*3! "n k" by {.ahrq tne ogenrubrc'l' {o be4he ouplemevrts
of *hn algebmrc s.L- th', ,, o'lopol51, brl,rtqrp oi..,rArn3 +' *{ne Pv$Pos+t,onl 't-h" '''f"'et}'on of

]14s open- sek rs op€r, ancl theowtto^ "f "n3 {-rn,l3 a{ "pe"t s.l" 13 o Pen/ ek

L*,n nz^,n"rde,r lne z-a^< h.i tf "l.gl on 4he a.ffing.l1n. At.. r: u.n deql tn A-- F[xf ,s p,nupal,
ro evcvl al3ebvalc ..1 rr the- lel o[ -"atd rorvre polyrromr,al. s,aaa p a a[jehuc.,...11, .10""tr,
cvev3 n.vrzeu' p.\ynor,nrol fQ-) can be w,n*en f6") = c (r - ar) . . . (r - o") .^,,,fh J, ay -..r an e i< .
ten 7(4): {a9 -.1 ao\ thut 1fu alyba* 'ul'n ,Ata.- j u't th" $'k "utxe}s (ncl"rd,n1 f )
and the who,le spaa (j: o). -rhua -fhe o1>en seh are lhz em.plX sef aool lhe oo,n/zn"ik ,{

-I,n'le r,rbs.l, Nqhcc rn rcavhc,rl arJhol ths 4"pl/"33 t' n6+ l4etr,tdofif -
(ama thz u'uy'ement of qn o?er, 'el s l-,k and '- autl ,aqlqn anather opcn ,4 )(lh. h t.{" L\_

.  I  a t  Il ' ) nonernrp.lS i labrei ) af .*4op,slo116q\ ;pare X rs ryre d,*c r{ol<
y = y, UY, of -l-'o g*pe" "ubrf,L, uorln .^" oS *1,,i ,' JJiA

Jo tre , u-educrb(<.

o

tl ,l ,onro! b" "xpreasnA, M +hz untcn'
6;nY- ihe "-p47 set s n4 oc ns'dn*d

F X A  H  P L  F  I -  I , 2 /A' rs rneducrb{e , b<rovonrk on\ pu.F.r .(osecl .uts-L ,.n= $^,k2 gel ,{ ,' ,r$nrk.
( beccrure h rs a(SeLrarca lly "losed, heno nfinrk)

e X A H p L E  l . \ , 3 A'rX non.r'r p1X open 'rtref "l o. rn <du.,b(e sp"..;'-  6 r vre.ducLbl< ond. den5e .

EXAT4PTL \ - i .4 If Y ,s on rnedr.rcrble s t.{l.,rr F "I X., then rf: clor,-r^ y ,- X ,s "*ko r-. ct,.^.slolq _

Nofe {he "fosed se}s o,.e ?he alg.b.ar. r"k .'Theou offinn onA 
1^oai 

-.apfine v-"+ute}.ren o,re our.ftn4 "[".t J ,-f^J3
F"l b€&rc,* , ' .,n 6o&,1{r"n, ,n {o cl 

^b.{o"e 
w< coh evect Sr!"e oy5 rn}ercahng p x,zmpl<,a t we yreect +6 cxplore *i.e

.elohonshrp belw<ztt d,l""eE .L /A^ ,^,y) deq\s m A mo,.e deepty- S.f-. ""g ",,bs.| y q 7),", lel "ta ip^" +h"
t deo,l oL Y ,'r ,4 bq

A" 
.^fft" 

ol Xelnts !g$ ("" srwrpt3 strryJ"'rt ) ,, o", ,n.d*.r6e <tosad ,,rbs"{ of /A^('urlh lhz rnd,rod +opollS) ln open , ub,uf ,[ ", offi,* uanelX ,, .,.t!hl a Tucai - qf&^" ""-+,

a ( Y ) :  f f  , a l  f ( P ) : o  { . " " ] r p e  f  }

an3 s.rbs.l * X anlo,,n,n1 Y/ nhe ."b *\&- Z 4r, lr. r€ch.Lcctle 11, (

s,"rbss[ "f A 4o ^\"b,or. s")', anA a f-F.+,h^ T ,)hrci, maps
qr. s.-r"nrnq'^se d 'n lh. ftlhuv,\ p^po'r{,,oa.

.,,nq d +Iw "l*eA seE ouords 7 -'npl.hlq'l$'"- *"on,,g'*h- olh., *nla'\t z . L4 Z - 7 s.ach o r*| connot
be gnper.

P Ro Pos r r lDN i .2 (") Tf -f, eT- are;"bsel-' "f A, z(:t-) s z(T )
(b) Tf , €\2,^* tui".; 'uE "l ,A) r(v, ) - l(fJ
(c) Fov- "ny 1r,o tubtek Y,ry, { /An, w<ir ' , ,r-e T(y, U't ._) :r1,)f)I ,y.1,-)

1d) F"r, ctng rde,,,l wc. A, T(z(q)\ : ,lA , +h. md,c*\ "f r.
(e )  f  o r  an !  subnf  Y  e  A" . ,  z ( t (y ) ) :  y  1  i lu . )osun " l  l .

(a\ (b\ an4 [c\ qre obvrcu/r. (d) ,,  ̂  drrccl a2ne2luLet]u ,l- H,lbe|/s N ull <kX ey,5 q+ z
-rc 

Tnve (e), *enok*hol Y= Z(t(y))., uhrch rs "r.1or"1l :el, ud<a4y t e z(I(fl).
onlfu othn, hancl., HWb" ^"g ,lot"d -.1- ̂ rttqMlnS y. then W: z(").f., sonL'- Lcltal ?L.
so y - z(tu) an.l'fu (a) -z(Q - AO). B"l -"riJl,nly R-= az(e) ," fu (o) ,ve ha,,e, N-'\(6\?L1(I)

F ROD-



rHeoRrvt t . iA (Hrlb"yl 's N,^l l  u lz l lunsolz) Lel  k b" ar,  o lg"tra, .ol ly . lorcd . f ie ld,  te l  & be an deq! ,n @

A : kLx,t  "$^7 ,  a,d le l  f  e A b.  q?- l lnuvunl wk.h vanrthe'a al  al l  7o'"k "1 '  z(  4)
'Th"n !' e L for tome n{eger t -> o '

fTRoLLARY 1.4 'There ts q one-lo-one n.k,ton -reveatnl @ntaponclehce belruenn ol3ebmrc r.k ,n /A^ ond
ra.dr.o l ,Aeq\s (r e . deals u'kLch a,< .1nil 't 11rn', o*n "r.d,r..[) ,n A, 3've, fu y +: =0 )
and fr. e Z(n\. f-rlh*mtt'e, an alXebtaLc rel 'r nedutrlole ,f and .nly r( k rdec.{ c 4 prtm<
rde-c'.1-

l[0of onrl tfu Iorl pavl 6 neN. If Y ,s un oduc,b]<' wt sho"u tho{ I (f ) o prtrvu Suppote 43 e:IU) .Th"n

Y  e  z ( p ) :  z ( l ) U Z h ) . H e n a Y :  ? n z G ) ) U ( ' l  n z h ) )  u h n ' c b " l h  r c l s  o ' - c t o s e d  n  Y
-ihulr r,r.r(o1 | ='Y fiz([), so y- z(4) a"d l,,"ne f eT(Y)
conveae \ t1 ,  f " l pb .op ' rm" , .1ea l ,  ^ r ,A  t , ' t ppo la  +h^ t  z (p )  :  ' J ,  O \ r . . 1hen  F :  r ( y , )n f l y . ) .Swv-
l l s q ( s o r c  { . 1 . ' " , 1  t d , ) = $ 2 . . . r f e ) ,  r t t , 1 - ( S r . - t 3 " ) . - t h e h l , S i e P  i - - r ' - ' / s  ' 6 e t t h e v -
p -T ( ' t . ) , *  ] r eF .Repz" *L$n4  p -  = (Y r )  . r  p - I ( \ , ) , t h tn  z (p ) :  Y r  , ,  yz  anc l  s  hene
r "edu.crblt.

LxfttlPLE l-4.1 lA^ rs rn-educrb{", ",n* ,f 6,neD p6ndl 1o th" znw r.\ea\ r" 47 .-hr.h ,s grrroc .

