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Our aim in this note is to unite down the theory we have developed in its full

generality, namely as a model of the Da -

category MAKKI
,

W ) extended

by the exterior algebra
Alka

,
A -

. . Akon )
.

This has several components .

Fixing a potential ( k Ed
,

W ) over a commutative Q - algebra k
,

and writing E

for the Da . category 8 = Mfc Kk ]
,

W ) , they are ( let = :  n )
t

C see ainfmf 34

for  why we do not

need to  assume noetherian )

① Putting strict homotopy retracts on ECX
,

Y ) NO .
Koi ) for all X

,
YEE

② Running the minimal model construction

③ Extracting the Feynman rules

The result of this is an Ao - structure on the collection of 22 -

graded k - modules

underlying 80kcal
k

Kaw) .

Note that this An -

category is not minimal
, although

some of  its endomorphism An - algebras will be
.

Nonetheless
,

this Aao - category

is quasi
- isomorphic ( in fact homotopy equivalent ) over k to 80k A ( Q it i

Kai )
.

Notation
. R = Klay . . .

, an )

• Jw = Rl ( 2x
,

W
,

. . . ,2xnW )
.

•Fo = Ot it
,

Koi as a 22 - graded module with Ill i 1=1
.

• f = Da - category of finite - rank free Mts of W ( note we

do not add summand s at this stage )

( 8 can in fact be any full - sub - Da -

category of mff R
,

W ) )

Note We will later put some restriction on the TY
×

( see p . ⑧ ) and we will see that

in order to form a Da - category we are forced to make I
"

in dept . of Y
,

X C see
p . )

.

( in reference to material overleaf )
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① strict homotopy retracts ' hole : here ti is  not  necessarily a partial derivative
,

so there  is  a  slight  mismatch with [ cut ]
,

but  we have

paid attention to this  and it  is 0kg

Here we primarily refer to our cut operation paper , hereby denoted Kuti
.

Let X. Y

be If .  rank
, free ) matrix factors atoms

,
and assume that

• ti
"

,
.

. .

,
tix is a quasi

. regular sequence in R
,

such that
ki )

• RIC ti " 's
. . .

,
In

"
) is a finitely generated free k - module

,
×

, ×

• each ti
" ×

acts null - homo topically on Home I Y
,

X ) with null -

homotopy Ii
.

( R - linear )

. the Koszul complex over R of ti
"

's
. . .

,
ti " ×

is exact except in degree zero

( pre 10-3-19 we had removed that k
was noetherian

,

but forgot to add this )

Set I = ( t it ' Y
. .

.

,

ti
"

)
. The I - adic completion Pi of R hw

.

I
' "

as a quasi
- regular

sequence
and RHEH)

E Rl CEH)
.

Then by the pushforward paper
there is a standard flat

k - linear connection (uniting ti  = tix )

To .

.

'

pi→

'

R' a
key Ritual k l 2. 2)

We run through the steps of [ Cut
,

54.33
,

with AFO our new notation for Sm
,

and Homily
,

X ) =  

Yul X for Y I X ( see [ cut
,

54.57 )
,

and R = KEI ) in

place of the KH ] there
.

Firstslep T extends to a k - linear operator T on ROHIT RYN Ehk . Choosing

a homogeneous basis for X
,

Y and taking the induced basis on Homie I Y
,

X ) over R
,

and extending T
,

we get a k - linear splitting homotopy

H = (dk.TT
"

T G ( K ② r
Hom R ( Y

,
X ) OR II

,
dk )

,

12.3 )

where ( K
,

de ) = ( N Fo ) OKR
,

I E-it OF )

,
and we identify Oi with dti .

'
-

Note Constructing T depends on a choice of k - basis for Rl ( EH ) ,
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which corresponds to the strong deformation retract ( 3.1 )

(
'

%±yyQHomrlY×),0)÷-

( KQRHOMRIY ,X)orR^
,

dk )
,

H

Sewnds1# Wenowviewdttom
,

the standard differential on HOMRCYX )
,

as

a perturbation ,
andweleam that

%=§HMHdµom)mH ( 3. 2)

isaktinearspliltinghomotopy ,
to which is associated the following ktinearstong deformation

retract of complexes

#
IEHIORHOMRH'× ) ,dIom )

#
,

( 3.3 )

^

,
dktditom )

v

( KQRHOMRIY ,X)QrR

Uefa

where

( 3. 3.5 )

%=[m>,otDm( Hdhom )mH
,

Zoo - [ not 'MHdHomTZ

Thirdskp SinueachtihxactsnulthomotopicallyonHOMRIYX ) wehavean isomorphism

of complexes lover R
,

infect )
( 3.4 )

exptf )

( KQRHOMRIYX )0RR^
,

dktdtiom ) Fg ( AFOQKHOMRIYHQRR,4Hom )

where f=Ei7iOi*
. Nolehenewedonot assume Ti is a partial derivative

of e. g. dx .

This " not necessary .
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Fouvthslep The canonical map
E : Homie ( Y

,
X ) → Homie ( Y X ) GR R

is by Remark 7.7

of the push forward paper ,
a homotopy equivalence over k ( see ain ) .

Hence we have

homotopy equivalences of k - complexes, combining (3-37,13-4) the Remark below

( A Fook Hom r thx )
,

d Hom )

\ I A E

V

( A Fook Hom r thx ) ARE
,

dHom )

ex pts ) ! [ exp cg )

( 4. l )

( KORHOMRH
,

X ) ORR
,

dktdtiom ) Q do

r

IT ! I Go

×

( Rft 't x ) Or Homie I Y
,

X )
,Itom )

I =

( RH E
"

) A r Hom r (Y
,

X )
,

dttom )

Note that Homie thx ) ORM It " ) is by our

hypotheses

a Eh -

graded complex of

finite free k - modules . Keeping in mind that all our DG . categories are Zz -

graded ,

we have the Da - category B with EH
,

X ) (

Horn
RLY

,
X ) ,

d Hom ) and we

now introduce

Remain p
. ④ of ainfm shows there is a deformation retract over k between

Klatt ) and HI
,

and so we may apply p
. ⑥ to X - Hom R ( X

, Y )
,

and

Y : k -7 R ( so W=o )
,

to get E is a k - linear homotopy equivalence .
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Da - category F Next we define a Da . category F with 8 I Y
,

X ) = Homr ( Y
,

× ) QRR
.

The subtlety here is that the topology with respect to which we take the completion

varies as the pair
Y

,
X varies .

To be more precise we now write

T→×= Him . .

,
tin ) e R

and for the associated completion we write

By
,x

:  = timerMII × .

In order for the DG - category § to make sense we need to have K - linear
maps ,

for each triple ZY ,
X of matrix factorisation

Mz
, y

,
×

: €2
,y

QK Ply
,

×
- 1£

2
,

×
.

For this to exist we would need
, given Cauchy sequences

( an )
,

( bn ) in R for the

Izy - adic and Iyx - adic topologies respectively ,
to show that ( an bn ) is Cauchy

for the Iz
,

-1
- adic topology .

We would show this by calculating

ambm - an bn = ambm - ambntambn - an bn

= am ( bm - bn ) + ( am
- an )bn

,

and using that for  
any

N 71 there are a
,

by 1 with Igy EIZYX and IYPXEIII
.

But
given 2,4 ,

X are arbitrary ,
this shows :

Upshot For products mzx ,
× to exist ( and thus for £ to exist ) we need the Iy

,
x

- adic

topology on R to be independent of Y
,

X
.
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!2! DG - categories
tti  

= Zxiw is  a choice which works
,

but see the

Remark overleaf ]

In light of the previous page ,
we now fix ti "×= ti to be independent of YX

and let R denote the I= Hi
,

...

,
tn ) - adic completion .

we continue to let Tim be arbitrary ,

although see p .

!8!
. Using the usual R - algebra structure on A we define

D# The DG - category £ = EORR
,

has 814
,

X ) = Homr ( Y
,

× ) QRR
.

As we see in 14.1 )
,

our methods pwduuan An - minimal model of £ not E
.

As an example of what can go wrong if we try different sequences
t

,
are have :

Example Let K be an al
g.

closed field and W

=x3
- x = x ( x - 1) ( x H )

.

ftp.x
T

÷

This is a potential ,
and in the DG - category 6 ue

may
consider objects

he Emits ) . pet:. It .

"
=L :p

. ;D .

We know 2×W acts null - homo topically on all
mapping complexes,

and
completing

along the ideal ( 2xW ) corresponds to taking the formal scheme around the

critical points i. e. since 2×W= 3×2-1
,

at { to
,

# }
.

Nole e.
g.

that 4p
. ,

= ( xt ' ) Ott x ( x
- 1) O

,
and 2. ( dp

. , ) = O
*

+ ( zx - I ) 0
,
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which clearly satisfy ftp.i
,

2x ftp.i ) ] = 2×W - 1
.

Now  it is true that { ' ' } is a quasi
-

regular sequence
in 12=121×7 acting

null - homo topically on Homr ( Po
,

Po )
,

but the ( x ) - adic topology on R

is certainly not equal to the ( 2xW ) - adic topology ( or the ( x - i ) - adic topology

for that matter ) .

