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Aninvitationtotopostheoy 613118

Theaimoftheseminarseviesthissemestristoundeblundhowto
organise

mathematical knowledge usingtopoi ( akindof category ) and
adjointfunctos .

Letusbeginwiththebigpicture .

Concrete Abstract

< >

!1! !2!

structured sets mm > Theories mum >

Categories of theories

( Z ,t
)

,

( 74×1 ,t )
,

... Abeliangwups

( operations ,

laws
)

( 747
. )

,

( R ,t
,

. )
,

...

Ring

theTatiiosnsb0eFYzfnt@thesetheories.sinceeveuynngisalsoanabeliangwupWeaveusedtothepwcess1Oaboveofabstraclion.wh

ichallowsustodeal

simultaneously
with

many examples using concepts like
"

abeliangwup

"

.

These concepts are how we

organise
mathematical knowledge .

Asweall

know
,

the
development of mathematical

logicinthe20thcentunyaHowedus.toviewthetheovemsaboutabeliangwupsandtheirpwofsasmathematicalobjectsintheirownright.thisisimpovtant.becauseweRnowhowtoreasonreliablyaboutmathematicalobjecbandhowtoautomateCtosomedegree7thisreasoning.Thisseminarseriesisaboutthenexts1ep.mavked@above.QuE_sTN0urtheories.theoremsandpwofsareorganisedin1ectuvenots.b

cooks and brains
,

but is this hierarchical
system

of knowledge itself a mathematical
object

? And

if so
,

what kind of object is it ?

(
any
.am?Tomakehumanveasonin9moreveliable,andeventuakytoautomakit

)
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Our aim is to
approach

this
question from the

point of view of Lawvere
,

who
emphasised

the
deep

role of adjoint function in foundations
, many

aspects of which are realised
concretely

in the
theory of topoi ( plural of tops )

.

we illustrate the general
idea with an

example
:

•

Every ring
is an abelian

group ,

so there should be a morph ism

Ab ¥
Ing ( but  in  which direction ? )

?

But what is the
"

correct

"

notion of am orphism of theories ?
Clearly if we

are to make mathematical knowledge a mathematical object ,
we must

have a good answer to this
question

!

• To
pos theory gives

a beautiful answer
,

at least for so
- called

"

geometric
"

theories C includes Ab
,

Rng )
.

First
,

we construct from a theory a category

Ab me
B ( Ab )

called the classifying tops .

Then we define

Horn ( Ing
,

Ab )
:  =

Hom_
( Bl Ping )

,

B ( Ab ) )

÷metric ) function and natural

transformations

•

we will
give

a brief introduction to
category theory

in talks # 2
,

# 3
,

but

for the moments :
a category has

objects
X

,

Y
,

} .  .

.

moms
f :X → Y

,
...

and composition
(

9
: Y → 2

,
f :X

' Y ) t→
9 of :X → Z

. Afanador

F :C → 8 between
categories sends objects

X to objects FCX )
,

morph isms

to morph isms and
preserves composition .
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•

why does topos theory give
the

"

right
"

answer for the notion of mouphisms

of theories
,

and what is it
good

for ? In

my
view the main reason to

buy
the

topos
theoretic answer is :

e.g.
SEI

theorem ( Universal property of  classifying topoi ) For

any
co complete thisE

and geometric theory
T there is an equivalence of categories

Him (
E

,

PCT ) )
±

{ models of
Tin E }

what is atopos
?

DEI ( Vague) Atopos is a

"

universe of mathematical discourse

'

!

DEI Atopos is a category with

-

finite limits and co limits

-

exponentials
Hom(X×Y

,
2)

± Horn ( X
,

2

"

)

-

asubobject classifier sub ( x ) = Horn ( X
,

R )

Examines (
1

) Sets

(2) Sh ( X ) X topological space

(3) simplicial sets ( or sets
E°P

any
small 8 )

(4) category of types / terms in a HOL

What is a theory
? It is a set of axioms ( i. e. formulas ) in a first . order

language ( ie . there are sorts
,

constants
,

function and relation symbols,

variables and formulas built from relations RLH
, equalities

t= t

'

and

the connectives ^

,

v
,

⇒ in
,

H
,

Z )
.

I will not
explain

"

geometric
"

today .