EXqilPLe l.t+,2 Lel [ 6ecr rreducrble pol5nomrol r* A:kf"rgl . Then f 3"n.-ko a p,rm" rdeo\ rn Ar
srnre A ts o.UFD. l-(ewrq y:Z(+) ,s rrr.ct1rcrhk ta;e colt rl the q(drne cuwe "\ehn"d \
the elv.ct\m !(ntt) -- o tf I hao degrec- c(, w. ,oy -thal ) a a .,-r",,e of delreq cl .

r.-J############### Af(PtE 143 Hore 3e,,revollX I 'f f ,s ..r,1y'eclusrble polyno,rnro\ rn A:kLa,l ..-t:r"],,-,,,e ot{e,n anaffie.
vane\ y :211) , ".1a*h rs colle cl a suv{atz rf h:3 or ^ \ps:Zyk_ ,f n> 3.

Ex&FpLE \'4 4 
*.^#':!rgi;,J"!;",n)l',,'^,r'J!,:::z:i*,:ru$#:qo[.J:1*;tf,r..,
o [  A  , t  4 4 h "  { L r m  - v n : ( z t 1  - a , ,  _ 7 z n - a , , )  + 2 .  s o , n e  a . y " _ . , a n e E - .

l= ,xAHptr  1.4.5 r l  k  s  nd a lSebrcL,  a l l l  c lose) ,  l tne4e ,eo. ' { l t  do no}  h" ld .  fo ,  exarnple. , f  .h :  
R,

4,Ae cwvve , t igr+ l  : 'O t "  /A,=o hr^o 4opo'^L 5.  ( ( '2{ )  rs  {o( ,<.  se.  o.ko Fx l . tz .

DEFJN f ff ON If Y g l\^ ,s qn af$n" ^lge6ror, "nl,, -" cl"frnu (he ^ffinz ,,oorA,m.ll-" "r"g ff(Y) '€ )

Re f l  AKK r .  4 .6

4o 6e .the "ty A/r(t).

T{ } rs an affine va-.\ rlhen hC/) 's on ''Lgml domav F,\t+!A"vmoue, htt) " " -fiPI1

3nn"rol.d R-alge)ove Convenelg, ̂"g {'X E-algeb'a' E Luhrch r "< domarn '"4" a#u"
-*o.d,nok 

"v1 "l so,u affi6a 27auefu.Tndc""l, -,rk B ao lfu 7u-ftenf *a 7"l1n"na\ "t2

ft - kll, . ,hf LrX o pv,,,u L"l.es| R- t and lel Y : z(W) .

r11exl.,ue u.-',ll sfaoty -il,u .|op"1"3.1 * ort, voue+"D. ToJo 66 e*,ntr*dqu an r r6p orlq61- cla.5 #.|",poloX,.o\
Syattt: w\1sl... rn.\ude-o ql\ tqr,reheo.

DE rryIfy A Lp"loqra\ 5?q@ X ': cqlle.-l noe$nevtayt 't ,l scht$.,t +1^" AencenAllq ,hqryr ..ondrLor.,

{or -to1q{ s,^bs.t. f"" qnu .t€1u2,n c-e Y z Y- >- . - . 'l-  "lorec[ s11bseL,lher.e rs on
ylaer r tqclt lhal '/r : \ v+1 : '



EX ftflPLE I .L+ 1 ,ft^ rs a ., o.lhev,o y1 -fopolu3tc ol spoq. fhdeed/ rl Yr >
chor^ " f  c lored 'u6*4t,  lhun r(Y,)  < I(1.)  < '
n  f i :  f t [ z ' ,  . , r " f . 5 tne  A  s  o  no " lhenon  f l n1 )  +k ts

- ' 7

" . Y 2 2  .  - .  . 1 5  a l e o c s n d r n S

!5 an atcendml ehatn "{ ldeqls

ahqle "{ Eleals o entlu"l(1

)1 ts "lso sla+1'Dno!U.

.f X ( d"n"kd drmx \ *. [q lr6e srlpr,"emuvn

@

pR0Pos n loNi I  5 f n a no.fhe^on hTolog.ol sya@ Xl"v.j ro,""mpl3 closed rqlasel Y coo b. ux-purns.d ots n
-fi.,,fc unr,:tt Y:YrU. .Uy- of ,"".d,ucrtole .loseo\ s.rb'ef" Y;.If r,,.r" 'e1u,rc tt,a.l- y; af.
{or i + i Then lbe Y; ane ,rrrrql^4t! dele""v\ rne d . Tlel nr. .qlled +ha \w=/lglk_e..'ponenh "{ Y .

pRool' fl# *= 3lae,,, lhe <+tsk/,/1t!- of s,rch a u eprre,:"nla{uon of \. L'-) 6 b" 4h" sef o{ .ovlqmpl.J a\oseJ sqbse{s
ol X *hvh .onnot t"" wnrll"n oo o.p.rl" ,rtrion 4 l^d.,^.tt l. close.l subsefs. lt 6 ,s 66ner p\ l+hen stv,@

X v mo"lhurran, rl rttwzl ,.,ntetn a narultrlql <Vwenl., su1 f . -I.nen Y rs not rzredr"lcrbt. lag..aut-n^.4,^^,+ 6

Thwo wr .o^  - " , t -  Y :y ' t l ' /  " )  uJ l^n tp  ) io ,nd  Yr 'av .e  p rsperc lo red  s ' t v>sd 's  - la -  B1 r r  .n r lna l t \ . (  ' 11

i^,1^ "( V,, y, ' <on bu exptlrtsed on o Sntl< unton ol "los<d rr,-eductbl< :urb<c}s, Lernr,q Y olto, .rhich rs c,

co ntroclt c fvo r' .

NoLr le f  J - ' / t \ ) ' "V \ .  . ^nd  ' J :  l , '  U  - .U  ) " '  bn  J* t  s , . t c l '  u . . .p , -e . ten [ .o lwn ' .  The" '

Y , ' = \ -  Y , U ' - - U 7 -

o,..\ h",,re- v,'-- l)(v,'nYjJ. Bdt Y,' r,,'*durctble qnd ha,na 1'= Y., &. so rna j, soX j -- I . 5,'.rtort1
' / ,  = ' / i :o ,vre i .  - rhen Yr '=Yi  ond htno i= l  and s"  \ t :Yr '  N" ' t  ln l

z :  c t  (  y - Y , )

cfeor lq  J 'U U Y'  o .d \z ' \ ) ' - ' \ )Y,  are ' fo 'ec\  ' " f3  -n l -<r 'a ' r '$  ) -Y ' ,  ond f ' -  l - '  i  s  l -  nok } iq l

y ,  n i ,  o  c losed.  and c l ( ) -Y,)AYi  s  e loted '  anA' lhev unon r '  Y;  S/ , r@ Y;  { \ , . , "x  s" '  lhaL

. r C Y - Y , )  n Y ; : Y ;  d n d  s o

z : ' 1 . \ )  ' U  Y .  :  J " ' U ' - '  U  Y ' . .

so pyoaedrnl \ r.,ducl-o"' wz -ft..rd t -_ t ("ke so'no Ytj , ' 9) o A \,=\,' ) ";'/ ': ' lrr . O

Eveq -(qebro.,. ,rf ,n /At .on b" "xp".at ed qnlqualq 4-o "..-^^tot1 uf vqt^efr<a-r ho orr-c
,-^ftI.,,",[ thz otker . (.ra,p+ $r S) .