Whereas we know 8 is homotopy equivalent to

f = 8 Or KIRRKZXWJ
.

So this completion preserves
P - i

,

Po
,

Pe
.

Remand We do not want to assume ti  =2xiW because we want to
preserve

the

freedom to replace 8 by a sub - Da -

category ( say just K
' tab ) in which

case we may
be able to use a sequence

t which is not the partial derivatives

( e.g. xy . .

,
Xn )

.
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A - category AFO

0k£
is the tensor product of AFO

,
viewed as a

one object DA - category ( with zero differential ) andE ,
as in

p
. @ e@

,
so

( A Fook
E)

( Y
,

X ) :  = (AFOOKHOMRIY,
X )

,

lad Hom )

and the composition is ( using graded swaps )

( AFOOK

f)
( YX ) Gk ( ntoak

8)
( 2. Y )

"

^ ^

AFOOKG ( Y
,

X ) 0k AFO Ok 812
,

Y ) ( s . 1)

112 10  Swapo I

AFOQKAFO ok

EIY
, X )

0k£12
,Y )

f
,

mom

AFO ak8^(2,
x )

Next we argue that ( 4. 1)
gives a strict homotopy retraction of A -^Fo0k£viewed

as an An -

category , according to

p.sOainfcal@TothisendweignovetheboHommosts1epofC4.D
and simply identity RHEM ) with RYIE " '× )

.

With this in mind
,

the

overall content of 14.1 ) is a k - linear homotopy equivalence

I
^

-

( AFOOKHOMRIYX )
on

R
,

dhom ) -
( RKE "×

) Qrttomrthx )
,

chtom )

U
Io

' '

it ( s . 2)

where ( cf.
p

.

!2! ainfm@ ) we have Eo TE 1=1 and Eto Io = 1 - [ dhom
,

It ]

to = Io expl - S )
,

€
'

= exp (f) ° boo 1 5. 3)

it = exp (8) ° ¢ . oexpft )
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Lemma_ The data ( P
,
G) consisting of

R
, ,×

:  = F-
"

o Io G A ( Y
,

X )

( 6. 1)

Gy
,

×

:  = Ft G AH ,
X )

form a strict homotopy retract on the DG -

category A in the sense

of p .

@ aintca@

,
with base ring

R
.

Pwot Clear by construction
. D

By the minimal model theorem ( P . @ainHa@ ) there are maps { pk }k>,
, making

the K - modules IMIRI
,

× ) into an An -

category over K
.

But there is an isomorphism

In ( Py
,

× ) = In ( TE
'

) <
€

RHEH ) Or Homrtl,
X ) ( 6. 2)

I
'

and we interpret the minimal model construction as putting an Aa - structure on

the set of objects ob (8) and 74 - graded free k - modules RHE ' '
'

× ) OR HOMR ( Y X )
.

Def Let )3 denote the Zz -

graded An -

category over k with

• objects ob (B) =  ob 18 )

. P ( Y
,

X ) := RHE " ×

) OR HOMRIYX )

and higher product {PK }k>a
as produced by the minimal model theorem

applied to the above strict homolopy retract on A
.
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Calculating Feynman Rules

Following ainf ,

let Q be the commutative associative

he
- algebra denoted Rt

on p .③ainka , and let us unite ( recall A = AFO OKC )

H = Of Homs ( Y
,

X ) = ⑦ Afo Ok Homie Hix ) or
Rn

c 7. I )

Y
,

X E Obit Y
,

X E  obit

with its Q - bi module structure
,

with forward suspended operations

⑦ an

rn : HID → HID
.

C 7. 2)

Then p .⑨ainf produces the k - linear Q - bilinear  maps

⑦ an

Pn ¥a PT E
Homo

,
Moda ( BED

,
BID )

.

( 7. 3)

where B :  = Im C P ) E H identified with the relevant direct , um of quotient as in 16.2 )
.

DEI Fork is n we define the odd Rn
- linear

,
Q - bilinear

operatorsX
.

*
six

* *

.

,

Oi G H Xi = Ex
,

x Ii
,

Oi  = Ex
,

x
Oi

and we set 8 = Ei Si
,

with di  = Ii
OF

=

2*74×99
Remain Given a matrix factor satin X set IF

"

(1)
,

which is an  odd R - linear

operator on X
,

with ldx
,

I -

- ti . Ix
,

since

eV1×

til Homing
= ( dtwmcxx, ,

Ii
'

×

) ⇒ ti . Ix = d
Home ×

,

( Ii
"

I It ) = f dx
,

If ]
.

t

Note : rz uses the tilde grading Fox = lwltldltl for we Afo
,

a c- Hom thx )
,
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Then let in unite #×

for the odd R - linear  operator on Homrl 'h×)
given by

Ex (a) = TY ° a

Then

[4
Homma ,

7¥ ] (d) = d×°T¥× ( x ) + th Kla # ( x ) . dy

+ 2¥ dhom ( & )

=

dxtixdttilH7P@1yttixdxx-HImYxxdy-ti.x

Hence [ duomtnx)
,

# ×

] = ti  
. 1

Homann
,

and so the operators 7¥
are just as

good as #
×

for the
purposes of the foregoing .

Moreover
,

this type of homotopy is

much better suited to the calculations we are about to do
.

Hypothesis We have for each X a fixed choice of null - homotopy 7i× :X ' X ( odd
,

R . linear )

for ti
,

that  is
,

with [ dx
,

XP ]= ti ' Ix
,

and for all Y
,

X we use the homotopies

TY
' ×

G Homily ,
X ) to"×( a) = TF o x

.

( 8. 1)

Note this is not a constraint :
as we have shown

,
it  is possible to arrange under our setup .

Deft Fork ien we define the odd A- linear
,

Q - bilinear operators[ hi
,

- ] G X

defined on wax e AFO ok Homr 1 IX ) or R by

[ ii. Tlwaa ) = tylwlw a { TY . a- HIM x. tit } ( 8. 2)
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Lemma_ The following diagram commutes

HM @
a

H[ 1 ] # Ha ]

Sioltlosi - Oita [ a ;-] )

,

|
,

di 19,1 )

l
'

from 18.2 ) x( if QaH4] - x[ I ]

R

Roof Note that b. ( xzaxi ) = t ' )
# * "

' 90×2 where ° is the composition in &

To check ( 9- ') commutes we may
choose objects XYZ and check wmmutativity of

[AFoQkHomr( 2
,

Y ) are

][
D Qk [ Afoakltomrl YX ) are

][
1 ]

|

€
,

[ A Fook Homr ( 2. X ) are ] A ]
g. • utasi - 0¥04 "

' ]

↳,

×

[AFOQKHOMRK, 4)are ][it On [ AFoakHomr( YX ) are][ 1 ]

¥ [ A Fook Homr ( 2. X ) are]MTo this end let wi
,

WZEAFO be homogeneous and take xi EHOMRIYX )
,

XZEHOMRIZY )
.

then

rz ( fioltlofi )( (

WZQXDQ
( w

,

OXD
) = Vz (

filwzoxz
) Q W , Qx ,

+

wzaxz
-0 fi ( w

,
axi ) )

*  *

= rz( Xi ( Oiwzoxz) owlox
,

+wzaxza 7 :( O
,

w
,

oxi ) )
lwy * lwy

*

= rz ( Ct ) +10
,

wzatxilxz
) @

wiox
,

t ( t )
+

lwz
-0×20

Oiw
, 07 ilk )
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= ( . ,

)lHdH

+ (

01407

:C ' ' D)

Twioxi

)~t (

maxi
5+1 *

µ( W ,
QX ,

QQWZQJI

( 2h ) )

+ (

yywiiHtlwzoxdT0im0tikNtl0lm0tikiNtffoFm@aicoujaw.o

. x. )

r  
^

,

= (

yywdt1t4wdtltlxzHVtlklmltb4ltlltlmlHkltHlfyk4llwHDw.apywdax.o7ifxzj.c.ylwilHtllwdHxzltlX1wilHtlxiltYDtKluilHtlxrltHDtXcyglw.1C1xiltDOYTWi1WzQ7itxiJ0Xz.Vwdtlf1tIX1tXtlwillwz1tlwdXxiltlHtl.wi1tlociltYtlxz11wi1t1xz11xi1t1xz1ttDtlxXwdtlMlw.Oix@z1axio7ikdYwltYwiltYltft1willwz1tlfwdtlwzKxi1t1xz1lwi11t1xz1t1xz11Xi1tlui1Ht1Y1ttDt1w1.x.lt#a*(wywza7ilxi

)°" 2
.

+ 1×11

f.)

lwillwzlt1×21141+1×211>41+1×21

*

= W
,

OKWDQX
,

°7i( Xz ) ( 10.1 )

+ (g)

twillwzlt1×21141+1×21+1×41×11+141OYCW

, )wz @ Di ( x
, )°Xz

.