( e.
g.

Ab has x
" AXA  

→ A
,

-

:

A  → A
,

0
'

. A)
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Examine ( I ) Him ( Sets
,

)3( Sb ) )±{ abelian
groups

}

(2) ttom ( Shlx )
,

)3( Ab ) )={ sheaves ofab .

grips

.onX

}

(3) Corresponding
to 1pct)

:

)3(T)→)3( T ) is a

special
model

of Tin )3(T
)

,

the Universal model UT
, e.g.

•

Usb EBCT ) is the
"

universal

"

abelian
group

.

Vang EBCT )
"  '  '

 "

ring .

Butanyringisanabeliangwup
! So

Hom_ ( Pl Rng )
,

B ( Sb ) )±{ models of Abin 1312ns ) }

U
!1!

f
-

Vang

Theveissomespecialgeometicfunctorf
: )3( Ring ) → 3) ( Ab )

,

infactithasaleftadjoint
f

*

and f*( Usb )±Uang
.

Remark_ A
good secondary reason is that these classifying topoi are naturally

arising categories of interest in their own right.

For
example

•

)3( Locking ) is the Zaviskitopos Shl J
,

Cfp
-

rings)°P )

tlocalnngs
T

includes schemes 12
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The logical relation between theories Ab

, Ping is
promoted

to

a

geometric mophism ( adjoint pair of functions ) between topic
'

.

Ab D ( Ab )

¥
.

Tf

*
ng

13 (Ping)

Ouraim
,

more precisely
stated

,
is to understand how to

organise
mathematical

knowledge using
the 2- category of classifying topoi and

geometric morph isms

( that is
,

this is the
"

arena

"

in which we

purpose
to look for the mathematical

object

which formalise our informal hierarchical
system of mathematical knowledge )

.

this has various aspects
:

•

logical ( the PCT) are

"

syntactic

"

)

.

categorical

.

computational ( via
Curry

- Howard
,

as
I will now explain )

.

"

geometric

"

( DH ) is a category
ofsheaves on a Gwthendiecksik )
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Now
, why shoulda computer scientist care about this ?

Because
programs

are mathematical
objects ,

which we want to reason

about ( perhaps
to

verify our software is safe ) in an automated
way

( sothatourabilitytovenfy
software scales with our capacity

to # it
,

for example using
machine learning

methods )
.

Curry
- Howard This seminar

correspondence
↳

( i. e. atypeof Propositions )kg

addpwp

{ intuitionist 'c

logic } - { higher
- order

logic }

I=
I

add reasoning

{ simply
.

typed
7- calculus }

=)
{ functional

programs

he . functional
t equatorial reasoning

}

|=

Programs

)

,

1

add subobjectdass
.

'

{ Cartesian - closed categories }

=>
{ Topoi }

Foma
programming language

( PL )
point of view

,

the problem of finding

mathematical
objects

to formalise
"

hierarchical
systems of math

. knowledge

"

isthepwblemoffindinga principled
PL

approach
to

"

hierarchical
systems

of libraries of
programs

and equatorial knowledge

"

since under
Cuny

- Howard

wecan ( perhaps ) make the analogy

logic categories computation

.

theory
~ classifying topos

~

library
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Twmthetopos
theoretic point of view

funivenal

g-

* abelian

group

)3( Ping )
>

D ( Ab ) ⇒ Usb

f

Our knowledge
about abelian

groups
consists of theorems ( zero is

unique )

their proofs
,

examples
,

additional definitions ( cyclic groups
)

et
.

.
.

the formulas in the language of fb
, e.g.

of
: VxeUsb(HyeUsb(xty=x)}⇒x=o )

¢

gives
amorphism

1 -7 R in )3( Ab )
,

anditspwof is

an argument
that ¢

- true
,

where true : ITN is some

special morphismslie '

tune

⇒| proof ~

-

¢

geometric morphisms

"

act
"

on knowledge

f*( true )

1±f*C1 ) TT f*( R ) → R

÷*

( $ )

,

using
f*Utb= Vang

and # commutes

"

the
Vang

'( {
tyeUang(x+y=x ) }⇒x=o )

with to ⇒

Upshot Every
theorem about

abeliangwapsgiresa
theorem about

rings, viaf
?