4OR OLL A RY I -6

DE FtNlrloN T.f X r' a 4op "toflrr-cr\ spare, uw de'frvre tl" dgryry]l'
ol all tnteqer ll it 'tth th at flT€t 'e e)<ls+ o\ chqtn

EXA I lPLE I ,6  '  I

7 o < - z t -

.l d*l,n.f ,n'ect .rlo\e closed surbszfs ol X t'rJe dtf.n e /L-. "ltr"'ensrovt { ^" ^f{^" "t Xuc'ai - qtftoz

vq,|nnq +" l.o. tk dt-,''+'ts ts,n a'o alopolo3tcq\ rPqt€'

The -1r wLr.,,rs t or^ of ,Ar 's I . Tn4eed, lhe ot'\X ir'" dtl-'rt\' '1otttr stlbre+' of l\t ore *he v'ho\<

s7rra., a't'd ' rurgl' 3o'nit

tr\ o rrns A, ft' hergLt
e Y r s b  4  c h a l n  F "  +  F ,
(or Krull dnry.s-rlstor\ ) 4

oL "" br,rn. rdeal sr p the n?vemu- of all '^f'g"w n =c^chlhaf ll're''

-- . '. - ts^: ts d A's4'n..l Tvwe *jeal: UJe dahne +h<;ltmenstotl

A 1o be -fhe tuP*tn "l lh" u'tids d o(l p'rtue rc)<als
DEF I N)11ON

yorE ruTar,ski  lopology,,  "E - thal  6/  le l  .Ft  q.  bzprtma"{ o, , r j ,  F4 l tuenwhl le l  76y sl .  r41. ' l tne"kz Ld^l
1 :  ( t \  r  s. l  .  qe o(r)  but p Q o(t)-



Nore l spnput)rnl ahe nah,ml'l"potyJ Try tP.,y^ d ̂  ay3 ya.hu.i a nmpac[ T.-spac, b.l-dbo nole thaf ,^thrApotolyp
eoh o{ *v b@tc oPeh tQh XVt le R, t alrc aw'Pqcl fio4 ,'k !fu eaa clot ryalenQt

Xr: UnXr" - X#."f1r"to!".*h- 1t'r 't i. I

-l?en nohvrg Xq - Sp"cRp o*aDtng fhr "bont1 ($): Kp and t'

t -  f t + r - - F " +  s o , w ! ; e { -
anen yvbrnN loge, fN :  1.1, ,  + rplu n Rg, so fN"--  t , l ' | ,+. .  + rh+tf4 e (4 ')  , '  R, o,  mo,e
o c ru-k\y,",, G, .-r+-) r, F.. B,ri{han r{ 'rC I F,deailJ *,w lil F klteft+'ef 4 lep) r lhal {Jl,Xp, : y*
Aue 'f,q v r^wpacl .

N01E Qrrcn nvl lhen               ' u ro polunomral k\lx,'".x"f wltn ztP) = N \ P,"'P) Betqwellun

N '=  P , " ' , ,  o  LG)

$ne N v weducible, oneo('thoenb nmt bz lN , a evrtradri'hnn '



\)

?RO?As tflgN 1.7 Ll.Y s on af{tn. qlggbt:t; :4, then lhe cltmewrcn oF y r "fal k lhe ch rnensrcn o} ,Js
^ffine ̂odlnoie nni A ('t).

n-qLF L9f 'f be a, closed rublei "{ 14 th tn lhe clored tredttc;ble tubtel, ol 'y' ooqwcpon,t to pvtme
'Aeals wnlqMtrl l aftl,uhrch uEllte prr'nq deqlt ol- t1(yl. Hene q chqrn ohle"ithn ^'f uit i l , ' f  .
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Conics in A2 and P2

Daniel Murfet

June 7, 2004

Let k be a field with characteristic != 2 (we will make comments on the
chark = 2 case at the end). A conic in A2 is the locus of an irreducible quadratic
polynomial f(x, y) ∈ k[x, y]. Any such polynomial has the form

f(x, y) = ax2 + 2bxy + cy2 + dx + ey + g (1)

where not all of a, b, c are zero. The discriminant D(f) of f is b2 − ac.

We claim that every conic in A2 is isomorphic as a variety to either y − x2

or xy − 1. Since affine varieties are isomorphic if and only if their coordinate
rings are isomorphic, it suffices to show for any irreducible quadratic f(x, y)
that k[x, y]/(f) is isomorphic as a k-algebra to one of the following:

k[x, y]/(y − x2) k[x, y]/(xy − 1)

The technique is to study automorphisms φ of the k-algebra k[x, y], since a
polynomial g is irreducible iff. φ(g) is irreducible and k[x, y]/(g) is isomorphic
as a k-algebra to k[x, y]/(φ(g)). So to prove our claim for some irreducible
quadratic f , it would suffice to produce an automorphism of k[x, y] mapping f
to either y − x2 or xy − 1.

We now introduce the three classes of maps we will need:

1. For 0 != u ∈ k, the map k[x, y] −→ k[x, y] defined by h(x, y) %→ uh(x, y) is
not an automorphism, but clearly k[x, y]/(g) = k[x, y]/(ug).

2. For l,m ∈ k, the automorphism defined by x %→ x + l, y %→ y + m;

3. For an invertible matrix (
a11 a12

a21 a22

)
∈M2(k)

the automorphism defined by

x %→ a11x + a12y

y %→ a21x + a22y

Note that D(uf) = u2D(f), D(f(x + l, y + m)) = D(f) and if φ is an auto-
morphism of the third type defined by a matrix A, then D(φ(f)) = D(f)(detA)2.
All of these are easily checked by expanding the determinants by hand. Hence
the property of the discriminant being zero is invariant under these maps.
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1 Case D(f) = 0

Let f(x, y) be an irreducible quadratic polynomial. First we deal with the case
D(f) = b2 − ac = 0. By assumption k is algebraically closed, so there are
solutions in k to the equations x2 = a, x2 = c and x2 = −1. Pick solutions and
call them

√
a,
√

c, i. Since b is a solution to the equation x2 = (
√

a
√

c)2 we must
have either b =

√
a
√

c or b = −√a
√

c. In the latter case we may replace
√

c by
−√c, so we assume henceforth that b =

√
a
√

c. Then we can write

f(x, y) = (
√

ax +
√

cy)2 + dx + ey + g

Let us consider what restrictions are placed on the coefficients by requiring that
f be irreducible.

Firstly we claim that e, d cannot both be zero. Suppose otherwise, so that
f(x, y) = (

√
ax +

√
cy)2 + g. Since not all of a, b, c are zero, we cannot have

both a = 0 and c = 0. Assume for the moment that a != 0 (the case c != 0 is
similar) and consider the automorphism determined by x %→ √

ax+
√

cy, y %→ y,
which is of the third type above since the associated matrix has determinant√

a != 0. Applying the inverse of this automorphism to f we would find that
the polynomial x2 + g is irreducible in k[x, y]. This is clearly impossible since k
is algebraically closed. Hence one of e, d must be nonzero.

We assume e != 0 (the case d != 0 is similar) with no other assumptions
about the coefficients. Consider the automorphism determined by x %→ x, y %→
−d

ex+ 1
ey. Applying the inverse of this automorphism to f we discover that the

following polynomial is irreducible(
e
√

a− d
√

c

e
x +

√
c

e
y

)2

+ y + g

Suppose e
√

a − d
√

c = 0. Then since a quadratic in y cannot be irreducible in
k[x, y], we would have c = 0. But then e

√
a = d

√
c = 0 would imply a = 0

(since e != 0). But of course a, c cannot both be zero, so this is a contradiction.
Hence for any irreducible quadratic f(x, y) with zero determinant, we must have
e
√

a− d
√

c != 0.
This is fortunate, since it is implies that the morphism of k-algebras deter-

mined by

x %→
√

a

i
x +

√
c

i
y

y %→ dx + ey

is an automorphism. Applying the inverse of this automorphism to f and using
another automorphism to exchange y and y + g we end up with y − x2, as
required. Hence any conic in A2 defined by a polynomial with zero discriminant
is isomorphic as a variety to y − x2.
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2 Case D(f) != 0

Let f(x, y) be an irreducible quadratic polynomial, D(f) = b2 − ac != 0. We
claim that there is an automorphism of k[x, y] mapping f to a polynomial of
the following form

xy + d′x + e′y + g′ d′, e′, g′ ∈ k

If a = c = 0 then this is trivial, since then b != 0 and therefore we can simply
apply the map f %→ 1

2bf . So we assume that a != 0 (the case c != 0 is similar).
One then checks the authenticity of the following algebraic manipulation:

f(x, y) = ax2 + 2bxy + cy2 + dx + ey + g

= a

([
x +

b

a
y2

]2

+
c

a
y2 − b2

a2
y2

)
+ dx + ey + g

= a

(
x +

b

a
y

)2

+
ac− b2

a
y2 + dx + ey + g

=
(√

ax +
b√
a
y

)2

+

(√
ac− b2

a
y

)2

+ dx + ey + g

=

(
√

ax +

(
b√
a

+

√
ac− b2

a
i

)
y

)(
√

ax +

(
b√
a
−

√
ac− b2

a
i

)
y

)
+ dx + ey + g

Since b2 − ac != 0 the following defines an automorphism of the third type:

x %→ √
ax +

(
b√
a

+

√
ac− b2

a
i

)
y

y %→ √
ax +

(
b√
a
−

√
ac− b2

a
i

)
y

Applying the inverse of this automorphism to the expression for f(x, y) obtained
above, we see that f is mapped to a polynomial of the form xy + d′x + e′y + g′
for coefficients d′, e′, g′ ∈ k, as claimed.