+
Pal

= (g) twillw4tlxz1lwiltlxzltK4lxiltlmlffYlwllw.Opfwd@x.o ]
.
.pk )

+ On
*

( w , )wz -07
.

. ( ×
, )°Xz }

Then we also compute

( wzaxztlwiax , )~t ( w ,ax , )
-

+ I

fi r< (( WZQXDQ( w
,OXD ) = ( -1 ) fin ( ( w

, -0×1 ) alwzoxz ) )

= ( . , )(
lwzltlxzltiKlwilHxiltYtllwiltlxiltijt1.fDt4lw4fi@iwzGx.o

xz )

= ( - 1)
lwzllwiltlwzyxiltlufzltlxzllwiltlxzllxilthkl+14,1+14,1+1+ 14,1+141+1091421.

( . 1)
lmltlwtt#

a.
*

( w ,wz ) @ Xifqoxz )
.
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= (yywzllwiltlazllwil
+1×211 " " +1×21 + lw 't

a.
*

( w ,wz ) @ Xi ( x
,

oxz )

Hence

{ Sir - rz( lasitfial ) }( ( wzoxz ) @ ( wioxi ) )

= (g)
twillwzlt1×21141+1×21+1×41×11+141 { Oi*( wiwz ) @ Xi ( x ,°xz )

Hxil

- f- 1) lwdw
,Oitlwz) Q xi

° Tipk )

-

OF
( w , )wz @ 7

.

. ( ×
, )°Xz }

But

+ Pal

a
*

( w ,wz ) @ A ;
( xioxz ) - C- 1)

1 "

lw
, Oi

*

( wz ) ax , ottilaz )

- Oi*( W , )wz Q ii ( x , )°xz

tlxil

= Oi*( w , )wzQ

TH
, oxz - C- Ylwllw

,
Oi*( wz ) @ x

,
0,170 xz

+ f. jlmlw,
Oitywz) -6,1×0×1 oxz

- Oi*( wi )wzQ Moa,
°

Xz

1×11

= till "lw,Oi*lw<)o{7i×ox ,

- t ' ) x ,°XY}°xz
.

= fylwllw
,

Oi*( Wa ) @ [ Xi
,

- ] ( xi ) ° Xs

So finally

{ Sir - rz( lasitfial ) }( ( wzoxz ) @ ( wioxi ) )

= (g)
twillwzl+1×21141+1×21 +1×41×11

W
,
Oo*( W

, ) @ [ Xi
,

- ] ( Xi )°Xz
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Whereas

'
-

Note that the sign here from

rz ( Oi
*

① Hi
,

- 7) ( C wz 2) 6- I WION ) ) moving [ Xi
,

-7 past wzoxaiswzoy

= rz ( f - 1)

Wht " Htt

O
,

# ( wz -0 xz ) ④ ( hi
,

- ] ( wi -074 ) )

= ( + ylwzlthkltltlw
"

rz ( Oitywz ) ① xz ④ w
, ④ I Xi

,

- It " ) )

=
fylwzltlxzltlwiltl.ge/y(Oi*lw46-xz5Cwi0lXii-IlxilTt

( wi -6 Hi ,

- I IX. IT t I

Mf w
,

④ Hi ,

- Hou ) -6 Oi 'T wz ) a Is )

= , y ,
lwzltlxzltl wilt I t ( lwzltlscz 1) ( I wilt I Kil ) t I wilt Hilt I

. f 1)
( Kilt 1) l twit ' )

w
,

①
i

*
( Wz ) ④ ( Ii

,
-1124 ) 042

= f ,

ylwfltlxzltluxltltlwzllwiltlwfxiltlxzllw.lt/ohllxi/tl/wiltlx/lt

I

+

pailful
t %It 144N

w
,
Oitywz ) ② I Xi

,

- Ilsa ) ok

=  
, f ,

ylxzltlwzllwiltl
" 'll wilt I " ' " "  2 I

w
, Oi

*

( Wz ) ⑦ ( Xi
,

- I (a) 042

=  - { Sir - rz ( to Sit Si On I ) ) ( I weak ) ① I wi Oki ) )

This
proves

that

Jirz = rz ( I ⑤ fit fiat -

Oi
*

④ Hi
,

- I )
. D
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E- linear Q - bilinear  operator on HIDO a HM

,
and write

'

I = Ei i . ( hole the in
'

Ii sees the tilde grading )

Lemuria As operators on HIM 0 QUID we have
,

for Khj Eh

(a) ( fi 01
, 10-4-7=0 ,

(b)

Idiot
, Ej ] =

O
,

( 12.1 )

k ) ( Ej
,

10-81=9*0Hj
,

Oct
.

where His 7j ] means 7i7jt7j7i with each Xi as in 18.1 )
.

Pwd (a) is trivial
,

and (b) also since fi  = 7iOi*
.

For (c) we have to check

[ 10 Ji
, Ej ] ( w

,
a

, ⑦ Wz da )
'

'

don't forget is wrt the ~

grading
,

lwiltldiltltlwzl
= C - I ) ( lo-fi ) ( Oj 'T wi ) Od , wz 0 L Xj ,

did )

- fight
'

Ej ( w
,

① a
, ① Oi ( wz ) ① Tide )

= fi ,
Htt Id 't

Oj
*

( w , ) ① a
, ① Oi'T wa ) a Xi [ Xj

,
da ]

, f ,

ylwyltttlwiltkiltfttwttttq.tw

, ) ④ a
, Oi ( we ) ④ ( Xj

,
Iida )

= C- 1)
wilt 'd "

Oj
t

( w , ) ① a
,

aditya{ Ii da - C - 1)
" "

Xiang
'+

Xj Iida - C - 1)
" " t '

a. adj )

=
- ( Oj C Xi

, Tj ] Oi ) ( w
, 40 Wz da )

. D



aint

④

Lemme The following diagram commutes :

HIDE HID sea ]

expl - f) a expl - S ) I

x

ALD ①
a HID

exp , , , , , g , ,,µµg , y

,

!

,

expfg ,

HaTorah ) - HID
rz

Boot By 112.1 ) we have

exp ( - 18011-10-8 - I ] ) =

exp (
'

I - 108 ) of exp I - d) a

1)
Hence by p . ⑨

expf - 8) rz
= Em

,  
of - Dm LT 8mm

= Em
, oh )mm÷k( Salt lot - E)

m

= rzexpf - ( Salt lot -

'

I ] )

=

rzexp
(

'

I - 108 ) of exp I - d) 6-

1.)
=

rzexp ( I - 10-8 ) exp ( 108 ) o { expf - f) On exp I - t ) ) . D
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We can calculate that

*

exp ( - I ① S t E) =

⇐ IT
.

( -

Ej
( to go ; ) t

EiOIHi
,

- I )
"

=

Exo
i

. j .

it - D
" t (

"

: )
as .

" ,

161 K

-

zesty !
- D

0¥06
. ( his . .

.

, Djs
,

Hii ,

- I
,

. .
.

,
( Tir

,

- 7) OI

where 8
. means we arrange the rts operators in the order indicated by 8

,

including an additional Kosal sign

,
and OI = Oif - .  . O

'

I
,

OI
-

- Oji - -
- Ajs

.

For example if 6 = C I 2) then 8. ( X.
,

Az ) = - 7271
.

So the overall sign of

C- I Y
"

b
.  is the sign of separately ordering I

, I .



ainfm@l4ODefILetKdenolethetotalcategouyoftheAa-categouyDfomp.6O.jmtasHistheto1alcalegouyofitCsuKlDsothat7t-tOy.x

eobc B)
Horn ,]( YX )

.

( 14.1 )

Now
, returning tothedefinitionoftheoperationspnfom ( 7.3 ) ,asasumforn72

ofptastrangesovervalidplaneteeslejnwithintevnalverticesofvalencyzsonly

,

and

pt
= filed "(D7B

iguptoasigmthebmnchdenolationofthedewrationdoflwhich places

• KD ateveuyleaf
, including the not

,

KH KH KID

OI
'  

I
"  

I

'

•

• Hlittoeveyedge ,
\,,%µ%UeH

\

it

rz
. the morphine 'iKM→HN toeachinputvevtex

,

•y|• to

• themophism # .

 
. HM - KI ' ] tothewotvevkx

, up

• torevhiesofalltwmingfomanintevnaledgeoftweassigntt

.

tointevnalvevtiusweassignk .
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it ) times
④

I
.

