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In this talk we make the connection between higher - order logic ( HOL )

and topoi , by constructing atopos out of any such logic .
The references are :

[ i ] Mac Lane & Moerdijk ,

"
sheaves in geometry and logic

"

[ 2 ] Lambek & Scott
' '

Introduction to higher - order categorical logic
"

To begin with we follow [ 2
,

§ I. 1 ] except that our type theories and topoi

do not necessarily contain a natural numbers object .

As we will see
,

what we

actually produce out of  a type theory ( which is synonymous
for as with HOL )

is an elementary tops in the sense of Will 's previous talk
. By the main

theorem of his talk
, every elementary tops is atopos .

De# A type theory is given by the following data :

(a) a class of types including special

types
1

,
R ( think of N as the type

(b) a class of terms of each type , including wuntably many
of PWPositions )

variables of each type

(c) for each finite set X of variables a binary relation tx of entailment

between terms of type ball free variables of which are elements of X
.

These date are subject to the following conditions :

(a) If A
,

B are types so are A×B and PA
.
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(b) As in X - calculus
,

we tint define preterm s and then terms are

a- equivalence classes of preterm s ( this is left implicit in [ 2 ] )
.

There is a prescribed set of basic pre
terms which include ( but are

not limited to ) the variables
,

* of type 1 and T and 1- of type R
.

There is a set of term formation operations which include ( but are

not limited to ) the following .

We write

t : A for
"

t is apretermof type A
"

( b 1) If a

:
A and b :B then < a

,
b > : A  × B

( b 2) If a : A and X : PA then a Ed : R

( b 3) If Y : R and x is a variable of type A
,

then { XEA I Y } : PA

( b 4) If p : R and q :b then p^q
: R

, pvq
: R and p ⇒ q

: R
.

( b 5) If 9 : R and x is a variable of type A
,

then H ( x e A) 9 : R
,

F ( xe A) T : R
.

Finally
,

the class of pre terms is freely generated from the basic pre terms by the

term formation rules
,

or more precisely : let To be the basic pre terms
,

and

Jiti the set of pre terms which are either in Ji or can be formed from

preterm
in Ti by a term formation rule then the set J of

preterm
sis Va ,oJi .

To each preterm t we associate a finite set FV ( t ) of free variables in the usual

way ,
with FV ( x ) = { x } if x is a variable

,
FV ( * ) = FV ( i ) = F H T ) = $

and FV defined inductively by T
we assume any other

basic terms have no

. FV ( < a ,b > ) = FV (a) u FV ( b ) free variables

. FV ( at a ) = FV ( a ) u FV ( d )

. FV ( { XEA 19 } ) = FVIYI \{ x } .
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. FV ( pnq ) = FVC pvq ) = FV ( p⇒q ) =FV(p)uFV( q )

. FV ( HIXEAH )=FV(

FKEAH

) = FV (9) \{ x }
.

By an occurrence of a variable x in a term t we mean an x which is not

{ XEAIY }
,

Hlxe A) 9
,

F ( xe A) T ( * )

9 9 E

An occurrence of x is free or bound according to the usual Mle
,

where

the three term formation rules in ( * ) are those which
' '

capture
"

variables .

DEI The relation =x on the set Jofpretevms is the smallest equivalence
relation with the property that it  is closed under all term formation rules

,

so in particular

. if s = at then s
,

t have the same type
. if a=aa

'

and b=ab
'

then < a ,b > =a< a
'

,
b

'

>

.  if a = a a
' and B - xp

'
then a E B =L a

'
E B

'

. if 9 - a Y
'

then { XEAIP }=x { XEAIY ' }

.

 if p= xp
'

and q=xq
'

then p^q=xp'^q
'

, pvqiaplvq
'

and p ⇒ q
=

 xp
'

⇒ q
'

.

• if 7=5 '
then HXEAY =

a HXEAY
'

and Fx  ← AT = a FXEAT !