So to complete the proof, we need to show how to map any polynomial of
the form xy +d′x+ e′y + g′ to xy−1 under an automorphism of k[x, y]. Firstly,
write

xy + d′x + e′y + g′ = (x + e′)(y + d′) + g − e′d′

And replace x + e′ by x and y + d′ by y to reduce to the case xy + g − e′d′.
Since this polynomial is irreducible, g − e′d′ != 0. Let u ∈ k be such that
u(g− e′d′) = −1. Then we apply the map h %→ uh and consider the polynomial
(ux)y−1. Using the automorphism of the third type x %→ 1

ux, y %→ y we complete
the chain of automorphisms and arrive at xy−1. Hence any conic in A2 defined
by a polynomial with nonzero discriminant is isomorphic as a variety to xy− 1.
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3 Conics in P2

Let k be any field (the following works fine in characteristic 2). A conic C in
P2 is the locus of an irreducible quadratic homogenous polynomial f(x, y, z) ∈
k[x, y, z] which has the form

f(x, y, z) = ax2 + by2 + cz2 + dxy + eyz + gxz (2)

where not all of a, b, c are zero. We claim that every such conic C is isomorphic
as a variety to P1.

By Exercise 2.8 the locus Y = Z(f) has dimension 1 and is therefore an
infinite set. Pick any two distinct points P,Q ∈ Y and let L be the unique line
passing through these two points (see our Section 2 solutions for more detail).
Pick a point T ∈ Y not on L (the polynomial defining L is linear so its locus
cannot contain Y ). Recall that points P,Q, T are collinear in P2 if there is
a nonzero linear polynomial mx + ny + pz which admits P,Q, T as solutions.
Writing

P = (p1, p2, p3), Q = (q1, q2, q3), T = (t1, t2, t3)

the points P,Q, T are collinear if and only if the matrix

A =

p1 q1 t1
p2 q2 t2
p3 q3 t3


has row rank < 3 which is iff. it has column rank < 3 which is iff. the tuples
P,Q, T are linearly dependent in A3. Since L is the unique line passing through
P,Q and T /∈ L, we conclude that the tuples P,Q, T are linearly independent
in A3 and so the matrix A is invertible.

The automorphism ϕ : P2 −→ P2 determined by A−1 has the following
property:

ϕ(P ) = (1, 0, 0), ϕ(Q) = (0, 1, 0), ϕ(T ) = (0, 0, 1)

The morphism ϕ maps conics to conics, so C is isomorphic to a conic in P2

containing (1, 0, 0), (0, 1, 0), (0, 0, 1). Considering Equation 2 we see that any
such conic is defined by a polynomial of the form

d′xy + e′yz + g′xz

We can use another automorphism to absorb the coefficients d′, e′, g′ into x, y, z
respectively, and so every conic in P2 is isomorphic to the variety xy + yz + xz.
To complete the proof it suffices to show that one particular conic is isomorphic
to P1.

The 2-uple embedding ρ : P1 −→ P2 gives an isomorphism of P1 with the
variety Imρ. We claim that Imρ is equal to the conic xz − y2. Since ρ(a, b) =
(a2, ab, b2) one inclusion is clear. In the other direction, suppose (e, f, g) ∈
Z(xz − y2). Then eg = f2 and if f = 0 either e = 0 or g = 0. In either case
ρ(
√

e,
√

g) = (e, f, g).
If f != 0 then we can assume f = 1, and eg = 1 implies both e and g are

nonzero. Let
√

e,
√

g be such that
√

e
√

g = 1. Then once again ρ(
√

e,
√

g) =
(e, f, g). Hence Imρ = Z(xz − y2), which shows that xz − y2 is isomorphic to
P1. Hence any conic in P2 is isomorphic to P1.
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4 Affine Conics in Characteristic 2

Let k be a field with chark = 2 and let f(x, y) ∈ k[x, y] be an irreducible
quadratic polynomial

f(x, y) = ax2 + bxy + cy2 + dx + ey + g

If b = 0 then we can write f(x, y) = (
√

ax+
√

cy)2 +dx+ey+g and the proof in
the section for affine conics with D(f) = 0 carries through unchanged to show
that the conic defined by f is isomorphic to y − x2.

Whereas if b != 0 then.... WHAT?
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, ind D(Fl-  -d*( ib.)  so u,d,n ( ,1 u) ' , -> nA g)t  , , " .uf . ,n

and heh@ D(f /) : delAt D(f)detA Bul A u nveuhbh, J. D(f t) i a &onlzct *""'ja,t uulhfl,.l p(f )
(lt beul 11" t"ans$rn a4 p41n"-,al).

Now, t<L*gJf 1*l) : h[ttlJTrrt, to lht .,,o,rdmak (tn3 r de(\ u.r]able qnder (i). v,rAzt (i;)) w h^va an rtomovplatsm

1oy""t1/1 r6+t,x,^1)'----- oL"''f/( r\ 
"i,r,^,",',"i8!i: 

r*,
37N) r (f (*+<,1tr"l) r--a 3(t-<,1 -,^) r lf)

a- Ineat hztwftrmalwn d lh, futm 0\'i), (i 5 ,'-- n1i 1 Jt\e an I'awo'Phum

ak't1f 
, ilft6)D --------- ,t*,11/(r)

j k,i + ( f (A(11)\J r- -> s( n-' ({)\ r e)

N"wh f,,,th lhe p,o"{ vn" thott -fhaf any r*ecluc;Jt T\cda'].\h( | tatt be ht.ntfot nud n}u ane * fh" {"/(ou'n3 ca4e4 u'atq3
o^ I !  op , , 'o ' l -n '  ( i ) '  ( i ; \  ana  ( t i i )  '

e \ J - a  ' t  t t ( f ) :  o
( b \ x ' l - - l  ' f  D ( f ) + o

( " ,  v ) 4 ' l '  6 \ 4 / . \
\  b  c  /  \ 5  /

SL^ypae DG)--bz- a.--o.1hen f  (xt i l :  axL+2ln1 tcr12' !  dx r .J +-3: (  ' l i "  + "81\"  + d,cc 1 ey 1 J t  uhar- t 'h"



F_-) tl
J

fAne meanr ffu nvrw'L -
^ !---. Jal;v- r""1;1 .!

|nv n<4t h be cbeotadk bz nnvthblP '
t c n "Urlv\)y\al 9_J

+ ( ' J + c j

f .)2L t " J + 3
- @ ) 1 1  + d x r " , + 3

TheTurled tuh,

51ua< woh e*s.l stnto lo- u alXebnrcally "tatect Apply lln lmnt/armohont (w'y bolh (i;) an4 (i;l)

{o/tt + (./; I
c \ z . r e y + 3

Vlolet fh$ ht\nr.fovryrolan, .lealy f + ! -a(2. t.Vout rupporc Dk)--b"-acf o.fuen

f ktl): ax' t- 2bzy + c!" t ,{zt t ey + 3

/ L /:--_--i-: \ ') ((  E  + . [ b h ' - b a i ) t  l ] , f ^ ,  +  /  2!  4  _ , r t L , " _  
|  J - a -

Tahu lhe lnnt$rm (i;i) tl Gnn rh.rl,v llnt" lranrl",nrr!.nt a.P tr./ev+L)a, .Jh\.h Fllo"r rva b2-ac*a\.