Lemme Pt
is equal to the branch denotation of the decoration assigning

KIM KID KID
• ↳ : KID → HID to each input ,

↳ Go •
6-

dwell
. Tc : HID → KID to the wot

,

•

¥+55
ETT

• Go to each internal edge of T
, sell I

•
I

• rzoexpf E - 108 ) exp ( 108 ) to each internal vertex KID

-

we denote this by TT in the tree

Root Fix a valid plane tree TETN with only internal vertices of valency 3. Then

bythedetinitionofbranchdenotationofainfeat@p.s-0 ,
if

Tz

⇐

•!
D. wehaoeThen for some trees IT

,
I with induced decorations Di

,

(D)
B

= Io orzo ( ( DDB ⑦
a

CDs ) B )

= Tlexpl - f) rz ( L DMB a L DIB )

by 112.4 = IT

rzexpl
'T - I 8) exp (10-8) . ( expl - f) ① aexpl.tl/oKDi7B6LDz7B )

= IT

htt
( expl - f) 43,700 expl

- tk Da ) B )



airfoil
④

Now each Ti is either just a leaf
,

or begins with an internal edge ,
and in the

former case

expffk Di )
B

=

exp I - t ) It
- I

=3 ,

while in the latter case

expttk Di >
B

=

exp I - t ) t LD
B

= exp ft ) exp 1814 a exp tf KD ! >B

= % exp C- d) LD
B

and so we see by induction on n that the claim holds
. D

DI Just to save on rewriting ,

set

IT : =

exp ( E - 108 ) exp ( 108 )
.

See ( 13.1 . 1) for explicit formulas .
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Aside on connections

In the context of Appendix B of the push forward paper ,

and with the notation there
,

let T be awnnection induced by a section 8
,

so that we get

T : R - > Rose ⇒
Rts

# is

TCR ) - §
,

f. Mjzlrmlt
" #

odtj .

It follows that
,

with S = EE
,

ti ( dti # H the Koszul operator on RQ #
Rhein

,

we have

STCR ) = [ I. E
new Mj drink

"

= [
menu

IMI . 8km ) TM

So that 800 is the S - linear operator acting on R by sending re R with ib

unique representation Em 8 ( rmlt
"

to the element ST C r ) with components

88°C r )
m

= 1141 rm
,

ME IN ?

Example Let R = SK ' 'D and take t=xd
,

so that P = Rkt ) is the trees - module

on 1
,

x
,

...

,
xD

' '
and given ( for d > 1 ) ( we choose 8 : P → R

,
6 ( xikxi )

r = E.
 
orixi ries

= [ ( EYE
rmdtixi

) tn
M=o

-

call this rm
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we see that this rm
- Ei¥o( rmdtixi )

gives the relevant components .

Henie

879 r ) = 88°C Emrmt
"

)

= {
m

M -

rm EM

So in particular for 1470 and Os is d

fp°( xmdti ) = M . xmdti
.
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By Appendix B of the push forward
paper

we have a k[ It

D-
linear isomorphism

for each pair
Y

, Xeobht )

Jy
,×

: Rktibx)

Qkkllt

"

Y] - R ( 19.1 )

which is induced by the section of R^→R/lt' '
'

×

)
± RHI "× ) associated with

our chosen connection
,

as explained above
. Already in the perturbation step we

have chosen homogeneous bases of Y
,

X
, so that we may write

Y = F @ KR
,

X = KGKR ( 19.4

for 2h . graded fee K - modules XTF
,

in which case

HOMRIY ,
X ) ± Homk ( F

,
F) QRR 49.3 )

Combining 49.1 ) and ( 19.3 ) we have a KKEHD - linear isomorphism

HOMRIYX ) are ± Homk ( F
,

X ) -6k Rare these are formal

f
variables

± Homkl 5
,

X ) OKRKE ' '× ) QKKAEMD

Hence finally ( for Hsu ( 7 . ' )
, for 7T see ( 14.1 ) ) we have isomorphism , of Qtsimodules

Woe

H

= y
,¥ufpFo

QKRKE'× ) 0k HOMKIYTX ) QKKAEMD

WK

It
-± Of RHTIDQKHOMK ( Y

,
X ) ( 19.4 )

Y ,XEob( A)



ainfmf@2o0Denote1heRHSofll9.41by2Eand7Erespectively.le

n72 and TEJN

have internal vertices of valency 3 only .

✓
c-  ijeit ) times

DI ft is equal to the branch denotation of the decoration assigning .

^  .
n

^  n KID KID KID
•

www.iiklil-HLDtoeachinput, •

.

www.aiioelD-stilbtothewot\"\% "

, UH
,

• wreckWai
'

to each internal edge of T
,

Jeb
) I

•

•

Waorzottolasi
'

Wai
'

) to each internal vertex
.

KID
Lemme Theresa commutative diagram

Ewan KID

=/WE
" Wtf =

KID - → KID
PT

Proof We have
e.g .

-

.

. ✓

.
 

-

i

•  cure

- '

WE
'

oft
=

use it

• Wat wie
'

•

wie
'

=

'

 
"

 
'  

'

= . .  - = ptolwri )
"

. D



airstrike
④

We deduce that the isomorphism of Q - bi modules K 7T identifies

the Aa -

algebra structure on 7T
given by pm

= IT PT with an
Ao - structure

on Till ] given by Ju Stp .

It remains now to understand the operators

• In -

-
= Woe Gowri

'

• I -

.  = Wn IT Wrt
"

( 21 .

I )

• § :  = Woe 0/0 WE
'

• woe

KIT
( woe

- '

a wait )

in the definition of JT . By C 3.3
. 5) we have

( 21 . 2)

05 = Woe Kwai
'

= Em ,  
of - 1)mouse ( Hd Hom TH Wai

'

= Em >  o film ( woe H wire
'

woe d Hom WE
'

TW re H wait

= Em
,  

out ( taint it

where
IT use Hwi

,

I
Horn Woedtiomwoe ! Similarly ,

with I = woe 6 WE!To = Em ,  
oh TY III Horn )

"

I 121.3 )

Lemme Ti : I - it is given on components by the k - linear map

Afo Ok MEH ) Ok Homie I I
,

I ) ④ k KHE
" "

D

Rh thx ) Ok tttomk( I
,

I ) 121-4 )

induced by N Fo -50 ) : Afo → k and KI E' "
D → kf¥!g = k

.
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Root This amounts to checking wmmutativity of ( see ( 19.11 for J )

J

RK tax ) ankht.MY
- R ( 19.1 )

taIt
✓  u

can ¥
HIM)Rkthx ) QKK

=

where both vertical
maps are quotient by the ideals generated by t

'

" ×

.

But
 

T is KHEHD

linear
,

so I J vanishes on the kernel of the other I
,

and thus induces a horizontal

map
on the bottom how ,

which is clearly the canonical one arising from R→ R
,

since

by construction J restricted to Rll # '
× ) QKK is a section of IT . D

.

Lemme I : K → A
is given on components by the k . linear map

AFO On Rkt '
'

×

) Ok Homk ( I
,

X ) Qk KHEMD
n ( 22 . 1)

Rktitxj Qk Htomk( I
,

X )

which is induced by the inclusions k=k . 1 - > AFO and k - Kd t
't
41

.

Root This amounts to commutating of

Rktsx) ankh#'

×y

-T>
R

fioinc To

RKE " ×

) QKK
= RHEH)

which commutes by definition of J . D



ainfm@23OLemma_ttiH-oeisgivenonwmponenbbythektinearoperatorHGAFoQnRktIxj0kHomklYTXJQkkHtHDc23.i

)

which is It = [ dk
,

A ]
"

0£ where Ik - EI
,

ti%i* and Pt = E In Fti Oi
.

Root Since woe is klltif - linear
,

wxdkwnt = IK
as described

.
Moreover by definition

0

of the connection J on R the diagram

y°
R - ROH ⇒

NIH 1k (23-2)

J 112 112 To 1

Rhtihxjokkht"×D -7 RKE
'
'
'

×

) QKKAEHDQH # Ah # Hk

commutes
,

where we choose a k . basis for RHE" ×

) and use it to extend the canonical

connection

Ton

Kat
' '

'

91
.

It follows that the operator T on
ROKNFO )

in the definition of Hon H is identified under

Rok AFO
I Rhtitx ) QKKAE

'

'
''

it QKAFO

with the bottom now of 123.2 )
.

the operator 0 in H is also extended using

the chosen homogeneous basis for X
,

Y
. Thus

,
if we let Tt denote the

connection extended using these choices to the space in 123.11
, we have

Wae 0 was
'

= Ot and hence

IF = woe Hwa
'

-

use [ dk
,

Of
'

Own
'

= Woe [ dk
,

7 ]
"

Wai
'

woethwre
'

= [ dk
,

Tt ]
"

FL
.

a



airfare
④

Lemme Given well Fo of O - degree Iwl EZ and a

power
series f E KAI

"
D

written as f-  = Iae inn
fat with ft E k

,
we have ( assuming Iwl > o )

[ die
,

Ft ]
- '

( WO f ) = w ④ I
*

µn1w¥
,

fat
124.1 )

Root By Lemma 8.7 of the push forward paper

fix
,
AT ( w ④ Ea

with
fat

'

)

=

wall
w It diazo] ( Ea

with
fat

'

)

I w I

= w a I Ea Tiki fat
-

t diffE
awithfax ,

. ta
-

9-
a Oj ) ]

14 t la I

= w ⑤ I
a ,

fat
'

=

w ④ [
a

fat
'

. D

Def Let [ Xi
,

- J -

= woe l Xi
,

-7 WE
'

denote the Q - bilinear operator on
Tt

.

n a

DI Set
'

Ii  

IOi*Q
His - I

,
a h - linear Q - bilinear  operator on

Jell
] -0 a

Jell
]

and unite
'

I = Ei
'

Ii

,
and IT = ex pl

' I - I -05 ) exp ( I a- I )
.