. . .  ctd overleaf . . .
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and such that

• foranypairxyofvanablesoftype A and T :b

gveplauallteeoccumenllsofxbyy

{ XEAIT ) = x{yeA|Y[y1x] }

HKEA )Y=xH(yeA)T[ YK ]

F(xeA)Y=aF(ytA)Y[y/x]

pwvidedthatnofeeoccuwenuofxappeabin Yinsuchaway

thatayinthatpositionuouldbebound .

Atermisanx - equivalence dassofpreterms . Tevmsoftypeihavecalled formulas .

We introduce the following shorthand notation for terms

7

p means p⇒t ( p :b )

p←→q means ( p⇒q)^(q⇒p ) ( pig :S )
Leibniz

equality >
a=ai means HCUEPA )( aeu # a 'eu ) ( a ,a' '

 
. A )

{ a } means { xeA1a=x } ( a A)

F !(xeA)Y means F(x'e A) ( { XEAIT}={ x
' } )

XEB means HCXEA )(xe×⇒xep ) ( x ,p:PA )

.
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(c) Entailment is a set { of tuples ( P ,9,X ) where P , qarelermsoftypeih
and Xisafinilesetof variables (possibly empty ) and FVIP )EX

,
FVIEKX

.

Wewnte Ptxq for ( P ,9,X ) E E. These tuples satisfy the following

rules :

,

(d) structural rules

( at ) •

ptxp

( a -2 ) . ptxq qtxr
-

← this means if ( P ,q,X )
,

( q ,r,×)E{

ptxr then also ( p ,r,× ) EE
.

41-3 ) •

ptxqptxyyjq

(4-4) • y +×u{ yyy f
# a "h9°nY teeoaumenusofy

-

where yisa variable Citmayhe already in X )
,Y[b/y]t×Y[bly ]bisatermofthesametypest. FVI b) EX and we may

assume ( by a - equiv ) that no free occurrence

ofavaviableinb becomes bound in Y[ bly ] ,Y[ bly ]
.

( (2) Logical rules

( at ) •

pt×T ,
ttx P

62.4 • rtxpnq iff
. rtxp and rtxq

42-3 ) .

pvqtxr iff . ptxr and qtxr
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( cz 4) •

pt×q⇒r iff . pnqtxr ( and Ttxq ⇒ riff
. qtxr )

r

( as ) • pt×H(yEB)~ iff . pt×u{y}Y For example :

ptxp

62-6 ) • Flye B) Ytxp TH
. Ytxug , }P . 9txTTtxP⇒_P

¥⇒e

We write t for toy and txp for Ttxp . p^9t
.

( (3) Extra logical axioms

( (3-1)
°

Comprehension : txV(xeA)(xe{ YEAIY}c⇒Y[
My ] )whereas

usual we assume that informing Y[ xly ] nofreey

appeanina position where anxcwuldbebouud .

• Extensionally tH( UEPA ) # HEPA )( HCXEA )( xeutxex )⇒u=v )

+ Hlser ) # Her )( ( s # t ) -→s=t )
" " →

-
( <3 -3 )

. Products t H ( Ze 1) ( Z=* ) 63-4 )

t H(ZeA×B)F( XEA )F( YEB )(z=<x/y > ) ( c 3 . s )

+ f ( xeA ) # ( x 'eA ) It ( YEB ) It ( y 'eB )

( < x. y > = < xty
' > ⇒ ( x=xlry=y

'

) ) ( c3 -6 )
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what we have defined above is an intuitionist 'c type theory .

It  is called

classical if in addition we add the axiom t Hcter ) ( tv 't )
.

Punt

type theory is the type theory in which there are no types or terms other than

those defined inductively by the above closure rules
, given a let of atomic types ,

there are no non - trivial identifications between types,
and txis Are smallest

binary relation between terms satisfying the staled axioms and deduction rules
.

Remade The reason for the subscript X on the entailment symbol is to

allow as to distinguish e. g. HKEA ) Y t Flxe A) 9 ( which we

do not want ) from HGCEA ) Y E F ( xe A) Y ( which we do )
.

The latter may be derived thus :

HKEAM t HCXEA ) 9 Flxe A) TTFHEAM

HKEHY to 9 9 tx FKEAB

H ( x e A) Y toF ( x e A) Y

It there exists a closed tevmaoftype A
,

we may further deduce

by the last of the structural rules that

:

HKEHS to F ( xe A) if

HCXHHPT FGCEAH

However in the case where there is no closed term of type A ( e. g .