, f o " +  ( f t + E ^ ' i ) 1  e -
Ja,( + (?^ -,P' u\l * 1

' . a t h  r , h  h l n v t  I  k  x y + d t t + e t y . + I  f i :  t o , - " ,  d t ,  e ' , , , 1 k  B " l  l h t r . a n  b e  w n t l n n  ( r , e , ) ( ! t 4 t )  +  j - e ' d ,  , "  t a hrhe l tant f t 'n  x IeI t - )arJ j  d ' t - - t t  -h t th  I t  ln)  abe.{  ha-o bec"m< z. l  - ,  1  -  " td l l  S,n*  {  ine{uublz  (and l lu
's pna" ̂rrl 4 opno.+lwp t rpl:o lz[r4-1 lFD r*4e) Pvtt'* an,l wt h..ne tnowa E[4y'11g71 n p've'id upJo u") q-erci/

, ,  , t o l  z c , a t  i "  r h e " r  ' t  u  r y  h ' . 1 .  u ( 1 - e t 4 ' 7 - -  - l a e ^  b 1  l , ) f  b . * m u  ( " r ) 4 - l a r d b y  t i ; ; ) , - ' l r L  r
clx,-)x./,J t.._) J ,a,z tnqve l: zt,y -1. J" ,., '. Ly'r1- ,thown th^t any rn-Lluclot{ 7 uc+"( rahc f ehf111] t:.1.
hfx,yf l1g1' r ,imo',ph,, + h['J = iO) ". r.[t':|J/(N - t) = A[z) n

-  u( L" '  *31" r  ?X' -r i f )  + d,< |  eJr3
- a (xt *a)" r ("r;!") 

l .  n d^
(  J a z  I
f

[J-0, +

b  . t L  /
- J d  " , /  '  L y )

M
w-ll t le n'w tho*

Lzf  Y9A1 f "  Y= { (J , t r , t3)  l luk l .  c t " . , l ,J  Y-Y(z-x ' t , '1  - t2 \ ,  aud lv , r  ̂nuo. ,p 15 c lpsrcM
llaal (2,-xs, J-^.) , prfr"t b! ""n:hn,,hig an uotnoryh,smt

t<l r ,1,21 1 ..... l.[u-J'  
/ ( ' - ' t s r r -  xa )  -

1aL f, hfx;l,zl -----t kftt] b" 1e-2 u, !F-)u?,, zt-11a3. ctoatQ f " onla anl (z-x2,1'xL) e l<etJ.'up1zote
Prt;,2)eKev!. ) 'vLda 1-* wto ? a-o pollnomrats '" 11. $ni P(4r2) : A(1-11) r <(t=) TheF J(PI-C pPltoc

y(R l=o,  rc  l . l  *  a , . , J , "2  -x3  ' * lo  B" .  / - l yn"vna l ' in  z - t  la  R= Q 'G-xz \ t  R t6 \ .T14?n Y(K ' )  -o  rnp teo  R/ - -o ,

^  i *  b=  Q(1- t ' ' )+  Qt (z -x ' t )e  (1 -22 ,2-x3)  H"ue (1 -aL ,7-x t )  s  Put^4 t  /o  1  t  an  a  f f i ru  "a ' tz !1

ahuz drwtenspn r l!r. Kqll d@leuJton ̂l 
-AIY) - Rl?tJ "'h(h 6 l'

) }Gt--Tl  uf  \= lh j  Q Y (zL-yz, t tz-r) .  Tnen (u,v,w)ef ,vnplw u(w-r)=61 5o
(;) U--O) ro +hqf vw:Ot to i\t:o 6r u,-ot hz'.to all l",ple,t (orur6\r(o1O]w\

0 ; )  w- - l )  ' "  16a l  . r2 - -v r to . l l  ln7 l "z  (u1v2r t ) .

14eno \=V(t ,z)uV(x1,1)t t ( / ( ! ' -x,z- t) .Herc h[ry," ] /Fl4:  htsJt  h[u, i , ,J/ /nrt=h[. ]  ctnl
l 'L ' ,q, tJ/ l r - r ,z- t71r = kf t l  vtq Y: Lzfrrr lz ' l  )h[ t7. ,  t , -n L,  Xr- t2,  " ,n t  , r , ) iyt lnh*, th ( ,12--  t , ' - )
r ,1 fLv h?rr r ! " t ,  c^ .d . t  j /P( t r ' /z ) )  = 0,  )eI  P--  6)1,1-r {1)  t  Qlotz \ , }hul (R) :o, ,aq ?= Q'(z- t )+ R' l / ) .nE^,
R-0 -  th t l  P-  A(y-z? ) t  q ' l - - l )e( f  -z /= l t ) '  ond t r , * ' .  rn" l , tq  l tu  " l t ' t ro i l  u imo4elntm Henu a/ / " /  y 'hov
,th an a&n" vaneha al drnenLton /.

6 tA Tn" te* Vft-y) = f h+) I te bl o ,tond ,n )1" -,ln thz 7au+.i kp"to6j, a"l ,l ,annof b, ,to,.d n //te pnducl- k7ola51
berr^ne h vcluc)e iiy- logqonal a y,olut of lun clond L.k *qLl hwek ^nlqlqall "l /A2

ql4333333333333333  4 B a&z offioa "oo'd,nol onj 1$r Lomn a113aga1c t"f m /An., san B --A,[v),fh.n B -- kL'o '-,7"J7rg1 
, *1,,rc

TU) rr radrc l.l and hen@ tS '' o {j l. -alg.ira.*'lh no n Jpolen/,." to, veu"l1 t hlrl ,' o 5.'*'-+, {-1, U -olbr ro) l . ' J  ' !  |  uuLut . l  .1na  n t r re  ' J  I t  a  1 .9  k -a tqeL ' f4  @t t ' t  r lo  n '  Po lc t4 r7 .  I  K l , )  5  o .1er4e<17r  -$ ,  z3 :11  @ onq

tn,L:t,q yne^!,i oLlal ry a 1u*fien) "/'0o,. 
'h["]@= 

@i2th(,1 : &l,ht,l-= l'1",,. ,zil , and I B ,, *1ut4 4,-
n, u"- ' t  - ,- l  alrc ba ' ,64tel ,  rc lhal , I  qor.zoondn 1r Jom. alaQ.bvat| pL '"  /A^. to, ," 'hich B -- h[2.,.- ' , t"11-T ty\ t 'nL al47. kirrrcl t runl alto [" r"4r<<l , rc thal LI oor.zPondn lt Lsm. alJebvatt pL n /A^., 1., ,un"u B -- h[zv 'rt"11trr,

fu- lha q,o,lnak nn3.



WFFFFFFFFFFFFFFF l.4 L"l X b" an,n<{uebk tpao, Z =\ nonem/y anl ayee.Tnen X: 2U (l ' \7\ t0 nllq 7 ,, ,,one-p)y, t l ts d"nrc.
Sr 'n i laJg  r f  Z : )  \ ) - / tL ' l  a "d ' / 'do tec t  n  Z  ( :a1  1 :2 f i ) , ,  t t  : z  A) \  9  ^ "a  j '  .1 .u4  n  X)  thon w*  h"ve

X =  (X fz )U(9U9 ' ) ,  t . th i  X= ig l  o ,4  i ,1 ,uu lo1  X *  9  .1h t t  y ,^ ,pho z :  Y .  Hen"  2  u lnec luchk . tndc le .u te

Sq*pp.oe Y 9A v,,"e"luc,ble,.,ny'e, lht,nduaol Lf "/.ll h'r na,r "b'ha'y) Let i be-\Iv, clourc 4 f/ ana rotppac
-v ='Z,oz,{-, lu,,o clorcd tuhrch 2,,22 4 A.1.n ao 2t AJ qn4 ?zAY cr.r . lored 6ef an4 \ 11 'rvp/uu$lar' l m val

i.- ^rl,u."a '" futos\ z 1. B"t b5 de lP al Jourct we haw 7, == f -

rera(a) ti)J(iil LQ.t J L" q,onenpl4 ftt,,U ol do!.d rubA - let QeJ. t-f (l 6 nol wn,^ql mf,, t(a,t Q'ce- Ttgn erlte"
Q'rsq/ntntmql ,ek.  Nz pwducz o1nrref t lnq "hatn Q >Q'>Q" >-- .  whrch ur ' . t f  le ' tmmal ,  c ' l  c ' .mrntmal  . lemnnl
"t )j (i)€i,,i) Nnl delres,,nnq .hqrn J-lwed tubtet' paclu reo +1^a rncrca.4mq chatn fr open cunplemenb, ..hrch halh 'l/.
+o-.,.nnnal.han do6. (;;\<i(.) A,torcd.lr,*,ly u e7,wa.bn| '1" rhe ovn-.la^'$ d ^6plcnenfi, an,t ltu lt"me" hc'n
" , r . rn ,hqlo lenn"r*  , f { .  lu ' la l le '  h*o - ' ,n^ol - ( ;  )+1;)  L" l  Q' -Qr3.  '  b"^  "Qza2qdm3 chaM oL ' larec l  ' tL t6 'Pt  '

th"  [ t^ r i , t r  ie ; ]  ^# lzaue a wtntnal  e leuenl  Qnt  and heh@ Qt"-Q" Vkz"n '

(b)  te l  U ha*e an upm.-u" ,  Iu , ! ; r  t  S,n*  onq r lnc] lq  n ,e-<mnf l  tha ln s l  open tufueL , l  X ,nwl  ]evmnaLe,
I  v '^eptc lz  Uj"e[ ) ' ]10J,  e l l ; t  oh o" . l  4- , '^  ? , "1UnU, l , i  t .  . , t  i r ; j  , , r ' ,knt  oor tntb  ̂ abaL.ev,  u\E ,an
4",- q r+acll f(reootrg ) 'nfintk nquono "[ lhu laim, ^ i,,1" 't2 u "h-d'ftpt't