Def Let I : 2^470 a Hill → I CD denote the Q - bilinear operator

woe k ( wire
'

o WE
'

)
.

Lemma use , , , we

. ,

, was
, , ,

qua
, ,µ , ]

Root Clear . D where I = Ei OF Ii
,

and

Ii is defined as overleaf
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The ingredient remaining to be understood are

• Fz = wxrz ( wee
'

a wsie
'

)
.

• Elton = wreditomwre
'

• [ ni
,

- T =

woehiiitwre

'

These all hinge on the following considerations
.

Y
,

X

Dd Let 8 denote the k - linear map ( zr . , )

RKE'× ) 0k Rllt "× ) ¥ EQKK ¥ pints Rkttn ) a. HIM ,]
,

which we denote T if  it will not cause confusion
.

Since Rl Lt
' '

' ×

) is a finite free

k . module we
may identify Tasalensor

ye ( Rhtxnj )*a. ( Met '×j)*ak Rkttnjak Kat "×f .

and with respect to a k - basis Zy . . ,zn of RICE 'D we
may

write

J = {
ij

,k[
× #Tisha Zito ZTQZKQ th ( 25.2 )

where

Tijkxek
is the coefficient of thin J

' '

( Zlzi ) Zlzj ) ) . Not that

j5ka= fjika
,

and by definition

6 ( zi ) 8 ( Zj ) = { k£
a e Nn Jijka 6 ( ZK ) th ( 25.3 )
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Lemm= Let  RER and denote by
r# the Kat "×D - linear operator

RAE 's ×

) OKKAEHB 3- Pir E # 14 # '
×

) ak KAI"×Y
.

( 26 .  , )

m

Write r= [
* ,

{ aeinnrka ZIZK ) th for rkaek
,

then

r# Czio 1) = EEI ,
zea

Esau
[§g§dkNekf ] t

'

Boot This is a simple calculation

Jr#
( Zia 1) = r . 6 ( zi )

= [ I
,

[ aenn
rka 8 ( Zk ) th . 8 ( zi )

= Ek
,

a
rka ( 6Hk)6lzi ) ] t

"

= { k
, a

e.pk#ip8Czejt&tP=2sEk,eSx+p=grk&Tkip8(Ze)td

= EsEe{ Ek[×+p=s rkx His } Zlze )tt
. D

Thus as a tensor in ( Rl Hit D)
*

QMIE '
'

× ) Qkkt
"

it ( ignoring the
power series

on the left due to linearity )

( r#

ties
=§⇒§y

,

rkitekip ( 26.2 )

t

Aside For SEN
"

we write r¥ : Rllt ) → ME) for lhek - linear map

rstlzil -

§g£ rritekip . Ze
( 26.3

l
,

k=l

so that r
#

( Zi )= [ sewn
rs# I Zi .



ainfm@27OLetXbeanoddRtinearoperatoronHomRlY1YCe.g. dhom or [ Xi
,

7 ) . We

define the Kat
'

" ×

it - linear operator I := wx Xwoi
'

,
i.e. the composite

Rkt '' ×

) Ok Homk ( F X ) QKKHEHD

t
,

use
'

Homk ( YTX) 0k£ ( 27.1 )

t
,

×

Homkl 'T
, 5) 0kR^

1 use

Rkt 't ×

) 0k Homk ( F X ) QKKHEHD

Let in write { du }i=
,

for our K . basis of HOMKIYTX) based on the chosen K - basis

of X
,

Y
.

then we have X( du ) = £
,

Xvudv
,

with Xvu E R
.

Then

I ( Zia duo 1) = use ( X ( duo bczi ) ) )

= Wre ( X ( Ln ) . 6 C Zi ) )

= £
,

wore ( Li
,

Q Xuu 6 ( Zi ) ) ( 27 . 2)

= £
,

4 ,
Q use ( Xuu . 8 C Zi ) )

= End ,
a X¥u( zi )

Or
, using ( 26.2 )

,
for Klem ,

SENN
,

^ inXves
= ( X "Iu)is =

,
,§⇒€

,

( Xvulkx 8¥ ( 27.3 )

So as a tensor in ( R

KI ' 4)
*

a Homily # 0 ( RKE ' '9) a Homk 1 F
,

E) a k4±¥×D
,

I
=

,
,§

,

Miles
Zito 4*0 ze* a duo tt

( a. 4)
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IFI By definition is is the composite

jet ] a a
EH ¥'t

x[ it @
a xD -k> HM

I fill ]

On components
, say for X ,Y ,

2 eob 1 it )
,

this is

( AFO On

RKE
'

"

) Ok to

,mk
( IT ) Qk

KHE
"

D ) ( 1 ]

Ql

( AFO On
RKE" ×

) 0k Homk ( Y
,

I ) Qk KHE
" ×

D) [ it

| who we
'

y

( A Fook Homr

12,4
) or R ) [ I ]

Ok

( AFO Ok Homr
IYX) or k ) (D ( 28.1 )

tn

( A Fook Homr

12
,

X ) or k ) { D

f
,

wx

( AFO on RKE'×

) 0k Homk 1Ek ) QkKHE'×D ) ( 1 ]

since t "×= t is independent of Y
,

X
,

the
map ( 28.1 ) is actually KIED - linear

,

and so it can be described easily using the lens or J from earlier
,

as follows .Gian

w
,

W
' EAFO and xe Homk ( Z

,
F)

, PE Homk I F
,

X )
,

and Kij Eµ

Fz( [ waziax ] a [ w
'

@ zj a p ] ) ( 28.2 )

= wxrz ( [ was lzi ) @ in ] a [ w

'

a 6 lzj ) op ] )
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usual product
@

=w*f , )w#

wFtwHtlfwiozlznopTtfwoalzi7aaT_fpwoTwFtwFtlf1jHlBlwze@wo6lzi72olzjlop4_uylwiHHHKlwlHPHDHwtHMtmlMqgqDjgw1wgzkapxotsC29il1ThesignhereislwllwHlwYp.H

,lwI+laHw'ltlxllpltlxltlwfltftlhixltyptlwlfl
wllwiltlwltlxllwlltlxllpl +1×1+1

.
.  

• °

( 29.2 )

Now

•
•

wtwntuttlt IF tftl =

lwylultlwfltlwl#+144+11+11
+

HYPHI.at#HtypHyH

= ( 29.4 + 1211W 't + 1

Letusstalethisasalemma :

Lemma_ We have

B' ( [ waziox ]a[ W
'

a Zjap ] ) ( 29.3 )

"
141W 'It1

C- I )

§§Fdjrz(w,w
'

) @ Zkorz ( dip ) @ t
'

where rz :( AFOINOCAFOKD ' ( Atoll ' 7 and similarly on Horn spaces

has the expected meaning .



ainfm@3OOFovmaHy.wehaverzCrzlx.y

)
,

z ) = rz ( G)
EJ +5+1

yx ,
z )

= ( . 1) £5 +5+1 +

yIEt+F+

1

z ( yx )

= f.) KHYIHYIHYX+ Xtlylltlbllzltlyltlxllzltlflt #+1/+141+1/+11 z ( yx )

= (

yyxl.HHHHHHH.tl?Y.Zlz(yx

)

rz ( x
,

rz ( y ,
z ) ) - fi )JE+E+

'

rz ( x
, zy )

= f , GJE
+ Etltxzytzyt '

(zy ) x

+µ +HIHH

IYHHHXIHHHHZAH
+ lxllzlt 1×1191+1×1 +YHHYXHI( zy )×= C- I ) H

.
' .

lxllzl +1,4191+1×1+61

= C- 1)
'

( zy ) x

so that

lxltlyllzl +1

rz ( rz ( x ,y )
,

z ) = ( t ) rz ( x
,

rz ( Y
,

Z ) )
.

( 30.1 )

what the hell ! Who wants to deal with that
.

Conclusion

Weswitehtoasingtheusua1pwductMzrathevthanr.Fovthisweneedtorevisitthea1gebvaQ.WecanputadiH_eentQ-bimodulestmctureonHtotheonedescnibedinp.3Oainfca@whereEaEQacbonthele_ftasthepwjectorontoHa4.e

.

how Ea used to act on the right ) and Eb acts on the right

as the projector onto BH ( i.  e. howitasedtoacton the left )
.

when we write Ea

we mean QQ using this biinodule structure on the tensor factors .

Hence

H€tk=Of HomttiyatfaHornstein,ak.JO
.  . a Homt ( al

,
ao ) 130.2 )

Ao
,

.
. .

,
Ak
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Returning now to the broader point

We started with the DG -

category 8 = MFCKKI
,

W )
,

which we extended to

the DG - category § = bark ( see p. 4.750 ) and then to A = AFOQRB
,

( see p
.

!5! )
.