A is the type of unicorns ) we do not want to be able to deduce

that there exists a unicorn with horns ( Y= has horns ) from the

fact that all unicorns have horns .



T
Henceforth we fix an arbitrary type theory L @

-

DEI The category TLL ) has

groaning
t  s

. t.FI/lH=o/

• objects are
" sets "

i.  e. closed terms X of type PA for any type A
,

modulo the equivalence relation d~x
' if a

,
a

'
: PA and + X=X !

• morphine are
" functions

"

,
i.  e. a morph ism from a : PA to p

: PB

is a closed term F : PCA  × B) such that

t F c- ax B - where a xp means

{ ZEAXB I Flxe A) Fly EB )

( x Ed ^ yep ^ z = < xy > ) )
.

t F ( x C- A) ( x C- a ⇒ F ! ( ye B) ( < x. y > E F ) )
.

modulo the equivalence relation which says
FF

'
: PI A × B) determine

the same m orphism if t F  = F !we usually write f : d → p for a

morph ism and lfl for a representing closed term F ( called the graph of f)
.

a composition of f : a → p and g :B → 8 is the Morphis m g of : x → 2

determined by the closed term

1g of 1 - { ue A × C | ( Fxc . A) ( Fze C) ( u= < x ,z > A

F ( y E B) ( ( × , y > c- If 1 ^ < y
,

z > E 191 ) ) }
.

Lemma_ The composition is well-defined
,

i.  e. the term 19 of 1 satisfies the

two conditions
,

and is independent ( up to equivalence ) of the

choice of representatives .
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Roof First we have to show t 19 of I E ××J
,

that is

+ H ( teax c) ( telgofl ⇒ texx 8)

Intuitively ,
this is because everything

"
in

"

19 of I is of the form < x
, ⇒

where Fy st
.

( x , y > EIFI c- Xxp and < Y , ⇒ E 191 EPXJ from

which we deduce XEX and ZEJ
. But we have to package this as a

pwoftree . By 62 - S ) it suffices to pwve

Ht }
telg of 1 ⇒ text

and by ( cz - 4) it is enough to show

te I

go f I IT + }
te xx J

.

To manipulate the left hand side we use a comprehension .

write Y for the

formulas .
t

.

I go f- I = { UEAXCIY }
.

Then

th ,
te { ueaxc 19 } # 9[ the ]

It is therefore enough to show

9[ the ] tasted x J
.

Applying another instance of comprehension to the definition of 4×8 it suffices to

show that

9 [ the ] th }
F ( xe A) Flzec)( xeanzer^ t=< x. z > )
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But Y[ Hu ] is

-
FHEAH Hea ( t=<x,z > ^ Fly e B) ( < xiy > elF1^< y ,z > elgl ) )

soitsulficestopwve

X Ft ,×,z }
* &^Ze8^t=<x,z >

T Aside -

Suppose for any formulas 7 , ,k that ftp. }
I. Then

YITX } T P.O1-2

.ItHKEAHZ:

ftp.y#CxeAHzH(xeA)1kFCxeA)Pz

Y
, t{ ⇒

FCXEA )k

FHEAIT , tF(xeA±

Forthisitsuffiestopwve

Flye B) ( ( xiy > EIFI ^< y ,z ? ← 191 )t{ t.az } XELXZEJ

forwhichitsulficestopwve

< x. y > elfl^< yiz > E 191 tst ,×,y,←}×EX^ZEJ .



0

For this it suffices to pwve separately

( xiy ) Elfl t{ t
,

× ,y,z }
XEX ( Y , Z 7 EISI t { t.x.az ]

ZEJ

Butlhis is easy since tlflcdxp and +191 EP×J . ( apply the defn of

c- to reduce to proving e. g. < × , y > Edxp th ,y }
XEX which we may do

by comprehension applied tothedefnofdxp )
.

The rest of the lemma is proved in a similar way . D

Our aim in the next lecture is to prove
:

Theorem TCL ) is atopos .