G) tof Y gX be ,\ tub"pau afid &4ttttote 4,> Qr > .. rr ^ /.to4ncl,n1 6fi.arn f clored tubuL, ,n Y, *,lh t",,,1
Q; -74 P;, P;< i elorcd.7hen rt rrc ansutne f u ft,2 nluecJzanJ ol qll lhote Jrted tubteb of X t n,ch i...1

1 , n @ . i , ^ n . t 4 o * P . = ' n 2 , , - - / r t n t z ( P ; n e ' -  ' \ ] Y : a ' - , A O i : O i r r c l h a f p ; f i p , . - 1 = ( , ; a n { h e n e
? i  9  7 ta . I l  uev 'nq , fu  11q,2  P; :  P ;< l lhen Q;  :  YnP;  =yAPi - t :Q; - t r  kh tch  u  k l te .nu t  I  ' t  no" thencrn ,  to
llu,dacttn k) P,) . fen mnaLc, tay Pn= P2 V [zz, n-11,n, "y. Qa:qL Vh>7n, rcf a naelhenan

(d) tc+ X 5e N,xlhenan atcl Hau"lorff If VtX r rr,,.ciurrbl" cl-orecl ulh 2,,.1 eV, lhen leL Urt\.)z e \ h. open ancl
teV,) !evz 9t0V,-p.Than 1'-  g,c 11 r . / rc and toY = (UfnV) U(uiJAVl '  *Jhrurron. l  pu-p., .10rc, .J tubnh..
Hen,e,  V u o 1tn ls ls , ,d .  B.L b1 Papl .7 hhlmf lu lhalXuJn,k.s 'nao ubr . l  u  nmducrb le c l | rcd t { .  , t  , -o  tn l lehn,  .
ftp,n drngtek* lre ofn ltnu :l-4fu. polnb an tt/ . /7^ tn.ahx ofeh /2h utd e k i npenhy tt ahdxt -lhr 0;U'ti=k'\\
l'lenuhpolojl r hs,'efe.

L, ̂  hgpe,tu,/ou rn /Aa,
,Lt,"et ' trae),.1[!y , ,1"] Now v(f l+p):,v(f) l lv(p):y4H,"/h"LT(y,,tH): lET A-n't , ,ectuc$t"
t^.)n paM ̂ l 4 Y/lH * lha ovamrnal ptne "l$/,, p. tuhrch rsa ptrme q z fJ nt/ttmal oue, (f ) ,n A/n. Bul hrr
t . l  +  " l  \u (h  p  i ra t  ha ,<  hegh l  1  'n  A /F ,  qhd J tna  h f l r  d 'm^ / ,  :2 ,nA/p ,  d ,^A/L :  . -  t ,  o ' i  , * , tu , , - / .

;q in  Lel  w=k[r ,1 . .  ' : . , l  k  a.= (1, ,  . / f . ) ,^  prytz t  tc teol .  the,  we haw (- f , )  - -  (1 , ,1- )  =.  -a  0, , . . - ,  f , ) -^  ahd l tehLe-

v t r , )= vf f ,L)  e
ard henu 4w\( f , t .  "A,* ,  )< i t 'n \ t (  t r , , . .  ,p . )

r.F runhe anl p.\yr^h.n,or,v{,}.a( ''.<du, rlat_1,
. L  " "

LalYbe on ".1$rro vanely d drner.rsro,r -ttn Aa (ra o+r sn\, a^dtel l ' l  = tt(l l  Vs^ hgpeau'lau p lp( N. tfuAy the
. {o tec l  - re f  YA l - l  , z  /A ' .  i r lp :1 (Y)

laa;Tl V s A, de y \ AH ='l so dnY /1 H =r

Fcr{t l  ' ln] l=f ,  srrr<o v[( f  )+?) --  \ (+l  . lv l .u\  =YlH *-ehaw \hV=' l  , f f .  Gl+7r= f t  {G'Aaa=A)

f AH stnonenyll anclnoli: 5a G lry lA an4 nwequnf\ /urttrfhs"a z\@.t\v$or * " '"n1 ,"hlF
.,,,^,, tAtr'u t\ omle. lnt,, '"edu, rUe .onpo,n2nh oL v nA ,'oialond h lfu lYtnim6l Pamea over JL;F u1 hr cl^
; |& ; , , ; ;  ^ ' ,n i ^^ t *n  $ lnA lp \3 ;  ( lnA)  s  r ' {ch ,4  P t rn  (  hoa r re rgh l  1 -  ' '  A lp .A"v ' "  { t  oohfq  =  a ' ' ' ' h lz=9
t:: ' ,1:,;; j ;= r -\ t ' lnu "u"9 ' idu', i irc nriwncnl 'r \4ll ha' ' d'wv4rrc^ ' '  I

IEE Tf ,'-ot \ v apoml, to erlhet ade r !v lL vn@l-?Ye{a]l

3ir:hfi,,:#;'";:": k:;'r::il!tch 
an bzSenewkct b' r e,aenh t?y K44tt'' clena*..t"2d PaD 'heo'm (rce '14 n "'6)

E,ueTl q.= A then z(q)= p.

E-J{I nu p*1".. then an n"educible nn\onvrl al a u z(1\ , F a 'nvinql pvtttlrt o/ ca. fl2w

dq z(tr) = dmAl P : vL - h+T -7' ̂  -v'

a '.eqwed ("orn1 t.U\.

lcLsj



AJOTFDmenfin qncl Q 1..9

M llt q, affinc vanehot 4unwmptektfu pwl .e

N{r-rq -Ih\eu el.q

' /  AzG,)  n-  nzqu-, \ ul^

Z :  Q r  u  - - -  u  Q r
clrmeuson >t r-k. Bg lla^qtrnS awa! redrtndonl A;t

f-elYg lN' bc- o,n qfhre vanc[q "l dtweusrln c Lel 1,.,...,4n be srbrMg folgnovnralr. r.lleclaimtlnal ( -z=-lnzTiA. !Azrc*\$ aoazwplt, tt;e" e"';;^4 '.eaqttbli coheltteif "i z
hu oltuefistvr *leafi r-l,7.. (?e conporen| mw1 Uavz Atkvtnl clvlwwons)

!399f 4, j  nddc' lwnon h. i 'ov h-- l  <rfner ' lgz(.1,1 and chn' lnz(c,) : r  - r  v4 z(+\
aideveu.l neclLtcihle @rytPDnenl hcv, dtynen6roh r-r (1nze,\+f hg q',,tumfit/ fl Lg Q.8.s" Op wiull hotds $r F = | .'
hssumelhe "en[ 's ht tcf t"  R-1..s" 9,1*tunlpho^ yOztR)n.- .Az(fr . )* f  q] t1ch rmphct
f iA f  lAz (h )A . . .  Az (+a - , )16  qn {so  ' f

v fhe 'n"edut;blc dennpo o* lhn dnl; >. ( - (t<-t) bt ltu Mdw.twe hqgfheoB
5o Z =t ,470, \n. . .Az( f i " )  ' t . fh tuutow y,OzFEi  u l  . . r , ry"  A z l f i_) ' .  SDyr€of  i tae rnaq
lailwaiiillf,i,fi'9P-"i'uli,E twpduribte 'telompotrhtns vtto ot uwon o( clore4, rwdducr bre



ll,trrrrrrrrrrrrrrr -l (") t-n1 Y 6" onv tqh'Pa(2 o[ " lloJolrccll sparo X. rf 59y r an,n-ducrb[" .lo,ed rub"al ol / ,n flu ndu,zd
lopot"11, *hen th clotann \ u an,nedvctbk .loted ubsel S= X, ,att/y,n1 fny - S.Thts wotl^-s tnco \f
5  =  V  uv . ' J ,  ' . , t , fh  V  and N c lo ted  m { ,  rhen s :  (Vny)V(w/1y)  tknu laX J  =V( ty  fh "n  i=  V
- r l  Zo<Zt  c  cZy  rsa  o lv tn  o /  , , ruc luub l ,  c to rec l  su fueh 4  1 . ,  n " ,  u te  have 1 . .2 ,  (  Z  L" - -  c2n .  Tnc lun ton
$ l low '  s ,ne  1 t : l -Z i  ?Z ; - t  n  lha f  Ly  de lN, " f  . lo tu rc  7 ;_ ,  e7 , .T l  v *  o , , . r , "  k  haw Z;  -= , ; , rhnn
Z, = 2;Al - I, Of : 7;+t ) *h,ch r 6' cunl,acltciwn. J1e wt 'lher'e ts a ch 4rn "l ' v,-.,lac'b le ctatecl tubteh .1, le17tA

v- ta \. Ttu )anQ ag^merl t,^pluo lhol on vrtntk chqtn 'n / 7w4uuz crn nhntk chatn 4 \ HeatL clttay < drttt i .