On this we defined a strict homotopy retract (p
.

!6! ) and denoted by

§ the associated minimal model with

BIYX ) = Rkt ) or HOMRIYX ) ( 31.1 )

and higher products {
pk

}k>d
.

We write Nfovlhe total An -

algebra of it

and Kfor the total An - algebra of )3
,

and then in ( 19.4 ) we found isomorphic

models of H
, Kresp .

£ =

y
,

# nslpfo
QKRKE) Ok Homkl I

,
X ) Qk Kat D

FL = Of Rkt ) Qk Homk ( I
,

X ) ( 31.2 )

Y ,XEob( A)

We defined ft to be the higher product on
FLwwespondingtopt on K under the iso

between K and FL
,

and p . @ - @ have been analysing the constituents of this

higher product ft .
Now , following ainfm@p.l @ and ainfm# p .

 @ we would

like to write the value of ( for TEJK )

A ,
: FLAP #-) TEN ( 31.3 )

on a tensor YQ .  .  . OYK in terms of the evaluation of a tree involving no Kosud

signs and with µ ( meaning ordinary multiplication in AFO and 8) replacing rz

at all bivalent vertices .
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'

see 130.27
, ③

DEI Letta denote the Q - bilinear map

Je⑤aJe→Je

given by

jeoazeNoose
a It 132.11

whenedkisthe product . By p
. @ we have

,
for w

,

W' E AFO and III. JEM and

d. Pwm posable morphisms ,

Mi.( ( w ④ Zi d) a- I w
'

0 Zjop ] )

141W 't n
"

ft ) I
§8pkjwrw'

④ Eko XP 0 td C 32.2 )

12=1

Letter and TEJK have only internal verticesof valency 3. In the following we
give

Je and IE the modified Q - bi
-

module structure of (30-2)
,

when interpreting

diagrams .

DEI Consider the following decoration of ACT ) by Q - bimodules
.

• Tito each internal edge of -1 and Tito each

leaf of T ( with the Go . 2) bimodule structure )
TE Ti II

I
. I

.

• E-

• I
.:5e→5eto each input ,

•¥%iv
'

'

too

. Ti : Je - It to the root
,

IMIT
'

• I

• GI '

. ie - I to each internal edge of T
,

ti

n
n

I
•

Mav
to each internal vertex

,
where

'
.

 
.

=

exp ( E '
- 501 ) exp I Joi )



airtime
330

Here we take

^

I
A

*

DI Set
'

Ii  
= His

-70
Oi

,
a h - linear Q - bilinear  operator onJe ⑤ a

£

and unite
' E'

=

Iii
.

DEI set

'

Ii = Ii 0¥01 and write I
'

= Eiji
, operators on

it East .

Def Let evatt denote the Q - bilinear map
IF Qk

→ FL obtained by

evaluating the above decorated tree
,

without Kosal
signs . That is

,

we simply feed in inputs at the top of the tree and evaluate each operator

in succession
.

More precisely ,
we take the branch denotation in the category

of ungraded Q - bi modules
.

Let I be the tree obtained by mirroring T
,

as in p
. ④ ainfmfC .

Pwposition Given Xi
,

.
.

.

,
Xk E IT and a tree T as above

, 133 . , )

f ,

ye
it ) t Eicjxixjt Ei Xi Pi tht I

Jt ( Xi
,

. . .

,
Xk ) = eval I ( Xk

,
.

. .

,
X

, )

where Pi is the parity of the ith leaf ( seep
. ④ ainfmfC )

.

Boot ft is the branch denotation of the decoration with Jell
,

KID
,

To
,

too
,

Ti

^
- I

and

RV
,

times file it )
. By definition

I ( X ,
,

Xz ) = f DIE
t It

↳ ( Xz
,

X
, ) c 33.3 )

= ti W ( Xi
,

Xd
'

where W ( Xi
,

Xd
= HTT 'T + It '

Xz Xi
,

so is = jaw .



ainfmfz@34OWEfXi.Xz

) =

? W ( Oita [ Xi
,

-

5)
( Xuxa )

=§th*w(oitxilo-lai.TK
. ) )

= § ftp.tcxitillxittltkttttfai.fi/Xa)oOi*fX , )

= quit

#
'

Cai
.

-34% ) Oitx , )

= guy
t It '

( Lai
,

- I'
 '

⑦ Oi )( Xzoxi )

=

'E' w ( x. ik )
.

and

W ( 10-8 ) ( Xyxz ) = W ( X
,

④

81×4
)

= fight
# It '

g ( Xa ) ① X
,

= ( 8 1)W ( Xi
,

Xz )

Hence

'

ri =

riexpCE-lo.si/expllo-J)--miWexpCE-lo-J)expllo-J)=mexpCE'-5o-

1) exp ( To 1) w
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⑤

Let us write ( this is terrible )

f- '
:  =

exp ( E '
- 501 ) exp I Joi )

Let us now consider an example i

i
.

÷÷÷÷
:

:¥÷÷÷
.

.

. .
✓ it '

We have I using that with respect to the ~
- degree ,

I
,

Foo
are odd

, ,

To
,
TI are even

,

n n - ^
'

( I
.Jt ( Xi

,
Xi

,
Xs ) = Ttr V ( Go ( Xi ) 0 fora V I Xz ) a Too ( Xs )) )

-

tilde  degree XT
#

tilde  degree Tat XT

=Enif'

( olioriv( 251×4035 his ) ) a GI Ix , ) )
. fi )

IC It I ) t It XT t I

= f , ,
I ,

exit xD that It !
f , JEET

# t '

qq.fi
( fogy ji

( 851×37035 txz ) ) 035 I Xi ) )

= f , jx,
exit xD that Itt

. fight
# t '

evalyn I Xs
,

Xz
,

Xi )

The upshot is that the signs arise entirely from the W
,

and the tilde degree arriving

at an input to a

If
is the sum of all XJ feeding into that input .

We deduce

easily from this that in general
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,

Xk ) = fly
Sig Ii XT t Si I Pi t k t I te ily

ev at ( Xk
,

. .
.

,
X , )

where Pi is the number of times the path fwm the ith leaf in T (counting from the left )

enters a trivalent vertex as the right
- hand branch C ie

. YB ) on its
way

to the

root
,

and htt is the number of internal vertices in T . D

The next task is to describe the Feynman rules
governing

the expansion of evatt
,

but we leave this for ainfm .

Note 441112019 ) We corrected a serious error stemming from a mistaken calculation

of i
,

to Sj ] ( see p
. 121

,
which we used to think was zero

.
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③

Transfer of Clifford operators

We take as our starting point the homotopy equivalence of Cs . 2) over k

Io
^

-7

( A Fook Homie I Y
,

X ) ER ,

d Hom ) -
( RH E

"
) Or Homily,

X )
,

dttom )
Io

- '

which is derived from 14.1 )
.

Recall Io  = to
exp I - 8)

,

Io
-  '

=

exp (8) 08 -
.

Set I = ( EH)

and write the His . . . .tn )
.

In the cut operation paper
[ cut ] we studied the

transferred operators EOE
 

E
'

and Io Oi Io
- '

and here we recapitulate that

discussion .

this is necessary because in some relevant parts of C Cut ] it  is

assumed ti  =3 xiw and we are not imposing such a hypothesishere
.

It is

worth inserting a copy of 14.1 ) here ( making the identification RII E RT III ) :

Oi
,

Oi G ( Afoot Hom r Hix ) ARE
,

dHom )

ex pts ) ! § exp I s )

ex pl - 8) Oi exp (8) G ( KORHOMRH
,

X ) ORR
,

d k t d Hom ) C 37.1 )

exp
t 8) Oiexpls )

a !

,

I Go

Io OTE
'

- Tlexpf - 8) Oi exp
Cs ) 6

, c
,

(

RIIORHOMRH
,

X )
,

Itm
)

Io Of E
'

= IT expl - 8) OF
exp

(f) Zoo

Now Kut
,

54.2 ] handles the transfer from the first line to the second
,

and [ Cut
, p . 38 ]

I ultimately the push forward paper ) handles the transfer from the second to the third
.



ainfmf@3s0NowCCut.Lemma4.l
7 ] gives exp t 8) Oi

exp ( t ) = O it and Kut
,

Theorem 4.28 ] says

exp C- 8) Oi exp (8) = Oi -

⇐ €pcp¥ I Tip ,
Hip . i

,
. . .

I Xii
,

Ji ] .
.

. ]

° OI
,

. . . Otp

= Oi - Xi -

EGG ; ,
1.) of t .

. .

" " )

Next we copy
elements of the proof of [ Cut

, Prop 4.353
.

This is the first time [ cut ]

is assuming ti= 2x i W but we are not
,

so we must now take care
.

The first thing to note

is that ( Cut
,

Lemma 4.36 ] still holds
,

that is
,

there is a k - linear homotopy

IT Oji -
.  -

Ojp Go  
= At

,

.
. . A tjp 138.2 )

in reference to the second and third rows of 137.1 )
.