(t ) L<l X be *wred hX [u,.J. t"latu, clmX: sv\plw\;. Bg ("\, p.l17yU; = dtm\ Vt,, - ! ln^t-.rup J r*.l; ( drmX
Le l  Z- -z tczLc- .  

-  
i z "  i ln l \  , " t *eMhq cho,n  " l  ry " r i -< ,b le  . iu t " , )  s , .  h rch  " (  X  S 'ne  f  ' ) , !  o  oue" ,  t z l -

Uo fu t-t. z" no, + $. then g, qZa ot none,Jpfu ,nfunedtnn a,14a q11 2; , .ncl b,] t.6 thzt" t"le'-o"*ww qre 4enJz
qn|  t . , .a lqcb lz .  Ne ,zuhn l l  hav ! ,  z i  nva  +  Z ; i i  nU, ,  "4d '  t tnc  UoAZ;h  t r  danse in  z ,+ \  " 'd  z ;c  7 ; r t  s  a  l ' n fPr

c \o tee  :ube l  u "< ,ar rno f  ho*  Z , r ,  nV.=  Z i . ' rh^ t  ry ' lh . ,e  $  cpwpev rv ,c l r -c tov ,  Z inu ,  cZ ;a1AU" .  l ' l enu  uehqw
pmd,g ,A a  "hqr , '  " l  , r , v . 'adu . r t  le  do ted  wbse* ,  Z .hv . .  21  OlJoc- - '  " l -  U . , t '  j hc t l  . t rv t  X  <  t ' ^P  4r rnUi  anA laen 'n
o)r.n { - 5L\PJ 1n g ' ' .

O t .df , -  ig lJ w, i f i  ) rp"tA'a J-[b,1o),  1a,t ] ]  ' "Yh^t f t  f r ]  "nd Xaveclo,ed onJ t tJ,X or rv,ed*crt le ctssel .Ln\9.1,1
( tea l ,1  U= X r "  U  ,s , )en ie t  un , )  *hJe  l t \ c  X  ,how'  J 'mX -  l ,  {oJ  ,o "h tn :  no  tq 'ed , rd ! ' le  . to ted  :  ubrcL  "1  a l ) ,
"he, $,an h"ll ( wt an ,nle'tnle/ ont,1 )n t1v ;u,lq,< d kPehJJ "" loJ *h tn .  ̂ t- ' l  "h"J cttnen rpn ) Vbnt clryn g = 6 1 1 -6{ rm,{.

G) t"f ' / beq clored '^brcl ol an tf ieclucrhle $n,L - /,vnentrcnat qr.t,-o X. tf 7" c zt a --. c 7r s .AnJ ahatn
a l -  r * luc rb le  " lo ted  subtd ' . ! -  y ,  '1 "  ab-  suc l ,o .harn  ,n  X ,  a , tA  henu su to  X  r  r r , ^ 'e . lu tc r t /<  Zo<zr< '  -z -  ZrcX
\5 q .hqt\ o[ <loted ,,,.ectqcblot t4 X. p]en@ 4y onll wctl {., a,^y _ ' l tYnX t )o le,,e y:X

(u\ S,n. rp.-"**-; ol Nadhenon /nqt at< noe+heactn s pace,,t av.xl ltuull cl'm"nt,on - uamLt n"'+o na\ clrvnen;',ron 4 spe<hun,
E ,leaiJ tulltat h j,ncl a N""?h.nah rtkl .{ ,,,/"u,'k clt,v"nuon - tv,1tt.\^w1Pl. 's fum A*"1^l an"l ):a.do vra\c{.
Ls . l  f t J  l " [29 . t . ,  - - . .7a . ) . .  -J ,  ana leY rv1 , ,  rn ' t . ,  . .  b "  a ,^  tnc i . t  tn3  Je1, r4n@ o[ '  n  a lu ro l  iu rubea s -  l1 ' .o  l
t y t ip t  -y . t t i  >  \ , "y r i  - / " , ; -1  h ;  i , l . t r )e \ r \v .  pn_tvnn r l iea ls  (x^ , , t r '  . ,1 - , * , )  |  P , ' ' nn  r , .  a f ' rv  1 /6 ; , , . . . , t ; ^ \

t, lht pll lno"rr E^\ vtv,1,^ ye vn.ar yi1 xj thua Savnan\, o"d hen. pwpe'.,.| 'a1ns (dau.l" (z^;.rtt F6;+t ) l"y Fi).

p ; : ( t - , r , , "  / 7 t ; * , )  - >  ( / . , " r '  , ) ( - ; , ,  )  
' t - - -  >  ( t * , , , \  =  ( . )

hen,a hIp; =' /y\;A -: tfr; (urz r-n app\,1 flw Haul;&aj5ql= )o raa- n ttu abovelI4L "har^ L rnaxrbraL [a],ar< "nl,{
l lazd h+ >) N",u A u no+ noalh"na,l, u."f ,f J: A-rJ;p; ,.ftaen ftLS-,I y A./oe.lhrnan (.ex.q,ct",.1, hhgh:

rlacdonald \ a,fl n lhu -nj p; ha heghl t4;r, -tn, , n /hc.tf 4maA[s-,f : a, ca rcqutrcd

l f i  L,n+.vct4j  Ln 3,*n s,a,amohcalty L1 z- l t ,  l=t \  z:  [ t  Thnn f t \ r ,  "  )  E klz, ,1, ,zJ ' ,  T(t)  ,nptwkql
J (q)qat at) -- o, V<c- p.71"olrs, leknl l. kl",v,rJ --+k[t] be rndutd by ^ r-- Lt, 1r-tthrz t---+ tl and lelhnl
ev4:k|r l  - ,ah dunok evatalaa a| 4sy<

Ykl: , , l , .1__1_) klrJ
I evr

v.
b

,te nok,l'hc,| f (a'ra\ras 1=6: ,f/ evof6):o., a ty'/. f(f)ertt* (ta$.doncJ) Bul- n k[rJ, A^rLq4:o,
Jo |  "  ,nT( ' t ) ,11. Yk) =-5;. , :o t (v) :Kevl l  5tne Tmjl  = k[ tz/L4r; ' - l  , to subvtng 4 hLrJ on"t  rhantt
q dorf lq\\  T( ' l )  v yvttu. Now

h+ru) + d,m Et41 : ltrr,E[>t1e,zf - 3

'or l" ,  , " t ,  .d,mL[ru,cJr rrr ,  :  d,nkft t , ror r t ' ]  = h[ t ]  1: ,nu k[ t f  u an ,nkq*) asJ"a116n ol  kf t3/ tq)t '  J \
atA Awhft l=l ,  so p'*  1( ' r )= 3-t ,=z ( tz,1cl  "  'nujml , - .  ' -  hI t3, tL/Lr]  i ,nu,+,,r .*Lkn*"" ' t iy ' r7, t ' , r '1.nor,ulebyt,1, t") .
Now we havel" rhow 'lhc,'f T(f I can.ot h" gene'akcJ be +u* elevtten+r. Le.l

l f t , t t 4 :  Zn ; io r rJ j .o  ( r )
; , j /k  -

lnew t t  pot lnomol  f  a , t  r  ( t ) , :  tn  7( \ )  4 .  fGJ--o. , ,o  d.  Zr ,J '^  "L i jv ,  L3 i r4 j+sa:o.  t l<oa, t f t .  { . .  e . , ' rh  n24

, /  , 4 i u  _ _  o
\, t tk >,'O

'.t "3; + 4i+ 5L -* w

hr each ^ >'' D



L4l' va anstder Lomt alua o'f n :

n = 0
n  - - l

v t = Z
n  - -3

^ = 4
n =  5
n - - 5

!1 -- &
n : 9
\ - - l Q

n - =  l l

( i ,1 ,L) :  (o tozo)  d o. ,o . ,o  -  o
( i , i  r } - )  dou ,o i  er rs l

f"t,r' ,v) aun't noi <x ul
( t ' t  'w\  -  ( l1oto)  4 r ,o . ,u  :  O
( i , i , r . \  -  ( o 1 t t " )  o ( o , r , . ,  :  o

( ; , ; ; , h ) :  ( o , o . , I )  l o r o l r  :  o

t i , j  )1 , )  -  (2 toro)  4" to,o :  o

( t ,  j  / L )  :  ( t , 1 r  6 )  d y  t , o  :  O
( ; ,J  ) tL ) :  ( t ,o , r )  o rz  ( i , i , l , ) - - (o ,4oy  r * " .
( t , j  , r")  -  (2,  o. ,o) DR (t / j ,  t  )  -  (ortrr)  hzntt
( i , J ' t t r )  : [ 2 , t , o )  oR  ( t , j ) t L ) : (o ,o , z )  vnno
( i , ) , t  \  :  ( t , 7  o )  o a  ( t , j t L )  :  ( z , o , r  )  h a o

4tr"rt )- 4o1zro : ().

43rere  4  4o1t r )  :  O
4. r1o  4  4o ,orz  :  O
* t , t ro*  o lz ro r t  :  O

Foy n7z12 we hawlo O*"  "1 1*o l  i+ j -11.7773,  snp 2 5 = to< tQ.  Now, u 'e  tan , , . tn  h jo ,  o"g fE lz [xp,z- ]

, f  - -  4ororo t  dyorox- l4or4oJ,  o la)o/ )z-  *  dr r9o72 + dyrrozJ 4 4rrorrzz t  4orz,o lz
*  d3,o,ox3. ! -  d .q\ tJz 1-  d z l rot t !  *  4ap.1zzz441, . ,o tyLy 49u,1xLz + 7.a, t r1, , , tag i  zL

,rr.'ljIrrr,,
Xf I e T(l) llv.n,, wtng ]fu ^bove vvt @n rtmpu h

j  :  d q q , ( z z - y ' )  +  4 ' r , o , " ( z i  - J . )  +  4 z r t , o ( t L z y  - = " )  +  a , , z , o ( t 1 z - x , z )  +  q  p )

whe'r. 5 ', a po(ynomr.r{ whDt" monornLqlt all hc,are }o}al fur." ,r3.5uppot< Z(v) :(3,, 1") oould be ye2yal<l 5t
atn polXnoml ls  j t  qn4 92.- i fq '^  J , ryz e 7( f  )  qnc l  to  have exp.4nl rc  nt  i lv  (z \ -B" I  , (z  _14,  eh,)g. )  'mphas
, t - - i ' : 7 i ' t  l z J z  =  |  ( p 9 " , t ( x z - y ' )  r  , )  +  7 z ( Y r , , , t  ( r z - ! , )  *  ) .  r r r ' .  t u o w  l \ a l  j h n r e  t '  n b . w q , J
4t 'pwAuu 1,1 l, anA \r1 J> -anC, (A\w)L t.+ .

) ( z -  \ 2 :
a j  - 1 2  -

t 7 3 - z -  :

I , tJo wale f i  :  a ;1 P; ' ,  -heve Qi  4k-  ond,  p; '  ha,

3 , *
q ^ =

v'here ti oncl o1r' an

P r l '  +  P z 9 ,

1 , 3 ' r 1 " 1 .
Yh,  j r  f  f rz " l ,

no antlanf I ot,u. L,bitte a ,t '

(3)
{4)
( 5 )

:  b ;  + - 1 i / . ,  m i -  c i  +  m i ' . - f h e n t  t l

f t, ",, ( r z -1-) + f t ", " (x7-y-),r 13 z, r, o ( "" y - z:) +
1, , . ,  q  Qz -1)  + ' (3 ,o, , (xz 'yz}  I  ' tz1t ,o  ( , 'y  - . )

1 \ (6)

x z - f :
+

su.h l 'h"l euh vnDrlDvrg^l hca alegree zz 3.'Then p) beamu

( at f r,o, t t qrl,,,,,) (t, - y") + (a,(t,0," , arYt,o,o)fti -yz) + (a' p.,,," ts q"|,,,,.\(t y -z-\

a t 5 , ' +  a . ! J  +  l ( 3 r +  7 . ' J r .
>mu vtt have tepemlecl mono,rtab ol order < 3 dnd >.3 (*tlh l lu exaplw" "l t]1 ,V"f b1 delp n (z) no monomral
D(.r\vs4wrca t to x2J u"nuo! od! v v, 4t3l ot azJz/, and lheft ,s no:nonor.'"] '61 rn j, " '  !- "t lowz del re w\th dwdea
x"L5 , x ' l ,un"ol occur 'n y,/f t "" 72t1,7 ell 'uv), we ttn e{qak deffiu enk l" l.nd

at  p t .1o, t  I  ayL991
h pyo,o i a7'13,o,g

a r f z r t , s  1 a z ' t r \ u

- l_ I

a13(+  a4 , '  +? l3 t  +  pz 'J_  -  o (t)



4otn9 )ht tame wtlll z3 -yz ord .z j - 2-- ,ro hnd

b tp ' , o , t  I  L r . l y , , t :  O
b t f " , t r o +  b . \ z , t , o :  |  6 )
b,/3t,o.,o I b2lz.,,.ro : o

c l f t p r t  *
cr 19.., r,, .t-

cz f z,oro +

C 2 a t o ,  1 : 6

cr ' (z , r r ,o  -  O

c 2 Y z , o r 5  :  I

(c)

anl [7),(s),(e) gtw ut aqr nn]radrc*,on, sma'tluy mp\ (uPPosnl Yt,o,o tYr,t,o tl,,o.,r nbnzetD)

P l : e - - " . - - j "
l1o.,o ql b )

he"a a l l  " f  /he. te 1vah" ' th  are eqt  a l  - . ra j  )o  q e ln.  6uf  then pDVt: ,  c l l ra / t  onr l  -ar= '  dqt  shol . l  annX f t )

\ =  t u p y " , 1 l  g r - { t 1 o r 1 :  4 t 4  y 1 o ;  l a 7 y 1 , , , r :  ( a , a t o " ) y r , o , 1  _ *  o

JsMg (z), k),[q) an4 0o\, thu ,pnlradtdnn w'll uwvh athenevor more lhan or,e ol Y1,o,o ,1r,tp 1Yt,or 1 ti \on?.to
(,rr<rp. uarnS -nn re<rp,ocals ,l 1lo), m"rn lhanw\a oL llZro,o 1 prr,ro, f ,..t nonzz\^\ B,tt +he +aLcl +hat f3)/14)i {s) hold

(h14@ (1llt),(l) vneons fhal f 1o,r ^nd \o,1 QuL /z,to ar'.:| '611,o., fl:,v, "',dYl,o,") cr^wopl b<.et': otf +fu tarv "ht,rc.
Ben,s. *e haue ouv ntivqcl rc*pn., snu. lor e^ample p>,\:) = D.,n,t : () ,aplw bolh '(44o and n(tto,t on honzete.
rlen,z jI0.Y) .unnol be SewruIed \ 2 elemenb.

)Ql.l2 I Acarc looLznX h" {e tRft,g1 vwdunbbt s.). Z(4) _<- IRa ,r uof rrpducrble. 0bvroaa chore $ +.3" 1".
z(l) "o lht uwon 4 to'ne Fonk.hen f ta,ntd be

(rL-q,-)L + ( t ' -  L") '

Jo jet  -hu" pornb.1\<n z(r)  -  z(z-a,y.  b) U z(t+a,1rh)u z(*-qly,  t )  U z(xsolg-b),  rc s noltneducrble. Flr stmp)rcrly w.e, )afu q- l.) l2:o, so S : 6"ilty+ gz, lntn'ic\oi^s a oo

I  -  ( " ' + i y - t ) ( r , - i y  -  1 ,  a . [ , , x 1

s" 
,4 

IRLtfi.l= C [ttyJ, bih uFDs, f r ,wecluctb]e n rR[,,'11 (mnllptg,nS by.-.n,!'.a,', Aevet **rn <t tel
PolYrvomrql j"[rr9) rn], xa + t,) - l.), bJ aa *.e haw al,r"d1 senn, z(l ) r nol-,neduabb

F", ,, o
( z / t t o

- a-̂ .  -  - 1 L

c 1  o .
f ','l -- 'cz - -b,
'tuo,, <l T

( t o )