Here as usual Atj means

Atj
 

= ( d Hom
,

It ;] G MI Or Hom R ( Y
,

X )

as defined in I Push forward
,

59 ] with respect to HIT → R
. The proof of 138.2 )

in the current generality is the same as in [ Cut I
,

as indeed there we cite the

push forward paper
which is working in the presentgenerality .

That is
, writing

T for [ dk
,

T ] ,

Go = ⇐ I - 1)
m

LH d Hom )m 3

= ⇐ film ( T
- '

T d Hom ) - - - . ( T
- '

T d Hom ) 3

Now TT = JP and so on inputs of nonzero O - degree ,

TJ
- '

= J
-  '

T
,

hence
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④

6
,

=

⇐ film J
- '

[ T
,

d Hom ] J
- '

I T
,

d Hom ] - .
. J

-  '

( Qd Hom ]3

( 39,1 )

= ,§fDm{ T
- '

I Qd Hom ] }% '

( see alsop . ⑨ of ainfm )

By the same calculation
,

incidentally
,

¢ ,

= ⇐ HIT Hd Hom )mH
C 39.2 )

m  copies

-

=

⇐ C- 1) MJ
- '

Td Hom
- - . J

-  '

Dd Hom T

-  '

T

= ⇐ C- 1) MJ
-  '

[ F
,

d Hom ] .  - - J
- '

( Qd Horn ] J

- '

T

= ⇐ C- ' Imf J
- '

[ Qd Hom ] }mJ
-  '

T ( see also
p .

④

ofainfm )

Note that as an operator on AFO -01410ktEh
,

we have modulo I t ) C see C 24.1 ) )

J
-  '

( w ④ ZO f) = IIT w -0 Z 0 f
.

Since ( Qd Horn ] is HEI - linear it follows that

Koji -
.  -

Oji. so = ⇐
.

film TLOJY . .  .

Ojp IT
- '

I Qd Hom ) )%

= ⇐ ( - I )mm4 Koji . .  . Ojp ( EE
,

Okfdth
,

d Hom ) }%

= ⇐ c- it Koji . .  . ostjfsiiokf - Ath ) 3ms

= fi )PtP IT Oji . . .

Ojplfyloj , ,Atj , ,
] - . fojq. Atop) ) to



ainfmf28@4o0-fyPtPfTTOjf.i.OjtplfyplOjnAtjsit.fOjq.A
tjsp) ) to

= ¥ Koji - . - Ojpl ⇐
,

C- D
"2)

Oja
. .  .

Ojq. Atjb ,

. .  -

Atjsop }

= fix Oji -
. . Ojjl Ipc

- y
' "

Ojp
. .  -

Oj
,

Atia
.

. . At
,

-

op }

=

IT ¥
,

t 't

" "

Atjz ,

- - .

Atj , .

So far this has been equality of operators on ( MI OR Hom RH
,

X )
, HIM)

,

but

now we can apply the fact that the Atiyah classes anti - commute
up

to homotopy

( see Theorem 3.11 of ( Cut ]
,

or rather its proof ,
where notice we are using that

At
; ,

Ati ] is Htt - linear so that it
passes

to the quotient and serves as a

k - linear homotopy there ) to see that there is a homotopy I 38.2 )
.

So finally

Lemme We have for Isis n

Io OF
 

E-
'

= TO
a

= Ati

( =
meaning k - linear htpy)

E Oi E-
'

= - Xi

-

¥€g
.

4¥
.

( Tips I hip .

is
. . .

Hii
,

Ji ] .
.

. ] Ate
,

.
.  . A tip

Proof Applying ( 38
. 2) to ( 38.1 ) we have

←
zero

Io Oi Io
- '

= IT Oi Go

-

⇐
.

4¥
.

Hip
,

Chip
. i

,
. . .

( Xii
,

Ji ] .
.

. ] o TL OI
,

. . . O Ip 6 ,



airfoil
④

=

-

⇐ €÷ 4¥
.

Hip
,
Hip . i

,
. . .

( Xii
,

Di ] .
.

. ]

° IT ¥
,

t 't
' "

Atia- - . At
iq .

= -

⇐
.

4¥
.

Hip
,
Hip .

is
. . .

Hii
,

Ji ] .
.

. ] Ate
,

.
.  . A tip

=  
- Ti

-

¥,

4¥
.

Hip
,
Hip .

is
. . .

Hii
,

Ii ] .
.

. ] Ati
,

.  - - A tip . D
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Appendix A : alternative homotopy

Note The Si=7iOi*= Ex
,

x

"

OF
are defined using the conventional

homotopy

Ya ) = Tix oh
.

Suppose instead we use Ji - I. Of = Ey
,

OF where

I ( a ) = C- it
' "

do I ?

Then the above calculation yields

-  -

rz ( fi a It lo-fi ) (( wz Xd-6 ( w
,

O  xD )

+
pal

~

= y , ytw
, Hwy tlxzllw.ltHalt 1441341 t Iwit f f - l )

h "
w

,
O

,

*

f wa ) ④ x
,

o I i fxz )

+ OF ( wi ) wz ⑤

Ii
I ai ) ok }

~

Ji ra (( Wz Xd④ ( w
,

0  xD )

= f , ylwzllwiltlazll
wilt 12h11 " " t 1×21+1 w "

Oi
*

( w , we ) ⑦ Ii( x
,

oxz )

{

Iir
- rz ( I 6-

Ti
t

Ji
01 ) ) ( I wzoxz ) ① I wi Xi ) )

~

= ( , )
twillWalt lxzllw.lt13121 t 1941341 t Iwit f Oi

*

( w
, wa ) ① Xi ( a

, ok )
Hail

~

- f - 1) Mlw
,

O
, #I wa ) ④ x

,
o Tika )

-

OF
( wi ) wz -0

Ii
I ai ) ok }
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~
Hail ~

Q.TW ,
wa ) Tikhon ) - I - 1)

I "

twi Of (wz ) ox ,
07

.

. laz )

- Oi
't

( w , ) Ws ① Xi ( a.) ok

= Oilw , )wz C- 1)
" " ' " " "

xioxzo.li - C - 1)
I " ' " " "

w

,oi*¢¥
-

y
! "

I
,

> c. I
.

.

+ C- 1)
' w "

w
,
Oityw 1)

"  " I th ' "
a

, oxzo.li =C- y
"  " I

Oicw , )ws⑦x , Tita

=
- f- 1)

" " I

Oi
't

( wi ) wa { aioli  oxz
- ( - 1)

' " I

xioxzoli )

=  
- Oi

't

( wi ) wz ( - 1)
" " I

x
,

o [ Xi
,

-3 ( xz )

Hence

{ Jirz- rz ( latithiol) ) ( I wzoxz ) ① C wi Xi ) )

= (yytwillwzltlxzllwilthlzltlskllxiltlwi
It I

Oityw , ) us ① f- if
"  "

logo ( Xi
,
-7 ( x )

whereas

*

rz ( ( Xi
, -70 Oi ) ( ( wz 2) 6- I wi -011 ) )

= fight
" - "  " It '

rz ( ( a ;-] ( wz ①  xD a OF ( w
, ①  ai ) )

= fiylwalthhttlrzffylwzlwz ⑦ { Tix ,

- I - 1)
" "

aalii } -6 Oil w
, ) ox

, )

= f 1)
" " t '

rz ( we ⑦ Diaz 0 Oitfw , ) -0×1 )

+ ra ( wz 0 KAI -6 Oitlw , ) ox , )
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④

= g. , ,
, ,cz , + It ( Iwai Hoult  

it1)
( lwiltlttx " t ' ) t ( I w 't t It ' " " t ' )

( O ! ( w , ) a
, wz y , , ,

a )

+ f , ,
( my +

puttin
)( ltlwilt Hilt ' ) t ( Ith 't th  "

Itt
)

( ait ( w , ) ⑦ ×
,

wz xz Xi )

= y , ylxzltltllwzltlxzlklwiltlxllltlwiltlxil.tl
t lxillwzl

Oil wi ) wz G-  X
,

Xi Xz

+ g , 1)
( lwzltlxzl Ill wilt Kil ) t I wilt local t ball Wal t I

Oi*( wi ) wz 0 X
, 3127  i

= f. , glad

tftlwzllw.lt/wzl/xiltH4lwiltlKzlHlltl.wiltl?llt/ltlMllw/zlq.*gw

, ) w
, ①  ×

,
, , ,

,

+ guy
, waywit 'tlwfllxiltlxyllwilth.zllx.it/.wiltl?ultl

" It '

dit ( w , )wz①× , ask
.

.

= ppl

www.ltlxzllwiltlkllmlthhtthtttk/Oi*fw,)wzgfx,Xixz

- f - 1)
I "

be
,xzXi }

= ftp.wzllwiltkz/lwiltH4lmltH2ltlwilOityw,jwz C- 1)

I "  "

x
,

. [ Xi
,

- ] lolz )
.

This
proves

Jirz- rzllatithiol ) =  
- rz( Hi ,

-700¥ ) or  written differently
,

Lemme The following diagram commutes

2h10am ] NED

Jioltlosi
- Gi

.
-7 Oil ! /

I
V

HID ④ anti - see ]

ra

that  is
,

Era = rz( to sit Iot - [ Xi
,

- To Oi )
.
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Appendix B : Noles on commutators

Lemma Let 3,2 be homogeneous k - linear operators on A Fo and A

a homogeneous k - linear operator on toy
,

x
Hom R ( Y

,
X ) such

that 131+121=1 At
,

so

30112 GRID OAHU ]

is homogeneous .

Then

131

( Ej ,
} a AZ ] = C - I ) Of 30 [ As ;-]

,
AT 2

Pivot we calculate

( Ej ,

} -6112 ] ( wi Odi G- wz 042 )

= Ey
. ( fly

131 ( I wilt Kilt 1) HAI ( I Wal tht )

} ( wi ) 04 ,
6- 2 C wz ) a- A ( a ) )

- fight f z ⑦ Az ) ( c - y
' wilt Htt

'ttwlojtyw, ) ① a
,

a wa ① L Xj ,
as ) )

= , ,

1,1311
wilt

131141+13/11-1

All Wal t I A 1121 t Kilt I wit

HH
t I tlwz It 121

Oj
*

3 I wi ) 0 ai 07 ( wz ) 0 ( Tj
,

A- ( da ) ]

,

O
←

 •

+ ( - 1)
It 131 Hw , I Halt I tlwzl

t 131 (wilttailtxt)
39MW ' ) 0410 Nwa ) ④ AL Xj

,
as )

t IN ( Iwilthit)

= f , ,
1311 wilt 13114 It I All w - I t 1111121 Halt I wilt I t I Walt 121

9*3
-

( wi ) a
, ④ 2 ( wa ) ④ { Hj

,

-

Tht
f - 1)

Htt 't "

la La
,

;-] ) Ca )
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whereas

{ Of 30 [ Hi
,

-3
,

AT2) ( w
, 0210 Wook )

= gyyyw.lt/ailti)ll3lt1)tllNttlHwdtHgjtgcw, ) a
, zcwz ) ( Aj ,

-7
,
AT ( da )

-  .
 

←

 .  
-  \  

.

= g. 1)
1311 wilt 131/4111-131 tlwiltldlltltl All Walt I Walt 12111111-121

Oj*3( wi ) 0-90-2 C wa ) ④ [ Clg ;-] ,
( da )

. D

Lemma With the same setup as the previous lemma
,

HH

(

108J
,

30112 ] =

C -
I ) 30 ( Xj

,
AT Oj*2 c 14.1 )

Proof We compute

[104,36-112] ( w
, 040W 2042 )

= , zag ; y ( , ⇒
1311141 Halt '

)tt
" ( M " " ' "

} ( w , ) a ,
① zcwz ) ⑦ A ( a ) )

- ( 3 ① A 2) ( C - 1)
" " t '

w
, a- a , ⑦ Ojttwz ) 6- Ijaz )

= f ,y
131

liiltllidilttsltlAliwalHalli
I

kilt121+1
3 ( wi ) 0416-9*2 C wa ) 07

,

- A ( as )

,  .

.

←

+ ( - iylwalt
1314 ?' Hk !" )

gfw , ) ① a
,

④ Oj*2 ( wa ) AX
,

-

( da )
t IN ( lwzltlt 121 ) t

121
-

= , ,

1,1311911-1311411
t 131

tlh-llwa.lt/AH2ltIWalt12ltI3lwi)046Oj*2Cwa)0fXjAlds

) - I - 1)

"

417
,

- Cds ) )
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④

whereas

{ 3 ⑦ ( Xj
,

AT Oj

*

2) ( w
, -0410 We 0ha )

=

f , ,
( I wilt kilt 1) 131 t HAI t ' ) ( Mdt Htt ' )

} ( w , , ⑦ a
, ⑦ 0,72 ( wa ) ⑦ [ Aj ,

117 ( Az )

- D

Now we can for example calculate that

( I 8) I lot ) E = I to 8) I E C 108 ) t I 108
,

'

I ] )

= ( I 8) E Clos ) - ( I S ) I Oj

*

④ Hj, OF
.

i. j

= I Ell -08 ) tC 108
,

E ] } ( 108 )

-

§j( Of Hi
,

Ii ]Oi* ) ( 108 )

-

§
Clos , of a Hj ,

710 it ]

= Ello 812 - 2 ( of ① Hi , 27 OF ) C lot )

-

§⇒ of Grilli til ] OE of

=

'

Il 10812 t 2 .§ ( Oj
*

① [ Xj ,
Xi ] 7h Oi

*

QE
in

+¥µ ( OF He
,

GiliDOEGE

= I Clos )
'

t §Oj*o{ this ; Ii ) t.li , 7iT7k}Oi*Ok*
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( lost
2

=

'

Ello 8)
"

I t I I 82
,

E)
'

I

=

'

If I C I 82 ) t God ? E ] } t ( 1082
, E)

'

I

= I 41082 ) t LE
,

11082
,

'

IT ]

= 41082 ) t

,

( Ee
, 9*01 Akai .li ] this Tink } Oiok ]

=

'

I' Close ) -

¥,eOe*Oj*④[ He
,
-7

,

Akai .
til this iink ]Oi*Ok*

= I 4108
'

) -

¥µeOe*Oj*o He ,
Hallo ,

Xi ] t 175,277 k ]Oi*Ok*

Lemme Let A- be a homogeneous operator on ⑦ Y ,x Home l Y
,

X ) of the form

A (4) = Xo A for  some family { I }y all of the same degree .

Then

as operators on H
,

[ I Xj ,

- I
,

A ] = [ 75,7 ]
C 16.1 )

where the RHS means post - composition with [
,

I ]
.

Root We calculate

[ Hi
,

-7
,

A) ( a ) = I 75
,

-3 Hoa ) - C - 1)
" ' '

All a ] )

= Ajax
- fi )

Htt "

xx Tj

- C - 1)
IN

I Tj a t fill
# Hdl

a a Tj

= I 7j7 - C - 1)
" t '

Hj } oh
. D
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> I we have by the cut systems paper ,
since l -

I

b

I is

a graded derivation

( ( I 815
' I ] = lost Clos

,

'

IT C lost
- Z "

and

'

⇒ =L oi
*

oui .
-35

= ( Oita I k ;-] ) o - - - o ( OF's a Hib
,

-7 )

= still
:) Iif

. - OitaGii
,

- To . .  - o Cains
,

-3

Hence by ( 14.1 )
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,

I i.
it :) '-

boii
. . . oiiio

( Xj
,

Hi ,
- To . .  . o ( Aib

,

-7) Of

where ( ti
,

Hii
,

- To '  - - o ( Tib
,

- I ] sends a C- Home ( Y
,

X ) to

o ( Xii
, ( Tiz

,
C - . . [ Dib

,
a ] . . . ]

y

- f - 1)

l "

( ii.
,

.
. . ( Tib

, Dj o a ] .
. . ] .

Note that this is not Hi
,

- To Hii ,
-70 .  - o Chibi - I applied to a
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In fact
,

since the commutator is a graded differential

[ Xj
,

Hi ,
- To . .  . o ( Tib

,

-7) = g€ C- 1)

9

I Xi
.

,

- To . . .  o [ Xia
,

- ]

o [ Aj
,

[ Tigh ,
-7 ]

° ( Xigtz ,

- ] °
. .  - o ( Xib

,

-7
.

By the earlier calculations
,

see C 16.1 )
,

we know [ Tj
,

[ Xian
,

- I ] acts by

post - composition with I Xj
, Diet , ]

,
and to avoid confusion we will

write that operator as [ Tj
, Tigh ] ? So

" as
.

I i.
it :) '-

boii
. . . oiiio

b

I C - I )% [ Xi
,

- To -
. .

 oh  iq ,

- To ( Aj
, Tigh )

.

9=0

*

° ( Xiqtz
,

- To . .  . o I Tib
,

- ] Oj

b'

I )
=

if
't ai .  .  . a' Io

b

I C- I)%( Iii
,
I Xi

,
C . .  -

, [ Tig ,

9=0

f a ; ,1iq+ , ] o [ high ,
L - - .

-
- - ( Tib

,

- ] .  -
- ]Oj*
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④

/ ( Xi ,Xz)=§(Oi*④Hi
,

-

5)
I Xuxa )

=§thIoElxi ) Hi
,

-

Tix
. )

Hence

Ec x. ix. = fifth
" 't - - tht - "

die .  oiiqx , ,
.

6- [ Xie
,
-7 .

. . [ Xii
,
-7 ( Xz )

and so

ri l x. ix. ) = ?ehTIt riloii . .  . Oita . )
,

Hie
,
-7?  - Ha ))

=

€,
fill

'T t (1) t Hit e) Hit e) ttxitejt ,

rid Hie , -7? - IN
,

die - - - Cliff X , I )
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ii. us
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)

( XF Xi )
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yxixitexitxittt
tent
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II
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'

)
'
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